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Let �2 be a two-dimensional torus. Let W = ‖aij‖, i, j = 1,2, be a square matrix,
aij be integers, |det W | = 1. Let the endomorphism T : �2 → �2 be defined by

T �x = �x W (mod 1).

Let

�ξ = �ξ(t) = {
(ϕ(t),ψ(t)), a � t � b

}
(1)

be a smooth parametric curve on �2, �(x) be a standard normal distribution function.
Let �wi = (wi1,wi2), i = 1,2, be eigenvectors of W corresponding to the eigenvalues
θ1 and θ2, |θ1| > 1, |θ2| = |θ1|−1.

We consider a real function h(�x), �x ∈ �2. The problem of large deviations for en-
domorphisms on torus is formulated in terms of the function h as follows.

Let

Sn(�x) =
n−1∑
k=0

h
(�x Wk

)
, Zn(�x) = 1

σ
√

n
Sn(�x),

where

σ 2 = lim
n→∞

∫
�2

( 1√
n
Sn(�x)

)2
d�x, σ 2 > 0.

Then

Fn,ξ (x) = 1

b − a
µ

(
t ∈ [a,b]: Zn(�ξ ) < x

)
(µ is the Lebesque measure)

is a distribution function for which the theorem of large deviations can be proved under
some regularity conditions for the function h.

We assume that h satisfies the following conditions:

max
{|h(�x)|, �x ∈ �2

}
� H, (2)∫

�2

h(�x)d�x = 0, (3)
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∫
�2

(
h(�x) − h(�x + �δ))2 d�x � H 2(δ2

1 + δ2
2), (4)

where �δ = (δ1, δ2).
The main result is formulated in the following manner.

THEOREM. Let the function h(�x), �x ∈ �2, and the curve �ξ(t), t ∈ [a,b], satisfy the
above mentioned conditions. Then, in the interval

0 < x <
c
√

n

ln2 n
, c > 0,

the following relations for the large deviations are valid:

1 − Fn,ξ (x)

1 − �(x)
= exp

{
L(x)

}(
1 + O

(x ln2 n√
n

))
,

Fn,ξ (−x)

�(−x)
= exp

{
L(−x)

}(
1 + O

(x ln2 n√
n

))
,

where

L(x) =
∞∑

k=3

λkx
k,

the coefficients λk are expressed in terms of cumulants of the sum Zn.

In [2] the analogous result is proved for the functions h verifying the condition
|h(�x1) − h(�x2)| � H
(�x1, �x2) where 
(·, ·) is the distance on torus. Therefore the the-
orem of large deviations is proved now for a wider class of functions h.

The following auxiliary propositions are needed for the proof of Theorem.

LEMMA 1. Let the functions f (�x) and g(�x), �x ∈ �2, satisfy the condition (2) with
the constants A and B respectively,

max
�x∈�2

∣∣f (�x)
∣∣ � A, max

�x∈�2

∣∣g(�x)
∣∣ � B.

Then ∫ b

a

f (�ξ )g
(�ξ Wm

)
dt =

∫ b

a

f (�ξ )dt ·
∫

�2

g(�x)d�x + O
(mAB

ε3θm
1

)
, (5)

∫
�2

f (�x)g
(�x Wm

)
d�x =

∫
�2

f (�x)d�x ·
∫

�2

g(�x)d�x + O
(mAB

θm
1

)
, (6)

where �ξ (t) is a curve defined by (1), θ1 is an eigenvalue, |θ1| > |θ2|,
ε = min

t∈[a,b]
∣∣w21ϕ

′(t) − w22ψ
′(t)

∣∣ > 0.
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Proof. See [1].

Let �k(Sn) denote the cumulant of k-th order of the sum Sn(�x).

LEMMA 2. The cumulants �k(Sn) are estimated as follows:
∣∣�k(Sn)

∣∣ � H0H
kk!(ln2 n)k−2n, H0 > 0.

Proof. Denote

Sk,l = Sk,l (�x) =
∑

k�i�l

h
(�xWi

)
.

For some natural numbers n1 and n2, let

p =
[ n

n1 + n2

]
.

The numbers n1 and n2 will be chosen later. Denote

ηk(�x) = S(k−1)(n1+n2)+1,kn2+(k−1)n1 , 1 � k � p,

η0
k(�x) = Skn2+(k−1)n1+1,k(n1+n2), 1 � k � p,

η0
p+1(�x) = Sp(n1+n2)+1,n.

We will assume that η0
p+1(�x) = 0 if n = p(n1 + n2). Then the sum Sn(�x) can be

expressed by

Sn(�x) =
p∑

k=1

ηk(�x) +
p+1∑
k=1

η0
k(�x).

Following [2] let us consider the function

fn(t) =
∫

�2

p∏
k=1

exp
(
itηk(�x)

)
d�x.

As the functions ηk(�x) satisfy the conditions of Lemma 1, we get from equation (6):

fn(t) =
(∫

�2

exp
(
itη1(�x)

)
d�x

)p

+ O
(
n2tHθ

−n1
1

)
, (7)

∫
�2

h(�x)h
(�xWr

)
d�x = O

(
rθ−r

1

)
, (8)

E
(
ηk(�x) − E

(
ηk(�x)

))2 = n2σ
2 + O

( 1

(b − a)ε3

)
. (9)
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Let a function g(α1, . . . ,αν) have the Taylor expansion on the vicinity of 0 ∈ R
ν :

g(α1, . . . ,αν) =
∞∑

k1,...,kν=0

gk1...kν
· αk1

1 · · ·αkν
ν .

The function g(α1, . . . ,αν) is said to be of type M (see [1]) if gk1...kν
�= 0 only if

max{k1, . . . , kν} � 2.
Functions of type M have the following properties:

(a) The linear combination and the product of any number of functions of type M is
a function of type M .

(b) If the function g1(α1, . . . ,αν) is of type M , the function g2(α1, . . . ,αν) is analytic
and

inf|(α1,...,αν)|<ε
g2(α1, . . . ,αν ) > 0 for some ε > 0

then g1/g2 is the function of type M .
The function

ϕ0(α1, . . . ,αν) = E exp(α1Xt1 + · · · + ανXtν ), Xn = h(�xWn), n � 1,

has the above mentioned properties. We write down the Taylor expansion for this func-
tion, then apply Lemma 1 and (5), and estimate the coefficients of the expansion:

ϕ0(α1, . . . ,αν) =
∞∑

k1,...,kν=0

EX
k1
t1

· · ·Xkν
tν

· αk1
1 · · ·αkν

ν , (10)

EX
k1
t1

· · ·Xkν
tν

= E
q ′∏

i=1

hki
(�xWti

) ν∏
i=q ′+1

hki
(�xWti

) + O
(
dθ−d

1 Hk1+···+kν
)
. (11)

Here d depends on the partition of the set {t1, . . . , tk} into blocks I1, . . . , Iν (see [3]).
Using (10) and (11) we can express the function ϕ0(α1, . . . ,αν) as follows:

ϕ0(α1, . . . ,αν) = ϕ1(α1, . . . ,αq ′ ) · ϕ2(αq ′+1, . . . ,αν) + dθ−d
1 ψ0(α1, . . . ,αν)

where

ϕ1(α1, . . . ,αq ′) = E exp(α1Xt1 + . . . + αq ′Xtq′ ),

ϕ2(αq ′+1, . . . ,αν) = E exp(αq ′+1Xtq′+1
+ . . . + ανXtν )

and the function ψ0(α1, . . . ,αν) is analytic, ψ0(0, . . . ,0) = 0.
For the evaluation of cumulants �k(Sn) we chose n1 from the relation 0 � n −

p(n1 + n2) � p, n2 = [ω2 lnn] and make use of the properties of functions of type
M for evaluation of functions fn(t). These are only the main points of the proof of
Lemma 2.

The proof of Theorem follows from Lemma 1, Lemma 2 and is analogous to Theo-
rem 3 in [4].
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REZIUMĖ

B. Kryžienė, G. Misevičius. Toro endomorfizm ↪u didieji nuokrypiai, II

Darbe suformuluota ir ↪irodyta teorema apie didžiuosius nuokrypius dydžiams h(�xWk), k = 0, 1, 2, . . ., kur
W yra toro �2 endomorfizmas. Lyginant su ankstesniu autori ↪u darbu teorema ↪irodoma platesnei funkcij ↪u

h klasei. ↪Irodymui naudojami D. Moskvino ir autori ↪u ankstesni rezultatai bei V. Statulevičiaus centruot ↪u

moment ↪u ir semiinvariant ↪u ↪iverčiai.


