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Quasi-lattice distributions analysis
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Abstract. In this work we define quasi lattice distributions functions.

Keywordsalmost periodical function, rational basis.

THEOREM 1 (Besicovitch, 1932)In order that any trigonometrical series

S

n

should be the Fourier series for almost periodical function ités@ssary and sufficient
the convergence of the series
> lanl?.
n

From this theorem we can conclude that characteristic fungtionof the discret
random variablé

o0

f)y=>) "™ PlE=A)

v=1

is almost periodical [1-4].
The set of the values of the random varialjlave will use the notationrA =
{A1, Ap, ...}

DEFINITION 1. Finite or countable set of real numbgrs- (81, B2, ..., By, ...) IS
called linearly independent over the set of rational numbers if for evéris true the
equality

ripr+rafo+ - +rfi =0,

with r1, r2, ..., r, —rational numbers, implies that all, r», ..., r, are zeroes.

Remark 1.There are no zeroes between

B1, B2y By
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Remark 2.The basis8 = (81, B2, ..., B,) will be called finite, if the set has finite
number of elements, otherwigewill be called infinite.

DEFINITION 2. Finite or countable set of the linearly independent real numbers
B1, B2, ..., B, ... Is called by rational basis of the countable set of real numbers
A1, Ao, ..., A,, ..., ifthe every numben, may be represented by linear combination
of B; with rational coefficients, i.e.,

Ay = rl‘( ),311 +---+ r(n),Blm , (1)

Im

wherei1 # ... # iy, rj(.”) — rational numbers.

The set of numbera 1, Ao, ..., A,,... has many rational bases. If it is chosen one
of them, for examplegy, B2, ... B, ... then the relation (1) is unique.

PRESUMPTION1 (Bohr, 1932).Every set of real numbes1, Ao, ..., A,, ... has
a rational basisg [2].

Remark 3.1fall r; =0,%1,£2,.. ., then the basis is called by integer basis.

Remark 4(Bohr, 1932). All finite set of real numbers1, Ao, ..., Ay,... has a
finite integer basig, o, ..., Bk, i.e.,

Aj=vP 409 410D gy,
whereu =041, +2,.

If the random variablé is defined in the finite probability spa¢g, A, P} (see [5],
p. 32-33), then the set of his valuas, A», ..., A,, and there exists an integer basis

B=(Br B2 Br)
such that
Aj=@ E)+ @B, j=12...m,

whered € R, E = (1,1,...,1) € R*, §; = (v1,...,v;), vij = 0,1, %2, ...,
Bi >0, (v;, ) —ascalar product.
In the k-dimensional Euclidean space we define the random védtosuch way:

Plii=a+7;B} =Pt =@ E)+ ;. p),

wherej =1,2,...,m, V;B = (v1;B1,v2;B2, ..., vij Br)-
The random vecto# is lattice and

{5 @@, E)+(VJ ,3) 18(1,2”)/(/2 /ﬂl /ﬂk e i CD=i@5;B) @ ) df,

where the characteristic function dfis Me @ [4].



378 A. Bikelis

DEFINITION 3. A discrete finite generalized measurés calledm-quasi-lattice if
it has the integer finite basj consisting ofn elements.

Itis worth to arrange the elements of bagis- (..., B,,..... B, B1 . B1 - Ba s -,
B,....) in increasing order, ie.,.. < B, <...<B, <B] <0< B <B; <
BF....Let " =B x ... x B be a Cartesian product @f setsg. We split the

setA = {A1, Ay...} into M(M < o0) disjoint sets, in such way that all numbers

P o .,rl.(”) in the decomposition (1) are non-zeroes (except, maybe, the case

= 1lf for all A, included inm-th subset. Let = s(m) among them are negative and
(m — s) positive, i.e., rewrite the equality (1) as follows:

An = (B, F(m)), ()

where g = Bipoos B By B Fm) = (rl.(f>, ) e Q" 0< s <m
andm=1,2,..., M. ‘
Observe, th q,Sf) € B™, not all the coordinates of the vectﬁ};f) are different.
Let the setW; contains the numbers of form (1), where=1, i.e.,

Wi={Biri: BieB. ricQ, i=12..}.
The setW> has a form:

Wo={Biri + Bire: (Bi i) € B2 Bi# Bis ik =1.2....;

(rivre) € Q% 1i £0, 14 £0; i,k=1,2,...}.

Further,W3 has a form:
Wa={Buris + Biris + Biria’ (B Pro- Bio) € B iy # Bio # B

(Fig> Fips Tig) € Qg; ri1750, ri27é0; ri37éo}-

Construct the sequence of the sBtg Wy, ... such that

M
A=) "W,

m=1

andW; " W; =@ fori # j. Here M < co.
It follows from the construction that

W, = E i {(_'lgf),?(m))}.
F(m)yeQm
B)(ns)eﬂm

Here form =2, 3, ... the symbol}_* denotes a sum over f@m) with non-zero coor-

dinates, and ov q,Sf) with different coordinates. The set

{85 7o)
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consists of the only element, i.e., the scalar product of the veEﬁBrand?(m):

(Q,Sf), Fm)) = Biriy +-+ Biri, + ﬂzilfim o B

im
Moreover, if (my) # F(m2), then(Byi, . 7 (m1)) # (B, . 7 (m2))
We summarize the facts above in the following theorem.

THEOREM 2. The supporfA of the generalized finite discrete measugecontains
the basis8 such that

M
AcY Y Y Fm) | =wep). )

m=21F(m)eQ™

B)(ns)eﬂm

Here M < oo.

Further,B will be called basis of the measunrg. Assume,

0, ifx<0;
B(x) = { 1, otherwisex > 0.

COROLLARY 1. Let the generalized finite discrete measurg has the basis,
then

pa((=oox) = Y pa({(BY Few) 1)E(x — (B Fem) ).

(BY Fm)eW (B)

Frequently in our investigations the elements from subclasses of finite generalized
measures\ will be considered. Some of them we will define now.

DEFINITION 4. A discrete finite generalized measurgis called M-quasi-lattice
if it has the integer finite basi consisting ofM elements.

Let the basis is finite, i.e.,8 = (81, B2, ..., Bam). In the scalar product

(B.7)=Prr1+--+ Burm

in the representation (3) the coefficients, ro,...,ry are, generally speaking,
the rational numbers. If the basp, B2, ..., By is integer, thervy, ro, ..., ry =
0,+1,+2,....

In more general case, the scalar products in the representation (3) have a form

(B,7) = Brvi+ -+ Bunvm + BustFmr1 + - + Bura,

wherevy, ..., v, =0,£1,+2,....l.e., the basig = (81, B2, ..., Br) consists of two
sub-basises — integer bagis 8o, ..., 8, and non-integeB,;, 1, - . -, Ba-
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DEFINITION 5. Discrete finite generalized measurg is called M-discrete
m-quasi-lattice if its basi$8 = (B1,..., Bm, Bm+1,---, Br) CONtains integer sub-
basisgi, B2, ..., Bm, wherem maximal number satisfying this property. Remind that
M < o0.

Remark 5. M-discrete M-quasi-lattice measurg,; has the suppo (8) of (3)
form, where M < oo and the coordinates of vectoi(m) are integer numbers
0,+1,42,....

Note, that there exist measures with the integer infinite basisM.es,cc.

References

1. B.V. Gnedenko, A.N. Kolmogorokimit Distributions for Sums of Independent Random Variables
Addison-Wesley Pub.Comp. (1954).

2. B.M. Levitan,Almost Periodic Functiondloscow (1953) (in Russian).

3. H. Cramer,Random Variables and Probability Distribution€ambridge Univ. Press, Cambridge

(1937).

4. C.G. Esseen, Fourier analysis of distributiondtions. A mathematical study of Laplace-Gaussian
law, Acta Math, 77, 1-125.

5. A.N. ShiryaevProbability, 2nd edition, Springer (1996).

REZIUME

A. Bikelis. Kvazigardeliniy skirstiniy analize
Darbe yra nagriejami tikimybiniai skirstiniai, kuni charakteringosios funkcijos yra beveik pericesn’
funkcijos.

Raktiniai ZodZiaibeveik periodies funkcijos, racionalioji baz



