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A property of the uniform distribution modulo 1
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Abstract. An interesting relationship between Farfegictions and the uniform distribution modulo 1 is
discovered.
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1. Theresults

Let o be an irrational number if0; 1) and, fori > 0, s; be the fractional part af:
s; =ia — [ia] with | -] standing for the integer part.

Let S, denote the set of all intervals of the for(wy; s+1)); here 0< k < n,
5(0),---» 8 are the numbersy, ..., s, sorted in ascending order ang1) = 1. Let
Io = (ag; bp) € Ui>13i- Forn > 1 define recursively

i,=min{i|s; € I,_1}, (1.2)
_ . _ (an—1; Si,,) if Si, > (an—1+by-1)/2;
In = (an: bn) = { (si:by_1) otherwise. (1.2)

In other wordss;, is the firsts; in 1,1 and 1, is the greatest of two connected com-
ponents off,,\{s;,}. Let

_ Si, —ap-1

th = :
" by_1—ay_1
The main result of the paper is the following theorem.

(1.3)

THEOREM 1. For all @ there exists am such that,, € (1/3; 2/3).

Theorem 1 follows from two others results that are formulated below. But first we
introduce some additional notions.

Forn>1,letF, ={Gj)|0<j<i<n, (i,j)=1}; here (i, j) stands for
the greatest common divisor éfand j. If (i, j) € F,, the number;j/i is called
a Farey fraction of ordern. Let F, denote the set of all intervals of the form
Gr—1/ix—1; Ji/ix); herek =1,..., K and jo/io,..., jx/ix are all Farey fractions
of ordern sorted in ascending order. For example,

Fa={(0;1/4),(1/4,1/3),(1/3: 1/2), (1/2; 2/3), (2/3: 3/4), (3/4; D}.
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In what follows a formuldj/i; j'/i’) € F, will implicitly mean that(i, j) = (i, j) =
1.

Let F = (U, >1Fn. Itis known from the theory of Farey fractions [1, Chapter IlI]
thatif 7 = (j/i; j'/i’") e Fandi” =i+i’, j” = j+ j’, then the fractiory” /i” is also
irreducible and lies in/. It is calledthe mediant of the fractiong/i and j’/i’. The
mediant is the unique numbewith the following property(j/i; a), (a; j'/i’) € F.
This implies that if(j/i; j'/i") € F then

Gli;j')iVeF, < ivi'<n<i+i

(here and in the sequelv b = max(a, b)).
Finally, denotes, =, forn > 1 ands| = 1.

THEOREM 2. If w € (j/i; j'/i’) € F, then:

() si=ia—j,(0;5) €Sy, 1—s/=j —i'aand(si; 1) €Sy,

(il) Sp —Sp—i =i, Sn—issn) €Sy, 5,y —sp=1—sp and(sy; s, _.,) € Sy.

THEOREM 3. Let (sx:5)) € Spvis @ € (j/i5 j'/i") € Frvi andr be the first index
with s, € (si; 5)).

(i) Ifk <lthenr = p+kands, —sy =s, = pa—q;, herep=mi+i', g =mj+ '
andm is defined by

mj+j (m—=1j+j
~ . 1.4
€<mFH”(m—lﬁ+ﬂ> (1.4)

(i) If k >1thenr =p+1ands; —s, =1—s, =q — pa; here p =i + mi’,
g = j +mj’ andm is defined by

(1.5)

c (j+(m—1)j’, j+mj’>
i+ m—21)i"" i+mi')

2. Proofs

Proof of Theorem Z-irst prove the statements concerningnds,, _;.
() Inequalities
. g
Jf <o < J— < j+1
i i’
imply j <ia < j+ 1. Hences; =ia — j.
Suppos€0; s;) ¢ S, and findl < k < n suchthat O< s, = ka —1 < s;. Without loss
of generality we can assume that!) = 1; thenl/k # j/i. Inequalitys; > O implies
l/k <a.Sincel/k & (j/i; j' /i), this yields

i

L
L1 2.1
PR (21)

Inequalitys; < s; implies(i —k)a > j —1.If i > k thena > % and therefore

J=1l _j
< =,
i—k i
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This contradicts to (2.1), becauggi is the mediant of/k and(j —1)/(i —k). Ifi <k
thena < i%fl and therefore
j 1=
- < .
i k—i
This contradicts to (2.1), becauk& is the mediant of /i and(l — j)/(k —i). Hence
(0; S;) € Sn

(i) If n=1theni =i’ =1, j =0 andj’ = 1, therefore statement (ii) reduces to
51— S0 = 51, (0; s1) € S1. Obviously, it holds true.

Letn > 2. If i = n, then equality,, —s,_; =s; is trivial and(s,,_;; s,,) € S,, follows
from (i). Now leti < n — 1. Thena € (j/i; j'/i’) C (j/i;*) € F,—1 and, by the
inductive assumptions,,_1 — s,_1_; = ;. Let s,_1 = (n — Do — m; then, by (i),
Sn—1—i =Sp—1—8i = —1—=Da —(m—j).

Now there are two possibilities; _1 + « <1 ands,_1 + « > 1. In the first casa
fortiori s,_1—; + @ < 1; therefors,,_; = s,-1—; + @ ands,, = s,,—1 + «. In the second
casena —m > 1, i.e.,a > L This implies

m—|—1<j

no i
But (m + 1)/n is the mediant ofm — j + 1)/(n — i) and j/i. Therefore(m — j +
H/n—i)<jli<a,ie.,.(n—i)a—m—j+1) >0,ie.,s,_1_; +a > 1. Hence
Sp—i =Sp—1—; +a —1ands, =s,_1+a — 1. In both cases

Sn = Sn—i =Sp—-1— Sn—-1-i = Si.
Supposes,_;; s,) € S, and findk < n such that,_; < s; <s,. Then
O<sp—1-i<sk —B<sp-1<1

hereg = « in the first case anfl = « — 1 in the second. Therefosg — 8 = s;_1 and
Sk—1 € (Sp—1—i; Sp—1). This contradicts to the inductive assumpti@Gp_1_;; s,_1) €
S,_1. Hence(s,,_;; s,) € S,.

Statements concerning ands, ., can be deduced from those abeutinds, ;.
Since

i— i
1-“6( /J, J)Efn,

l l

we can apply them to get some properties,of n(1—«a) — [n(1—«)]. But first find
the relation betweeky, ands,,.
Obviously,so =0=1—s;. If n > 0 ands, = na — m then

m<no<m+1;

n—-m-—1<n—na<n—m;
ml—a)l=n—m-—1,
sp=n(l—a)—n+m+1l=1—na+m=1-—s,.
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Therefores,, =1 — g, for all n.
Now we get:
1—sp=i'(1—a)— (' — j) = j — i'a;
1—s5;, € (0;1—s5;) fork <n,ie., s &(si; 1) fork <m,ie.,(s;;1) €Sy,
1-s5,—1+s ,=1-sp,i€,s ., —s;=1—sy,
1-sp d(l—s _s1l—sy)fork<n,ie,s; & (spss, ;) fork<n,ie., (sp;s, ;)€
S,.

Proof of Theorem 3Let k <[; then by Theorem 2 =1 —i.If l <n <mi + i’
thena € (j/i; *) € F, and by Theorem Zs,,_;; s,) € S,,. Sincen —i >1 —i =k,
sn—i # s, and therefore # r (becausésy; s,) € S,).

If mi +i’ <n <mi+i"+kthenthe interval in (1.4) lies itf,,, becausé + i’ > [
implies

mi+i'+m—-—VDi+i'>mi+2' >mi+i'+l—i=mi+i' +k>n.

By Theorem 2(s,_ui_i’: sp) € Sy If n <mi +i’ +k thens, _,,; _i» # s, and therefore
n#r. fn=mi+i +kthens,_,,;_y =s,. Hencer =mi +i’ +k.

Theorem 2 also yields. — sy =5, = pa —q With g =mj + j'.

The cas& > [ is considered analogously.

Proof of Theorem 1Suppose the contrary, & (1/3;2/3) for all n. Let Iy =
(sg; s1) € Sy (sok < [; the casé > [ will be considered lately). Let € (j/i; j'/i’) €
F; andm be defined by (1.4). Denofe=mi +i’ andg =mj + j'.

Suppose firstly; < 1/3 and prove that, foralt > 1,

th<1/3, in=np+k, s —si=(mg—j)—(p—i) (2.2)
and
_
we (L q—”) 2.3)
P P=ym

By Theorem 2k =1 —i ands; — sy =s; =ia — j. By Theorem 3j1 = p + k and
Siy — Sk =S, = pa — q; therefores; — s;, = (¢ — j) — (p —i)a. Hence
Sip Sk _ Sp
S| — Sk S

n=

andr < 1/3yieldss, — 351 <0, i.e.,(p — Da — (¢ — §) < 0. Therefore (2.2)—(2.3)
hold true forn = 1.

Now letn > 2. By the inductive assumption,, ...,1,_1 < 1/2; therefore,, is the
firstindex withs;, € (s;, ,: s;). Again by the inductive assumptia,.1 = (n—1)p+k
and

ae(g,q—,?h>c g,q—,ﬁ>:<g,(n—l)q—j>
P p— P p—i45 p m—Dp—i
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The interval in the right-hand side lies if;
—i <k < p—iimplies

becausep > i +i'>I1=k+i and

n—1"7

m=—Dp—i<ip-a<m—-Dp—i+(p—i).
Therefore, by Theorem 8, = p +m[(n — 1)p — i] + [; herem is defined by

(q+(m—1)[(n—1)q—j], q+m[(n—1)q—j]>
p+m—Dln—Dp—il p+mln—Dp—il/

By the inductive assumptiom = 1, because then the left end of this interva} jo <
a and the right end

. j J
nq_qu_%> _n_J.rl>Ot

g i i
wotopTy P

Hencei, =np —i+1=np+k.Moreover,s; —s;, =1—s,, ; = (ng—j)— (np—i)a.
Now

1 51— Si, (ng —j)—(np — i) 1
—h= = . . > 7
si—=5i,, [m=Dg—jl-[ln—-Dp—ila 2
because
q—7t1  (n+1Dg—j
o< T - N
p__nil nm+Dp—i

implies[(n +1)p —ila < (n + 1)g — j and therefore
2(ng — j)—2mp—i)a>n—1)q—j—[(n—1)p—ile.
Hencer, < 1/2 and therefore, < 1/3, because, ¢ (1/3; 2/3). But then

(ng —j) —(np — i) 2

1_tn: N . > =,
n-Dg—j—[n-Dp—ila 3

m+2qg—j>n+2)p—ila;

n+2q—j 49~ 7P

n+2p—i

—
Relations (2.2)—(2.3) are thus proved. But (2.3) can not hold fou.allherefore

assumption, < 1/3 leads to contradiction.
If 11 > 2/3 then similarly as above is proved that forall> 1

th>2/3, in=n(p—i)+I, s, —sk=I[n(p—i)+ila—I[nlg—j)+jl
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and

— i+ J_ _

ae(q SR 5. 2.4)
p-itig P

But (2.4) can not hold for alk. Therefore; > 2/3 also leads to contradiction.

The theorem is thus proved in the cage= (sy; s1) € Fi. Ngw letk > 1,i.e.,Ip=
(sk; s)) € Fi. Denotes, =n(l — a) — |n(1 —a)], Io = (ao; bo) = 1 — I, and, for
n > 1, definei,, I, = (a,; by) and7, by (1.1)—(1.3) but withs, and Iy instead ofs,,
and /.

In the proof of Theorem 2 we g6t = 1—s,,. Therefore if somé, € Ip thens, € Iy
andvice versaHencei; = i1. Moreover,

— 1_&0:(1_Si1)_(1_b0):bo_silzl_tl
bo—ag (—ag)— @A —bg) bo—ap '

f ol

If 71 < 1/2 thent; > 1/2 and therefordy = (5;,; bo) = (1 —s;_1; 1 —ag) =1 — I. If
i1>1/2, equalityly =1— I is proved analogously.
Now repeat these arguments to get=i,, I, =1 — I, andz, =1 —t, for all n.

Since Io = (51; §) € Fx, we can apply the proven part of the theorem andiget
(1/3; 2/3) for somen. Thent, also lies in(1/3; 2/3).
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