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Abstract. An estimate for the error term of the fourth moment of the periodic zeta-
function is obtained.
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Let s = σ + it be a comlex variable, λ ∈ R. The periodic zeta-function ζλ(s) is
defined, for σ > 1, by Dirichlet series

ζλ(s) =

∞
∑

m=1

e2πiλm

ms
.

If λ ∈ Z, then ζλ(s) becomes the Riemann zeta-function ζ(s). Therefore, we suppose
that 0 < λ < 1. Let L(λ, α, s), 0 < α 6 1, denote the Lerch zeta-function defined, for
σ > 1, by

L(λ, α, s) =

∞
∑

m=0

e2πiλm

(m+ α)s
.

If 0 < λ < 1, then L(λ, α, s) is analytically continuable to an entire function [2]. From
definitions of ζλ(s) and L(λ, α, s), we have that

ζλ(s) = e2πiλL(λ, 1, s). (1)

In [4], the asymptotics for the fourth power moment of the periodic zeta-function was
considered and the following theorem was proved.

Theorem 1. Suppose that λ is irrational, 0 < λ < 1. Then, for 1
2 < σ < 1,

lim
T→∞

1

T

∫ T

1

∣

∣ζλ(σ + it)
∣

∣

4
dt =

ζ4(2σ)

ζ(4σ)
− 2

∑

m1n1=m2n2

sin2 πλ(m1 + n1 −m2 − n2)

(m1n1)2σ
.

The aim of this note is to estimate the rate of convergence in Theorem 1.

Theorem 2. Suppose that λ is irrational, 0 < λ < 1, 1
2 < σ < 1 and T → ∞. Then,

for every ε > 0,
∫ T

1

∣

∣ζλ(σ + it)
∣

∣

4
dt

= T

(

ζ4(2σ)

ζ(4σ)
− 2

∑

m1n1=m2n2

sin2 πλ(m1 + n1 −m2 − n2)

(m1n1)2σ

)

+O
(

T
3

2
−σ+ε

)

.
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26 S. Černigova

For the proof of Theorem 2, we will apply an approximate functional equation for
the function ζλ(s). Let [u] denote the integer part of u,

m(t) =

[

√

t

2π
− 1

]

, q(t) =

[

√

t

2π

]

, g(λ, t) = 2

√

t

2π
−m(t)− q(t)− λ− 1,

f(λ, t) = −
t

2π
log

t

2πe
−

7

8
+

1

2

(

1− λ2
)

+m(t)− q(t)

+ 2

√

t

2π

(

q(t)−m(t) + λ− 1
)

−
1

2

(

q(t) +m(t)
)

− λ
(

1 + q(t)−m(t)
)

,

and

ψ(z) =
cosπ( z

2

2 − z − 1
8 )

cosπz
.

Lemma 1. Let 0 < λ < 1, 0 6 σ 6 1 and t > t0 > 0. Then

ζλ(s) =
∑

16m6m(t)

e2πiλm

ms
+

(

t

2π

)
1

2
−σ−it

eit+
πi

4

∑

06m6q(t)

1

(m+ λ)1−s

+

(

t

2π

)− σ

2

eπif(λ,t)+2πiλψ
(

g(λ, t)
)

+O
(

t
σ

2
−1

)

.

Proof. The assertion of the lemma follows from an approximate functional equation
for ζλ(s) [2] and equality (1).

Denote

S1(s) =
∑

16m6m(t)

e2πiλm

ms

and

S2(s) =

(

t

2π

)
1

2
−σ−it

eit+
πi

4

∑

06m6q(t)

1

(m+ λ)1−s
.

Since the function ψ(z) is bounded, we have by Lemma 1, that, for 1
2 < σ < 1,

ζλ(s) = S1(s) + S2(s) +O
(

t−
1

4

)

. (2)

Lemma 2. Let 1
2 < σ < 1, and T → ∞. Then, for every ε > 0,

∫ T

1

|S1(σ + it)|4 dt = T

(

ζ4(2σ)

ζ(4σ)
− 2

∑

m1n1=m2n2

sin2 πλ(m1 + n1 −m2 − n2)

(m1n1)2σ

)

+O
(

T
3

2
−σ+ε

)

.
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One estimate related to the periodic zeta-function 27

Proof. From the definition of S1(s), we find that

∣

∣S1(σ + it)
∣

∣

4
=

∑

m1

e2πiλm1

mσ+it
1

∑

m2

e2πiλn1

nσ+it
1

∑

m2

e−2πiλm2

mσ−it
2

∑

n2

e−2πiλn2

nσ−it
2

=
∑

m1,n1,m2,n2

e2πiλ(m1+n1−m2−n2)

(m1n1m2n2)σ

(

m2n2

m1n1

)it

,

where in each sum we sum over [1,m(t)]. Let T1 = 2πmax((m1+1)2, (n1+1)2, (m2+
1)2, (n2 + 1)2), then we have

∫ T

1

∣

∣S1(σ + it)
∣

∣

4
dt =

∫ T

1

∑

m1,n1,m2,n2

e2πiλ(m1+n1−m2−n2)

(m1n1m2n2)σ

(

m2n2

m1n1

)it

dt

=
∑

16m1,n1,m2,n26m(T )

e2πiλ(m1+n1−m2−n2)

(m1n1m2n2)σ

∫ T

T1

(

m2n2

m1n1

)it

dt

=

∗
∑

m1n1=m2n2

(T − T1)e
2πiλ(m1+n1−m2−n2)

(m1n1)2σ

+O

( ∗
∑

m1n1 6=m2n2

| log m2n2

m1n1

|−1

(m1n1m2n2)σ

)

, (3)

where the star ∗ means, that sum is taken over m1, n1,m2, n2 ∈ [1,m(T )]. Let
d(k) =

∑

d/k 1, k ∈ N, be the divisor function, and N(k) is the number of solutions

of the equation m1n1 = m2n2 = k. Then, we have that N(k) = d2(k), if k 6 u,
m1, n1,m2, n2 6 u, and N(k) 6 d2(k), if k > u, m1, n1,m2, n2 6 u. It is well
known [3] that, for σ > 1

2 ,

∞
∑

k=1

d2(k)

k2σ
=
ζ4(2σ)

ζ(4σ)
.

Also, d(k) = Oε(k
ε) with every ε > 0. Therefore

T

∗
∑

m1n1=m2n2

e2πiλ(m1+n1−m2−n2)

(m1n1)2σ

= T
∑

m1n1=m2n26m(T )

e2πiλ(m1+n1−m2−n2)

(m1n1)2σ
+O

(

T
∑

k>m(T )

d2(k)

k2σ

)

= T
∑

m1n1=m2n2

m1+n1=m2+n2

1

(m1n1)2σ
+ T

∑

m1n1=m2n2

e2πiλ(m1+n1−m2−n2)

(m1n1)2σ
+O(T

3

2
−σ+ε)

= T
∑

m1n1=m2n2

1

(m1n1)2σ
− T

∑

m1n1=m2n2

1− cos 2πλ(m1 + n1 −m2 − n2)

(m1n1)2σ

+ iT
∑

m1n1=m2n2

sin 2πλ(m1 + n1 −m2 − n2)

(m1n1)2σ
+O

(

T
3

2
−σ+ε

)
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28 S. Černigova

= T
ζ4(2σ)

ζ(4σ)
− T

∑

m1n1=m2n2

1− cos 2πλ(m1 + n1 −m2 − n2)

(m1n1)2σ

+ iT
∑

m1n1=m2n2

sin 2πλ(m1 + n1 −m2 − n2)

(m1n1)2σ
+O

(

T
3

2
−σ+ε

)

. (4)

By the definition of T1 and symmetry

∗
∑

m1n1=m2n2

T1

(m1n1)2σ
= O

( ∗
∑

m1n1=m2n2

m2
1

(m1n1m2n2)σ

)

= O

( ∗
∑

m1,n1

m2
1d(m1n1)

(m1n1)2σ

)

= O

(

T ε
∑

m16m(T )

1

m2σ−2
1

∑

n16m(T )

1

n2σ
1

)

= O
(

T
3

2
−σ+ε

)

. (5)

Using the estimate

∑

0<m

∑

<n6T

1

mσnσ log n
m

= O
(

T 2−2σ logT
)

,
1

2
6 σ < 1,

we find that

∗
∑

m1n1 6=m2n2

| log m2n2

m1n1

|−1

(m1n1m2n2)σ
= O

(

∑

0<m<

∑

n6m2(T )

d(m)d(n)

(mn)σ log( n
m )

)

= O
(

T 2−2σ+ε
)

.

Thus, the lemma is a consequence of (3)–(5).

Now we deal with S2(s). We apply the following lemma [1].

Lemma 3. Suppose that u1, . . . , ur are complex numbers, λ1, . . . , λr are distinct real
numbers, and δm = minn6=m |λn − λm|. Then

r
∑

m=1

r
∑

n=1

umūn(λn − λm)−1 ≪

r
∑

m=1

|um|2δ−1
m .

Lemma 4. Let 1
2 < σ < 1, T → ∞ and λ be irrational. Then, for every ε > 0,

∫ T

1

∣

∣S2(σ + it)
∣

∣

4
dt = Oλ

(

T 2−2σ+ε
)

.

Proof. Clearly

Z(T )
def
=

∫ T

1

∣

∣

∣

∣

∑

06m6q(t)

1

(m+ λ)1−σ−it

∣

∣

∣

∣

4

dt

= Oλ(T ) +

∫ T

1

∣

∣

∣

∣

∑

16m6q(t)

1

(m+ λ)1−σ−it

∣

∣

∣

∣

4

dt. (6)
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As in the case of S1(s), the second term in the right-hand side of (6) is

Z1(T )
def
=

∑

16m1,n1,m2,n26q(T )

1

((m1 + λ)(n1 + λ)(m2 + λ)(n2 + λ))1−σ

×

∫ T

T2

(

(m1 + λ)(n1 + λ)

(m2 + λ)(n2 + λ)

)it

dt,

where T2 = 2πmax(m2
1, n

2
1,m

2
2, n

2
2). Since λ is irrational, we have that (m1+λ)(n1+

λ) = (m2+λ)(n2+λ) if and only if m1n1 = m2n2 and m1+n1 = m2+n2. Therefore,

Z1(T ) = O

( ∗
∑

m1n1=m2n2

T − T2

((m1 + λ)(n1 + λ))2−2σ

+

∗
∑

(m1+λ)(n1+λ) 6=(m2+λ)(n2+λ)

| log (m1+λ)(n1+λ)
(m2+λ)(n2+λ) |

−1

(m1n1m2n2)1−σ

)

. (7)

The star ∗ means that the summing runs over m1, n1,m2, n2 ∈ [1, q(T )]. It is not
difficult to see that

∗
∑

m1n1=m2n2

T

((m1 + λ)(n1 + λ))2−2σ
= O

(

T
∑

k6q2(T )

d2(k)

k2−2σ

)

= O
(

T 2σ+ε
)

(8)

and

∗
∑

m1n1=m2n2

T2

((m1 + λ)(n1 + λ))2−2σ
= O

(

∑

m1,n16q(T )

m2
1d(m1n1)

(m1n1)2−2σ

)

= O
(

T 2σ+ε
)

.

(9)

Moreover, by Lemma 3,

∗
∑

m1n1 6=m2n2

(m1+λ)(n1+λ) 6=(m2+λ)(n2+λ)

| log (m1+λ)(n1+λ)
(m2+λ)(n2+λ) |

−1

(m1n1m2n2)1−σ
= Oλ

(

T ε
∑

16m6q2(T )

m

m2−2σ

)

= Oλ

(

T 2σ+ε
)

,

and

∗
∑

m1n1=m2n2

(m1+λ)(n1+λ) 6=(m2+λ)(n2+λ)

| log (m1+λ)(n1+λ)
(m2+λ)(n2+λ) |

−1

(m1n1m2n2)1−σ
= Oλ

(

∑

k6q2(T )

kd2(k)

k2−2σ

)

= O
(

T 2σ+ε
)

.

Two last estimates together with (6)–(9) prove the lemma.

Proof of Theorem 2. The estimate of the theorem easily follows from Lemmas 2 and 4,
and the Cauchy–Schwarz inequality.
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REZIUMĖ

Periodines dzeta funkcijos ketvirtasis momentas
S. Černigova

Straipsnyje pateikiama asimptotinė formulė su liekamuoju nariu ketvirtajam periodinės dzeta funkci-
jos momentui.

Raktiniai žodžiai: periodinė dzeta funkcija, Lercho dzeta funkcija, artutinė funkcinė lygtis.


