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Abstract. In this paper, the generalized Kudryashov method is presented to seek exact solutions
of the Eckhaus equation. From these solutions we can derive solitary wave solutions as a special
case. The proposed method is direct, effective and convenient and can be applied to many nonlinear
evolution equations in mathematical physics.

Keywords: nonlinear evolution equations, exact solutions, Eckhaus equation, generalized
Kudryashov method.

1 Introduction

It is well known that nonlinear evolution equations (NLEEs) are widely used to describe
physical phenomena in various scientific and engineering fields, such as fluid mechanics,
plasma physics, optical fibers, biology, solid state physics, etc. [1-7, 10, 12-15, 20, 21,
23-29,31-36]. In order to understand the mechanisms of those physical phenomena, it is
necessary to explore their solutions and properties. Solutions for the NLEESs can not only
describe the designated problems, but also give more insights on the physical aspects
of the problems in the related fields. In recent years, various powerful methods have
been presented for finding exact solutions of the NLEEs in mathematical physics, such as
tanh-function method [28], extended tanh-function method [10,29], sine-cosine method
[27], Jacobi elliptic function method [13,32], F'-expansion method [1,31], exp-function
method [14], (G’ /G)-expansion method [26], Q-function method [20] and so on.

The @Q-function method, which is a direct and effective algebraic method for comput-
ing exact travelling wave solutions, was first proposed by Kudryashov [16]. The Q-func-
tion method that is known as the Kudryashov method is one of the most effective methods
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for finding the exact solution of high order NLEEs [17]. The most complete description of
this method was given in [19]. The successful application of this method to NLEEs was
performed in works [8,18,22]. In the present work, we apply the generalized Kudryashov
method [8] to the Eckhaus equation, which has the following form:

i + e + 2([0) 0 + [0 * =0,

where 1) = (x,t), 9 : R> — C is a complex-valued function of two real variables x, t.
This equation is a nonlinear Schrodinger-type equation (NLSE) that can be linearized to
the free linear Schrodinger equation, which was found in [9] as an asymptotic multiscale
reduction of certain classes of nonlinear partial differential equations. In [11], many of the
properties of the Eckhaus equation were investigated, including the linearization, soliton
solutions etc.

This NLSE is another nonlinear evolution equation that is available in the literature.
In fact, this is a dissipative equation. Therefore, this is not studied in the context of fiber
optics. The first term is the linear evolution term, while the second term is accounted for
dispersion that is commonly referred to as group velocity dispersion (GVD). The third
term is a dissipative terms that is responsible for the damping of the soliton solution.
Finally, the last term is the nonlinear term.

2 The generalized Kudryashov method

Suppose that we have a nonlinear evolution equation in the form
F(uyutyuxyu:rm7u:rt7"‘) :07 (1)

where © = u(x, t) is an unknown function, F' is a polynomial in u and its various partial
derivatives uy, u, with respect to ¢, x respectively, in which the highest order derivatives
and nonlinear terms are involved.

Step 1. Using the traveling wave transformation

u(z,t) = u(€), &=k(z—ct)+ &, 2)

where & is an arbitrary constant and &, c are constant to be determined later. Then Eq. (1)
is reduced to a nonlinear ordinary differential equation (NODE) of the form

P(u,u§,u§5,...):(). (3)

Step 2. Suppose that the solution of Eq. (3) has the following form:
N i
2.i—04iQ'(§) _ A(Q®))

u(§) = =3, — = ) )
O =S hoe - BRE)
where a; (1 = 0,1,...,N)and b; (j = 0,1,..., M) are constants to be determined such
that ay # 0, by # 0 and
1
— _ 5
Q) = 1z )

http://www.mii.lt/NA



Application of the generalized Kudryashov method to the Eckhaus equation 579

is the solution of the equation

Qe =Q* - Q, 6)
where « is an arbitrary constant.
Step 3. Determine the positive integer numbers N and M in Eq. (4) by using the homo-

geneous balance between the highest order derivatives and the nonlinear terms in Eq. (3)
after substituting Eq. (6) and the necessary derivatives of u, which have the form

ue = (Q* - Q) (A S > )
Uge = (6223;5@2{3(314” — AB") - 2B'(A'B - AB')}
+(20 - 1)(Q° - Q) (A%QAB), ®)

where the prime ' denotes the derivative d/dQ.

Step 4. Substitute Egs. (4), (7) and (8) into Eq. (3). As a result of this substitution,
we get a polynomial of ). In this polynomial we gather all terms of same powers and
equating them to be zero, we obtain a system of algebraic equations, which can be solved
by the Maple or Mathematica to get the unknown parameters a; (: = 0,1,...,N), b;
(4 =0,1,..., M), k, c. Consequently, we obtain the exact solutions of Eq. (1).

3 The Eckhaus equation
The Eckhaus equation is a nonlinear Schrodinger-type equation, which can be written as

Wy 4+ Voo + 2(1917) ¥ + [9]* = 0. ©)

This equation has been solved by using the (G’/G)-expansion method [30]. Let us now
solve Eq. (9) by using the generalized Kudryashov method. To this end, we use the
following wave transformation:

P(a,t) = u(€)e P ¢ = k(z — 2at) + &, (10)

where k, o, 0 are constants to be determined later and &g is an arbitrary constant. Now
Eq. (9) is reduced to the following NODE:

Kuge — (B + o) u + dkucu® + u® = 0. b

Suppose that
uw=0v"2 (12)

Then Eq. (11) can be reduced to the following NODE:

2k*vvee — k*vg — 4(B + o®)v” + 8kv v + 4v* = 0. (13)
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Balancing vvgg with v*in Eq. (13), we get the formula N = M + 1. If we choose M = 1
and N = 2, then

v A(Q) _ ag+ a1Q +a2Q2. (14)

B(Q) bo +b:1Q

Substituting v and it’s their necessary derivatives into (13) and equating all the coefficients
of @ to zero, we obtain

3a2b2k? + 8asbik + 4a3 = 0, (15)
—4a3b?k? + 8a3bobi k* + 4ajasbik® + 16a3bok — 8a3bik + 16a1a3bik
+ 16a1a5 = 0, (16)

—402a2b? — 4a3Pb3 + 8a2bik? + a2b?k? — 10a3bob1 k* + 6agasb? k?

— 6ayasb?k? + 10aiasbobi k? — 16a3bok + 40a;a2bok + Sagasbi k

— 16a1a§b1k + 8a§a2b1k + 16a0a‘;’ + 24a%a§ =0, 17
— 8a2a2a1b% — 8a2a§b0b1 — 8a2a15b% — 8a§5bobl + 12a2a1b3k2

+ 2a2a1b3k? — 12a0a1bob1 k* — 12a2b2k* — 12apazbk* + 2a2boby k2

+ 12agazbobi k? + 32a2a3bok — 8azaibik — 40a3a1bok + 32apa3bok

— 8aga3bik + 16asa® + 48aga3a; = 0, (18)
— 4a2a%b% — 16a2asaiboby — 4a2a§bg - 8a2a0a2b§ - 4(1?6()? — 16asaq Bboby

— 4a3Bb% — 8agasBbi + 3atbik? + 2a3bob1 k? — 18aga1bik? — 2agay b k?

— 2aga1bob1k? + 2asa1bobi k% + 4a§bgk2 + 12a0agb%kj2 — a%b?kQ + 6a0a2bfk‘2

— 20agasbobi k? + 8aibok — 32aza3bok — 8agaibik + 48agazaibok

— 32apa3bok — 8adagbi k + 4ai + 48agaza? + 24aka3 = 0, (19)
—SaQa%bobl - 8a2a2a1b% - 8a2a0a1b§ — 16a2apasboby — 8a%ﬁb0b1

— 8a2alﬂbg — 8a0a15b% — 16agasBboby — 4a%b(2)k2 — 2a%bob1k2 + 4a0alb(2)k2

+ 6a2a1b%k2 + 2aoa1b§k‘2 + dagaybob k? — ZOaOaQb%kQ — 4agb0b1k2

+ 8agagbobi k* — 8adbok + 16agatbok + 8apaibik — 48agaza;bok

— 16a3a1bik + 16a3asbok + 8ajasbik + 16aga} + 48ajaza; = 0, (20)
—40’alb? — 8alazapb? — 16a2arapboby — 4a’atbi — 4a2 b3 — 8azaofb:

— 16a1a0Bboby — 443302 + aZb?k? + 6a2bobik* — 6aiapbak? + Sagaobik?

— 2a1a0bob1 k% + a%bgka - 8a8b1k + 8a1a(2)bok: — 16a2a%b0k‘ + 16a1a%b1k

— 16atagbok + 16azaj + 24a%a = 0, (1)
—8a2a3b0b1 — 8a2a1a0b8 — 8agﬁb0b1 — 8a1a0ﬂb(2) — 2a§b0b1k2 + 2a1a0bgk2

+ 8adbik — 8ayalbok + 16a,1a3 = 0, (22)
—4a2alby — 4alBbE + dag = 0. (23)
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Solving system (15)—(23) with the aid of Mathematica, we obtain the following
results.

Result 1. b b

5 a2= o, k=E2/B+a (24)
Substituting (24) into (14) with (5), (10) and (12), we obtain the following solutions of
Eq. (9):

ao:O, ayp =

1 1/2
z,t) =+ T a2 } elletht) 25
1 2(x, ) {\/571 4 ret2y/Bral (z—2at) 6o *)
1 /2
,t) = i + a? 1(aa:+5t). 26
w3,4 (-T ) 1{ \/ﬁl + neigm(g;—Qat)-‘rﬁo } ¢ ( )

If we set x = 1, we obtain

1 O¢I+ﬁt) (27)

Y(x,t) = :I:{'ﬁ;az(l — tanh(++/8 + a?(z — 2at) + &))
2

If we set K = —1 , we obtain

B+ a?(x — 2at) + fo ‘(O‘”ﬁt (29)

P(x,t) = +i @ — tanh :I:\/5+7012 (z — 2at) +§0 l(anrBt . (28)
(@,1) (1 (

Y(x,t) = :I:{“ﬂ;ra2 (1 — coth(=+

2
Y(x,t) = ii{\/ﬂgia(l — co ( B+ a2(x — 2at) + 50 } iazt5t)  (30)
Result 2.

kb k —kb
== :§(b1—b0)7 ag = 21,

Substituting (31) into (14) with (5), (10) and (12), we obtain the following solutions
of Eq. (9):

k =428+ a2 31)

1/2
1 .
1) =+ +a2(1- ellax+ht) (32
Vol ) {\/67< 1 + ret2V/B+a?(z—2at)+& ) } (32)
1/2
1 .
x,t) = +i + a2 (1 — ) } cilam+pt) 33
Yrs(@t) {\/57 1+ ret2V/Frad(z—2a1) 46 33

If we set kK = 1, we obtain

1/2
Y(w,t) = i{@ (1 + tanh(j: B+ a?(x — 2at) + 50))} ei(aw-&-ﬁt), (34)

A5 1/2
Y(x,t) = ii{ﬂ;ag(l + tanh(:l: B+ a?(x — 2at) + fo))} cilaz+5Y) (35)
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If we set k = —1, we obtain

5 1/2
Y(x,t) = i{[32—|—a2(1 + coth(:l:\/ﬂ + a?(x — 2at) + 50))} el 8t (36)

AT 1/2
¢m¢)=i{ﬁ;”ﬂu+cmMi ﬂ+a%x—2m)+@»} el +h8t) - (37)

Result 3.

3kb
o = O a1 = —2kby, ap=kby, by =—2by, k=2

2(5+a?)

5 (38)

Substituting (38) into (14) with (5), (10) and (12), we obtain the following solutions of
Eq. (9):

1 [2(8+ a2 2 1/2
wg,lo(%t):i{Q (# 5 )<3— : )}
1+ He:I:Q\/Z(B—i-a )/5(xz—2at)+Eo

% ei(omc-&-ﬂt)7 (39)
(1 2(5+a2)< 2 )}1/2
x,t) = +iq = 3 -
Y11,12(2, 1) {2 5 14 Heiz\/W(a;—Qat)-&-éo
o ellaz+pt) (40)

If we set k = 1, we obtain

w(x’t):i{;\/w@“m(i W<x_2at)+@))}l/z

« eilamtBt) (41)
o) =43 3T (v (T 1))
llaz+pt) (42)
If we set kK = —1, we obtain
o) = {3 (o4 con (TN o iy 1))}
x el(aT+8t), (43)
o) =41 TE (oo (2 T2 a6 YY)
x el(@r+ht), (44)

http://www.mii.lt/NA



Application of the generalized Kudryashov method to the Eckhaus equation 583

Result 4.
apg = O7 a1 = 0, as = kbo, b1 = 721)07 k== 5 + Ot2. (45)
Substituting (45) into (14) with (5), (10) and (12), we obtain the following solutions of

Eq. (9):
1+ /{eim(w—Qat)+go _9 1/2
Y13,14(7,t) = j:{\/m( ( : ) )}

1-— 2(1 —+ Kei\/m(w—2at)+go)_l

e (46)
1 +v/B+a?(z—2at)+€0 )2 1/2
Y1s5,16(2,t) = ii{W( (1+ ke ) >}
1-— 2(1 —+ K/ei\/m(172at)+§o)_l
% ei(az—i-ﬁt). (47)

If we set k = 1, we obtain

o2 1/2
Y(z,t) = i{\/6;_7(1 + coth(£v/B8 + a?(z — 20t) + 50))}

x eller ), (48)

VBT

Wi, t) = j:i{ - (1+ coth (= ﬁ+a2(w—2at)+€o))}1/2
« ilaa+5t). (49)
Result 5.
ao = kbo, a1 = —2kby, az = kby, b =2, k=4/Btal (50

Substituting (50) into (14) with (5), (10) and (12), we obtain the following solutions of
Eq. (9):

(1 + ket B+a2(172at)+fo)—l _ 1)2) }1/2
z,t) = £/ B+ a?
1p17,18( ) { ﬁ ( 1 . 2(1 + K'/e:t /[j+a2(r—2at)+§0)_1
X ei(ax+,3t)’ (51)

’1/) ((E t) _ il{m(«l + K,ei\/m(r—%xt)-i{o)*l _ 1)2) }1/2
o 1-— 2(1 + Hei\/m(x—Qat)+go)71

x el +ht) (52)
If we set k = 1, we obtain
/ 2 1/2
w(m,t):lz{ﬂ;a(lecoth(:t 5+a2(x2at)+§o))}
% ei(az+ﬁt)7 (53)
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2
x ellerth), (54)

1/2
Y(x,t) = :I:i{\/m(l + coth(£v/8 + a?(z — 2at) + 50))}

4 Conclusions

In this paper, we have proposed the generalized Kudryashov method for solving the
Enkhaus equation. This work has illustrated that the solutions obtained in [30] are con-
sidered as a special case of our obtained solutions and a new results have been obtained
using this method. This method is direct, effective and can be extended for solving many
systems of nonlinear PDEs. The soliton solutions that are retrievable from this equation
are topological and singular soliton solutions only. Being a dissipative model, it is not
possible to obtain non-topological soliton solution. Therefore, it makes sense that this
model only retrieves singular and topological soliton solutions.

Acknowledgment. The authors express their sincere thanks to the referees for their
careful review of this manuscript and their useful suggestions.
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