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Abstract. This paper is devoted to study the existence of center-stable manifolds for some planar
fractional differential equations of Caputo type with relaxation factor. After giving some necessary
estimation for Mittag–Leffler functions, some existence results for center-stable manifolds are
established under the mild conditions by virtue of a suitable Lyapunov–Perron operator. Moreover,
an explicit example is given to illustrate the above result. Finally, high-dimensional case is
considered.
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1 Introduction

Fractional calculus (FC) has a long history almost as well as the one of standard integer
calculus. Thereafter, fractional differential equations (FDEs) have been recognized as one
of the best tools to be applied in interdisciplinary field such as viscoelastic materials and
electromagnetic problems; see [3, 4, 7, 12, 13, 16, 18, 19, 25–29] and references therein. In
particular, existence and stability results for some FDEs involving two different Caputo
derivatives have been studied extensively, one can refer to [1, 2, 5, 8–10, 14, 15, 17, 20–
22, 24]. Very recently, an interesting local stable manifold theorem near a hyperbolic
equilibrium point for planar fractional differential equations is given in [6], where the
fixed point of Lyapunov–Perron operator describes the set of all solutions near the fixed
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point tend to zero is called stable manifold of hyperbolic fixed point. However, stable
manifolds results for FDEs of different type are still not enough.

LetX∞(R+,R) be the Banach space of all continuous functions from R+ into R with
the norm ‖v‖∞ = supt∈R+

|v(t)|. Motivated by [6,21,22], Wang et al. [23] consider local
stable manifold of the following planar fractional damped equations:

cDα
t x(t) +A cDβ

t x(t) = f
(
x(t), t

)
, α ∈ (1, 2), β ∈ (0, 1), t > 0,

x(0) = x = (x1, x2)T, x′(0) = x = (x3, x4)T,
(1)

where cDγ
t denotes the Caputo fractional derivative of order γ with the lower limit zero

(see [12]), A =
(
λ1 0
0 λ2

)
(λ1 > 0, λ2 < 0), f(x, t) = (f1(x, t), f2(x, t))T. However,

the related issues for the case of β ∈ {0, 1} has not been discussed. In the present paper,
we consider local stable manifold of the following nonautonomous fractional Cauchy
problems:

cDα
t x(t)−Ax(t) = f

(
x(t), t

)
, α ∈ (1, 2), t > 0,

x(0) = x = (x1, x2)T, x′(0) = x = (x3, x4)T,
(2)

where f ∈ X(R2 × R+,R2) is a local Lipschitz function:∥∥f(x, t)− f(y, t)
∥∥ 6 lf (r)$(t)‖x− y‖

for ‖x‖, ‖y‖ 6 r, where set ‖x‖ = ‖(x1, x2)‖ = max{|x1|, |x2|}, f(0, t) = 0,
limr→0 lf (r) = 0, and $ ∈ X∞(R+, (0,∞)) satisfies b$ := supt>1

∫ t−1

0
(t − s)−1 ×

$(s) ds <∞.
Here we would like to emphasize that the methods used to deal with (2) are much

different from (1). Concerning on (2), we cannot apply a known formula on Mittag–
Leffler functions to simplify the form of solution to (2). In order to obtain the existence of
the stability of the solution, we simply our problem and set x(0) = x = (0, x2)T. Even in
this special case, we also have to overcome expatiatory computation from the estimation
on the possible integral of Mittag–Leffler functions, more precisely, we have to study the
asymptotic behavior of Mittag–Leffler functions Eα, Eα,2, and Eα,α for α ∈ (1, 2).

By [21, Lemma 2.1], taking Laplace transform of Caputo fractional derivative and
inverse Laplace transforms of the functions, the solution φ(·, x, x) of (2) is given by

φ
(
t, x, x

)
= Eα

(
tαA

)
x+ Eα,2

(
tαA

)
tx

+

t∫
0

(t− s)α−1Eα,α
(
(t− s)αA

)
f
(
φ(s, x, x), s

)
ds. (3)

By reviewing (3) we can know that when t → ∞, the solution φ(·, x, x) of (2) is
stable for λ2 < 0. However, when t → ∞, the solution φ(·, x, x) of (2) is not stable for
λ1 > 0.

By a center-stable manifold of (2) we mean the set of all small x and x̄ for which the
solution of (2) is bounded on R+ when the time variable tends infinite.
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To achieve our aim, we adopt the same idea in [6] and construct a suitable Lyapunov–
Perron operator

F = (F1, F2): X∞
(
R+,R2

)
→ X∞

(
R+,R2

)
(4)

as follows:

F1(η)(t) = −λ(2−α)/α
1 tEα,2

(
tαλ1

) ∞∫
0

exp
(
−λ1/α

1 s
)
f1

(
η(s), s

)
ds

+

t∫
0

(t− s)α−1Eα,α
(
(t− s)αλ1

)
f1

(
η(s), s

)
ds,

F2(η)(t) = Eα
(
tαλ2

)
x2 + Eα,2

(
tαλ2

)
tx4

+

t∫
0

(t− s)α−1Eα,α
(
(t− s)αλ2

)
f2

(
η(s), s

)
ds.

Then we need show that the center-stable manifold of (2) can be characterized as a fixed
point of the above Lyapunov–Perron operator F and the fixed point is bounded.

This paper is organized as follows. In Section 2, we give some fundamental estimation
related to Mittag–Leffler functions. In Section 3, we give the main result of this paper
about center-stable manifolds. An example is given to demonstrate the application of our
main result. In the final section, we extend the previous stable manifold result for planar
fractional order relaxation differential equations involving the order α ∈ (0, 1) to high-
dimensional case.

2 A sequence of integral estimation related to Mittag–Leffler func-
tions

The following explicit estimation of Mittag–Leffler functions is useful in the sequel,
which has been reported in one of our submitted paper. To give some results for the
asymptotic behavior of Mittag–Leffler functions Eα, Eα,2, and Eα,α for α ∈ (1, 2), we
recall the following.

Lemma 1. (See [11].) Let % ∈ (0, 2) and υ ∈ R be arbitrary. Then, for p̄ = [υ/%], the
following asymptotic expansions hold:

(i) Eσ,υ(z) = 1
σ z

(1−υ)/σ exp
(
z1/σ

)
−
∑p̄
k=1

z−k

Γ(υ−σk) +O
(
z−1−p̄) as z →∞.

(ii) Eσ,υ(z) = −
∑p̄
k=1

z−k

Γ(υ−σk) +O
(
|z|−1−p̄) as z → −∞.

By inserting ᾱ = α, β̄ = 1, and z = tαλ we give the first asymptotic expansions for
Mittag–Leffler functions Eα, which extend to our case.

https://www.mii.vu.lt/NA
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Lemma 2. For any λ > 0, α ∈ (1, 2), and p̄ = [1/α], the following asymptotic
expansions hold:

(i) Eα(λtα) = 1
α exp

(
λ1/αt

)
−
∑p̄
k=1

t−kα

λkΓ(1−αk)
+O

(
t−α(1+p̄)

)
as t→∞.

(ii) Eα(−λtα) = −
∑p̄
k=1

t−kα

(−λ)kΓ(1−αk)
+O

(
t−α(1+p̄)

)
as t→∞.

Remark 1. Lemma 2(i) presents the relationship between Mittag–Leffler functions and
exponential function when the parameter λ > 0. Lemma 2(ii) shows that Mittag–Leffler
functions can be formulated by power series when the parameter λ < 0.

By inserting σ = α, υ = 2 or υ = α, and z = tαλ we give asymptotic expansions for
Mittag–Leffler functions Eα,2 and Eα,α.

Lemma 3. For any λ > 0, α ∈ (1, 2) with p̄ = 1, the following asymptotic expansions
hold:

(i) tEα,2
(
λtα
)

= 1
αλ
−1/α exp

(
λ1/αt

)
− t1−α

λΓ(2−α) +O
(
t1−2α

)
as t→∞.

(ii) tEα,2
(
−λtα

)
= t1−α

λΓ(2−α) +O
(
t1−2α

)
as t→∞.

Remark 2. Lemma 3(i) presents explicit formula to compute tEα,2(λtα) by virtue of
exponential function and power series when the parameter λ > 0. Lemma 3(ii) shows
that tEα,2(−λtα) can be formulated by power series when the parameter λ < 0.

Lemma 4. For any λ > 0, α ∈ (1, 2) with p̄ = 1, the following asymptotic expansions
hold:

(i) tα−1Eα,α
(
λtα
)

= 1
αλ

(1−α)/α exp
(
λ1/αt

)
− 1

tλ +O
(
t−1−α) as t→∞.

(ii) tα−1Eα,α
(
−λtα

)
= 1

tλ +O
(
t−1−α) as t→∞.

Remark 3. Lemma 4(i) presents explicit formula to compute tα−1Eα,α(λtα) by virtue
of exponential function and power series when the parameter λ > 0. Lemma 4(ii) shows
that tα−1Eα,α(−λtα) can be formulated by power series when the parameter λ < 0.

We give the estimation for Mittag–Leffler functions.

Lemma 5. For λ > 0, we define

M(α, λ) = max

{
Eα,α+1(λ), λ(1−α)/αEα,2(λ),

Eα,α(λ)

α
+ λ(1−α)/αEα,2(λ)

}
.

Then, for any function g ∈ X∞(R+,R), the following statements hold for all t ∈ [0, 1]:

(i)
∣∣ ∫ t

0
(t− s)α−1Eα,α

(
−(t− s)αλ

)
g(s) ds

∣∣ 6M(α, λ)‖g‖∞.

(ii)
∣∣λ(2−α)/αEα,2

(
tαλ
)
t
∫∞
t

exp
(
−λ1/αs

)
g(s) ds| 6M(α, λ)‖g‖∞.

(iii)
∣∣∫ t

0

[
(t−s)α−1Eα,α

(
(t−s)αλ

)
−λ(2−α)/αEα,2

(
tαλ
)
t exp

(
−λ1/αs

)]
g(s) ds

∣∣6
M(α, λ)‖g‖∞.
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Proof. (i) Using
∫ t

0
(t − s)α−1Eα,α((t − s)αλ) ds = tαEα,α+1(λtα) and the fact that

Mittag–Leffler functions are increasing functions on [0,∞), we have∣∣∣∣∣
t∫

0

(t− s)α−1Eα,α
(
−(t− s)αλ

)
g(s) ds

∣∣∣∣∣
6 tαEα,α+1(λtα)‖g‖∞ 6 Eα,α+1(λ)‖g‖∞ 6M(α, λ)‖g‖∞.

(ii) Like above, we have∣∣∣∣∣λ(2−α)/αEα,2
(
tαλ
)
t

∞∫
t

exp
(
−λ1/αs

)
g(s) ds

∣∣∣∣∣
6 λ(2−α)/αEα,2(λ)

∞∫
0

exp
(
−λ1/αs

)
ds‖g‖∞

6 λ(1−α)/αEα,2(λ)‖g‖∞ 6M(α, λ)‖g‖∞.

(iii) Similarly, we derive∣∣∣∣∣
t∫

0

[
(t− s)α−1Eα,α

(
(t− s)αλ

)
− λ(2−α)/αEα,2

(
tαλ
)
t exp

(
−λ1/αs

)]
g(s) ds

∣∣∣∣∣
6

[
1

α
tαEα,α(λ) + λ(2−α)/αEα,2(λ)

(
−λ−1/α exp

(
−λ1/αt

)
+ λ−1/α

)]
‖g‖∞

6

[
Eα,α(λ)

α
+ λ(1−α)/αEα,2(λ)

]
‖g‖∞ 6M(α, λ)‖g‖∞.

The proof is complete.

Remark 4. Lemma 5 presents some explicit integral bound estimation by using the
asymptotic behavior of Mittag–Leffler functions, which will be used to derive the stable
manifold for the proposed fractional systems.

By Lemmas 3 and 4 we can define finite constants:

m1(α, λ) = sup
t>1

t2α−1

∣∣∣∣ tEα,2(λtα)− exp(λ1/αt)

λ1/αα
+

t1−α

λΓ(2− α)

∣∣∣∣,
m2(α, λ) = sup

t>1
t2α−1

∣∣∣∣ tEα,2(−λtα)− t1−α

λΓ(2− α)

∣∣∣∣,
m3(α, λ) = sup

t>1
tα+1

∣∣∣∣ tα−1Eα,α(λtα)− exp(λ1/αt)

λ(α−1)/αα
+

1

λt

∣∣∣∣,
m4(α, λ) = sup

t>1
tα+1

∣∣∣∣ tα−1Eα,α
(
−λtα

)
− 1

λt

∣∣∣∣.
Now we can prove the following lemma.

https://www.mii.vu.lt/NA
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Lemma 6. For λ > 0, we define

N(α, λ, b$) = max

{
Eα,α+1(λ) +

max{m3(α, λ),m4(α, λ)}
α

+
b$
λ

+
1

αλ
exp
(
λ1/α

)
+

2λ(1−2α)/α

Γ(2− α)
+ 2m1(α, λ)λ(1−α)/α

}
.

Then, for any function g ∈ X∞(R+,R) with ‖g‖$ := supt>0 |g(t)/$(t)| < ∞, the
following statements hold for all t > 1:

(i)
∣∣ ∫ t

0
(t− s)α−1Eα,α

(
−(t− s)αλ

)
g(s) ds| 6 N(α, λ, b$)

(
‖g‖∞ + ‖g‖$

)
.

(ii)
∣∣λ(2−α)/αEα,2

(
tαλ
)
t
∫∞
t

exp
(
−λ1/αs

)
g(s) ds

∣∣ 6 N(α, λ, b$)‖g‖∞.

(iii)
∣∣ ∫ t

0

[
(t−s)α−1Eα,α

(
(t−s)αλ

)
−λ(2−α)/αEα,2

(
tαλ
)
t exp

(
−λ1/αs

)]
g(s) ds

∣∣ 6
N(α, λ, b$)

(
‖g‖∞ + ‖g‖$

)
.

Proof. (i) Note that
∫ t
t−1

(t− s)α−1Eα,α((t− s)αλ) ds = Eα,α+1(λ). So we have∣∣∣∣∣
t∫

t−1

(t− s)α−1Eα,α
(
−(t− s)αλ

)
g(s) ds

∣∣∣∣∣
6

t∫
t−1

(t− s)α−1Eα,α
(
(t− s)αλ

)∣∣g(s)
∣∣ds 6 Eα,α+1(λ)‖g‖∞.

On the other hand, we get∣∣∣∣∣
t−1∫
0

(t− s)α−1Eα,α
(
−(t− s)αλ

)
g(s) ds

∣∣∣∣∣
6 m4(α, λ)

t−1∫
0

|g(s)|
(t− s)α+1

ds+
1

λ

t−1∫
0

|g(s)|
t− s

ds

6
m4(α, λ)‖g‖∞

α
+

1

λ

t−1∫
0

$(s)

t− s
|g(s)|
$(s)

ds 6
m4(α, λ)‖g‖∞

α
+
b$‖g‖$

λ
.

Consequently, we get∣∣∣∣∣
t∫

0

(t− s)α−1Eα,α
(
−(t− s)αλ

)
g(s) ds

∣∣∣∣∣
6

(
Eα,α+1(λ) +

m4(α, λ)

α

)
‖g‖∞ +

b$
λ
‖g‖$

6 N(α, λ, b$)
(
‖g‖∞ + ‖g‖$

)
.
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(ii) Similarly, we get∣∣∣∣∣λ(2−α)/αEα,2
(
tαλ
)
t

∞∫
t

exp
(
−λ1/αs

)
g(s) ds

∣∣∣∣∣
6

1

α
λ(1−α)/α

∞∫
t

exp
(
λ1/α(t− s)

)∣∣g(s)
∣∣ds

+ λ(2−α)/α

(
m1(α, λ) +

1

λΓ(2− α)

) ∞∫
t

exp
(
−λ1/αs

)
g(s) ds

6

(
1

αλ
+
λ(1−2α)/α

Γ(2− α)
+m1(α, λ)λ(1−α)/α

)
‖g‖∞ 6 N(α, λ, b$)‖g‖∞.

(iii) Like above, we get

∣∣(t− s)α−1Eα,α
(
(t− s)αλ

)
− λ(2−α)/αEα,2

(
tαλ
)
t exp

(
−λ1/αs

)∣∣
6

m3(α, λ)

(t− s)α+1
+

1

λ(t− s)
+m1(α, λ)

λ(2−α)/α exp(−λ1/αs)

t2α−1

+
t1−α

λΓ(2− α)
λ(2−α)/α exp

(
−λ1/αs

)
for t− s > 1 and t > 1, but since s > 0, it is enough to suppose t− s > 1 because then
t > 1 + s > 1. So we derive

∣∣∣∣∣
t−1∫
0

[
(t− s)α−1Eα,α

(
(t− s)αλ

)
− λ(2−α)/αEα,2

(
tαλ
)
t exp

(
−λ1/αs

)]
g(s) ds

∣∣∣∣∣
6

t−1∫
0

m3(α, λ)|g(s)|
(t− s)α+1

ds+

t−1∫
0

|g(s)|
λ(t− s)

ds

+m1(α, λ)λ(2−α)/α

t−1∫
0

exp(−λ1/αs)

t2α−1
ds‖g‖∞

+
1

λΓ(2− α)

t−1∫
0

t1−αλ(2−α)/α exp
(
−λ1/αs

)
ds‖g‖∞

6

[
m3(α, λ)

α
+m1(α, λ)λ(1−α)/α +

λ(1−2α)/α

Γ(2− α)

]
‖g‖∞ +

b$
λ
‖g‖$.

https://www.mii.vu.lt/NA
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On the other hand,∣∣∣∣∣
t∫

t−1

[
(t− s)α−1Eα,α

(
(t− s)αλ

)
− λ(2−α)/αEα,2

(
tαλ
)
t exp

(
−λ1/αs

)]
g(s) ds

∣∣∣∣∣
6

[
Eα,α+1(λ) +

t∫
t−1

λ(2−α)/αEα,2
(
tαλ
)
t exp

(
−λ1/αs

)
ds

]
‖g‖∞.

Furthermore, we obtain∣∣∣∣∣
t∫

t−1

λ(2−α)/αEα,2
(
tαλ
)
t exp

(
−λ1/αs

)
ds

∣∣∣∣∣
6

1

α
λ(1−α)/α

t∫
t−1

exp
(
λ1/α(t− s)

)
ds+m1(α, λ)λ(2−α)/α

t∫
t−1

exp(−λ1/αs) ds

+
1

λΓ(2− α)

t∫
t−1

λ(2−α)/α exp
(
−λ1/αs

)
ds

6
1

αλ
exp
(
λ1/α

)
+m1(α, λ)λ(1−α)/α +

λ(1−2α)/α

Γ(2− α)
.

Consequently, we get∣∣∣∣∣
t∫

0

[
(t− s)α−1Eα,α

(
(t− s)αλ

)
− λ(2−α)/αEα,2

(
tαλ
)
t exp

(
−λ1/αs

)]
g(s) ds

∣∣∣∣∣
6

[
m3(α, λ)

α
+ Eα,α+1(λ) +

1

αλ
exp
(
λ1/α

)
+ 2m1(α, λ)λ(1−α)/α

+
2λ(1−2α)/α

Γ(2− α)

]
‖g‖∞ +

b$
λ
‖g‖$

6 N(α, λ, b$)
(
‖g‖∞ + ‖g‖$

)
.

The proof is finished.

3 Existence of stable manifolds theorem

By Lemmas 5 and 6 the operator F in (4) is well defined. In what follows, we state and
prove some fundamental properties of F , which are used later to prove the existence of
stable manifolds.
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Define Ω(α, λ1, λ2, $) = (1 + ‖$‖∞)% and % := max{2M(α, λ1), 2N(α, λ1, b$),
M(α,−λ2), N(α,−λ2, b$)}, where M and N are the functions defined as in Lemmas 5
and 6.

Proposition 1. For any η, η̂ ∈ X∞(R+,R2), it holds∥∥F (η)− F (η̂)
∥∥
∞ 6 Ω(α, λ1, λ2, $)lf

(
max

(
‖η‖∞, ‖η̂‖∞

))
‖η − η̂‖∞ (5)

and ∥∥F (η)
∥∥
∞ 6 ‖x‖+

(
Eα,2(−λ2) +m2(α,−λ2) +

1

λΓ(2− α)

)
|x4|

+Ω(α, λ1, λ2, $)lf
(
‖η‖∞

)
‖η‖∞, (6)

where ‖η‖∞ = max(‖η1‖∞, ‖η2‖∞).

Proof. Note that∣∣F1(η)(t)− F1(η̂)(t)
∣∣

=

∣∣∣∣∣
t∫

0

(
(t− s)α−1Eα,α

(
(t− s)αλ1

)
− λ(2−α)/α

1 Eα,2(λ1t
α)t exp

(
−λ1/α

1 s
))(

f1

(
η(s), s

)
− f1

(
η̂(s), s

))
ds

− λ(2−α)/α
1 Eα,2(λ1t

α)t

∞∫
t

exp
(
−λ1/α

1 s
)(
f1

(
η(s), s

)
− f1

(
η̂(s), s

))
ds

∣∣∣∣∣.
By Lemmas 5 and 6 we have

sup
t∈[0,1]

∣∣F1(η)(t)− F1(η̂)(t)
∣∣

6 2M(α, λ1)lf
(
max

(
‖η‖∞, ‖η̂‖∞

))
‖$‖∞‖η − η̂‖∞,

sup
t>1

∣∣F1(η)(t)− F1(η̂)(t)
∣∣

6 2N(α, λ1, b$)lf
(
max

(
‖η‖∞, ‖η̂‖∞

))(
1 + ‖$‖∞

)
‖η − η̂‖∞.

So

sup
t>0

∣∣F1(η)(t)− F1(η̂)(t)
∣∣ 6 Ω(α, λ1, λ2, $)lf

(
max(‖η‖∞, ‖η̂‖∞)

)
‖η − η̂‖∞.

On the other hand, note that

∣∣F2(η)− F2(η̂)
∣∣ 6 ∣∣∣∣∣

t∫
0

(t− s)α−1Eα,α
(
(t− s)αλ2

)(
f2(η(s), s)− f2(η̂(s), s)

)
ds

∣∣∣∣∣.
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By using Lemmas 5 and 6 we have

sup
t∈[0,1]

∣∣F2(η)(t)− F2(η̂)(t)
∣∣

6M(α,−λ2)lf
(
max(‖η‖∞, ‖η̂‖∞)

)
‖$‖∞‖η − η̂‖∞,

sup
t>1

∣∣F2(η)(t)− F2(η̂)(t)
∣∣

6 N(α,−λ2, b$)lf
(
max(‖η‖∞, ‖η̂‖∞)

)(
1 + ‖$‖∞

)
‖η − η̂‖∞.

So

sup
t>0

∣∣F2(η)(t)− F2(η̂)(t)
∣∣ 6 Ω(α, λ1, λ2, $)lf

(
max(‖η‖∞, ‖η̂‖∞)

)
‖η − η̂‖∞.

Consequently, we can get conclusion (5). Next, it is obvious that F1(0)(t) = 0, we derive∣∣F2(0)(t)
∣∣ 6 |x2|+

∣∣ tEα,2(tαλ2

)∣∣|x4|

6 ‖x‖+

(
Eα,2(−λ2) +m2(α,−λ2) +

1

λΓ(2− α)

)
|x4|.

Hence, we get conclusion (6). The proof is completed.

Before stating and proving the stable invariant manifold result, we show the following
technical lemma.

Lemma 7. For any function g ∈ X∞(R+,R) and λ > 0, it holds

lim
p→∞

∫ p
0

(p− s)α−1Eα,α((p− s)αλ)g(s) ds

pEα,2(λpα)

= λ(2−α)/α

∞∫
0

exp
(
−λ1/αs

)
g(s) ds.

Proof. According to Lemma 2(i), we obtain limp→∞ exp(λ1/αp)/(pEα,2(λpα))=αλ1/α.
Next, since for p > 1,∣∣∣∣∣

p∫
p−1

(p− s)α−1Eα,α
(
(p− s)αλ

)
g(s) ds

∣∣∣∣∣ 6 Eα,α+1(λ)‖g‖∞,

then

lim
p→∞

p∫
p−1

(p− s)α−1Eα,α((p− s)αλ)

exp(λ1/αp)
g(s) ds = 0.
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Next, we have

lim
p→∞

∣∣∣∣∣
p−1∫
0

(p− s)α−1Eα,α
(
(p− s)αλ

)
− 1

αλ
(1−α)/α exp(λ1/α(p− s))

exp(λ1/αp)
g(s) ds

∣∣∣∣∣
6 lim
p→∞

p−1∫
0

1

exp(λ1/αp)

(
|g(s)|

(t− s)λ
+
m3(α, λ)|g(s)|

(p− s)α+1

)
ds = 0.

So we get

lim
p→∞

p−1∫
0

(p− s)α−1Eα,α((p− s)αλ)

exp(λ1/αp)
g(s) ds =

λ(1−α)/α

α

∞∫
0

exp
(
−λ1/αs

)
g(s) ds.

Finally,

lim
p→∞

∫ p
0

(p− s)α−1Eα,α((p− s)αλ)g(s) ds

pEα,2(λpα)
= λ(2−α)/α

∞∫
0

exp
(
−λ1/αs

)
g(s) ds.

The proof is completed.

Let V ⊂ U ⊂ R2 andW ⊂ R2 be open neighborhoods of zero. Define a center-stable
manifold

W cs(V ×W,U) =
{
x ∈ V, x ∈W : φ(t, x, x) ∈ U ∀t > 0

}
.

Proposition 2. (x, x) ∈ W cs(V ×W,U) if and only if φ(·, x, x) is a fixed point of F
along with φ(t, x, x) ∈ U for all t > 0.

Proof. If (x, x) ∈W cs(V ×W,U), then by (3) we get

φ1(t, x, x) = Eα,2
(
tαλ1

)
tx3

+

t∫
0

(t− s)α−1Eα,α
(
(t− s)αλ1

)
f1

(
φ(s, x, x), s

)
ds

and
φ2(t, x, x) = Eα

(
tαλ2

)
x2 + Eα,2

(
tαλ2

)
tx4

+

t∫
0

(t− s)α−1Eα,α
(
(t− s)αλ2

)
f2

(
φ(s, x, x), s

)
ds.

By the above results we know that φ2(·, x, x) = F2(φ2(·, x, x)).
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Furthermore, we arrive at

x3 = − lim
t→∞

∫ t
0
(t− s)α−1Eα,α((t− s)αλ1)f1(φ(s, x, x), s) ds

Eα,2(tαλ1)t

= −λ(2−α)/α
1

∞∫
0

exp
(
−λ1/α

1 s
)
f1

(
φ(s, x, x), s

)
ds

due to Lemma 7. Hence,

φ1(t, x, x) = −λ(2−α)/α
1 tEα,2

(
tαλ1

) ∞∫
0

exp
(
−λ1/α

1 s
)
f1

(
φ(s, x, x), s

)
ds

+

t∫
0

(t− s)α−1Eα,α
(
(t− s)αλ1

)
f1

(
φ(s, x, x), s

)
ds

= F1

(
φ1(·, x, x)

)
.

So φ(t, x, x) is a fixed point of F . Clearly, φ(t, x, x) ∈ U for all t > 0.
On the other hand, let η ∈ X∞(R+,R2) ∩X1(R+,R2), (η(0), η′(0)) ∈ V ×W be

a fixed point of F such that η(t) ∈ U for all t > 0. Then

η1(t) = −λ(2−α)/α
1 tEα,2

(
tαλ1

) ∞∫
0

exp
(
−λ1/α

1 s
)
f1

(
η(s), s

)
ds

+

t∫
0

(t− s)α−1Eα,α
(
(t− s)αλ1

)
f1

(
η(s), s

)
ds,

η2(t) = Eα
(
tαλ2

)
x2 + Eα,2

(
tαλ2

)
tx4

+

t∫
0

(t− s)α−1Eα,α
(
(t− s)αλ2

)
f2

(
η(s), s

)
ds.

Defining

x3 = −λ(2−α)/α
1

∞∫
0

exp
(
−λ1/α

1 s
)
f1

(
η(s), s

)
ds,

we get

η(t) = Eα
(
tαA

)
x+ Eα,2

(
tαA

)
tx

+

t∫
0

(t− s)α−1Eα,α
(
(t− s)αA

)
f
(
φ(s, x, x), s

)
ds

with η(0) = (0, x2)T and η′(0) = (x3, x4)T, which is a bounded solution of (2).
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Now we are ready to state and prove the main result on stable manifolds.

Theorem 1. Take R∗ > 0 such that σ = lf (R∗)Ω(α, λ1, λ2, $) < 1 and set

r =
(1− σ)R∗

1 + Eα,2(−λ2) +m2(α,−λ2) + 1
λΓ(2−α)

,

R∗∗ = λ
(2−α)/α
1 lf (R∗)R∗

∞∫
0

exp
(
−λ1/α

1 s
)
$(s) ds.

Then, for any x̃ = (x1, x2, x4) ∈ (−r, r)3, there exists a unique h(x̃) ∈ (−R∗∗, R∗∗)
such that (x̃, h(x̃)) ∈W cs(V ×W,U) with V = (−r, r)2, W = (−r, r)× (−R∗∗, R∗∗),
and U = (−R∗, R∗)2. Furthermore, h : (−r, r)3 → (−R∗∗, R∗∗) satisfies the following
properties:

(i) h(0) = 0.
(ii) h is Lipschitz continuous:∣∣h(x̃)− h(ỹ)

∣∣ 6 R∗∗

R∗(1− σ)

[
‖x− y‖∞ +

(
Eα,2(−λ2) +m2(α,−λ2)

+
1

λΓ(2− α)

)
|x4 − y4|

]
for any x̃ = (x, x4), ỹ = (y, y4) ∈ (−r, r)3.

Proof. Define BR∗(0) = {η ∈ X∞(R+,R2): ‖η‖∞ 6 R∗}. By Proposition 1 we have∥∥F (η)− F (η̂)
∥∥
∞ 6 Ω(α, λ1, λ2, $)lf (r∗)‖η − η̂‖∞ = σ‖η − η̂‖∞,

and ∥∥F (η)
∥∥
∞ <

(
1 + Eα,2(−λ2) +m2(α,−λ2) +

1

λΓ(2− α)

)
r

+Ω(α, λ1, λ2, $)lf (R∗)R∗ = R∗

for any x̃ ∈ (−r, r)3 and η, η̂ ∈ BR∗(0). We find ‖F (η)‖∞ 6 r∗, i.e., F : BR∗(0) →
BR∗(0). The Banach fixed-point theorem uniquely determines ηx̃ by ηx̃ = F (ηx̃) with
‖ηx̃‖∞ < R∗. We set

h(x̃) = −λ(2−α)/α
1

∞∫
0

exp
(
−λ1/α

1 s
)
f1

(
ηx̃(s), s

)
ds. (7)

Then ∣∣h(x̃)
∣∣ 6 λ

(2−α)/α
1 lf (R∗)R∗

∞∫
0

exp
(
−λ1/α

1 s
)
$(s) ds = R∗∗.

Furthermore, Proposition 2 implies (x̃, h(x̃)) ∈W cs(V ×W,U). Clearly, (i) holds.

https://www.mii.vu.lt/NA



On the center-stable manifolds for some fractional differential equations 655

Next, we have F = Fx̃, in particular, ηx̃ = Fx̃(ηx̃). Then, for any x̃ = (x, x4), ỹ =
(y, y4) ∈ (−r, r)3, it follows from Proposition 1 and definition of Fx̃ that

‖ηx̃ − ηỹ‖∞ 6 σ‖ηx̃ − ηỹ‖∞ + ‖x− y‖∞

+

(
Eα,2(−λ2) +m2(α,−λ2) +

1

λΓ(2− α)

)
|x4 − y4|

since Fx̃(η)− Fỹ(η) = Fx̃−ỹ(0) for any η ∈ X∞(R+,R2). This yields that

‖ηx̃ − ηỹ‖∞ 6
1

1− σ

[
‖x− y‖∞ +

(
Eα,2(−λ2) +m2(α,−λ2)

+
1

λΓ(2− α)

)
|x4 − y4|

]
.

Hence, ∣∣h(x̃)− h(ỹ)
∣∣ 6 r∗∗

r∗(1− σ)

[
‖x− y‖∞ +

(
Eα,2(−λ2) +m2(α,−λ2)

+
1

λΓ(2− α)

)
|x4 − y4|

]
,

which gives (ii). The proof is completed.

To end this section, we give an example for which we can compute explicitly its stable
manifold.

Example 1. Consider the following fractional damped equations motivated by

cD
3/2
t x1(t)− x1(t) =

x2(t)

(1 + t)2/5
,

cD
3/2
t x2(t) + x2(t) = 0,

x(0) = x = (0, x2)T, x′(0) = x = (x3, x4)T.

Set α = 3/2 and $(t) = 1/(1 + t)2/5. Next, we have

t−1∫
0

1

t− s
$(s) ds 6

t∫
0

(t− s)−7/10s−2/5 ds 6 B

(
3

10
,

3

5

)
= 4.16891 := b$

for t > 1, where B is the beta function. By (3) the solution φ(t, x, x) is given by (see
Fig. 1)

φ1(t, x, x) = E3/2,2(t3/2)tx3 +

t∫
0

(t− s)1/2E3/2,3/2(t− s)3/2φ2(s, x, x)

(1 + s)2/5
ds,

φ2(t, x, x) = E3/2

(
−t3/2

)
x2 + E3/2,2

(
−t3/2

)
tx4.
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Figure 1. The solution φ1 and φ2.

X
3

X2

X4

Figure 2. x2, x4 ∈ [0, 1], x3 = −1.4722x2 − 1.3737x4.

Hence, the Lyapunov–Perron operator F has the form

F1(ξ)(t) = −E3/2,2

(
t3/2

)
t

∞∫
0

exp(−s)φ2(s, x, x)

(1 + s)2/5
ds

+

t∫
0

(t− s)1/2E3/2,3/2(t− s)3/2φ2(s, x, x)

(1 + s)2/5
ds,

F2(ξ)(t) = E3/2

(
−t3/2

)
x2 + E32,2

(
−t3/2

)
tx4.

By (7) we derive h(x̃) = −1.4722x2 − 1.3737x4.
Consequently, Proposition 2 and Theorem 1 imply that the local center-stable mani-

fold around the origin is given by {(0, x2,−1.4722x2−1.3737x4, x4)}, where x2, x4 are
small enough (see Fig. 2).
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4 High-dimensional case

In this section, we extend the result for planar fractional differential equations in [6] to
high-dimensional case:

cDα
0+x(t) = Ax(t) + f

(
x(t)

)
, α ∈ (0, 1),

x(0) = x = (x1, x2, . . . , xn)T,
(8)

where A = diag(λ1, λ2, . . . , λn) with λ1, λ2, . . . , λr > 0 and λr+1, λr+2, . . . , λn < 0.
Suppose f : R→ R is a Lipschitz function: ‖f(x)−f(y)‖ 6 lf (r)‖x−y‖, ‖x‖, ‖y‖ 6 r
with f(0) = 0, limr→0 lf (r) = 0. The solution of (8) is formulated by

ϕ(t, x) = Eα
(
tαA

)
x+

t∫
0

(t− s)α−1Eα,α
(
(t− s)αA

)
f
(
ϕ(s, x)

)
ds.

For i = 1, 2, . . . , r, set

ϕi(t, x) = Eα
(
tαλi

)
xi +

t∫
0

(t− s)α−1Eα,α
(
(t− s)αλi

)
fi
(
ϕ(s, x)

)
ds.

For j = r + 1, r + 2, . . . , n, i+ j = n, set

ϕj(t, x) = Eα
(
tαλj

)
xj +

t∫
0

(t− s)α−1Eα,α
(
(t− s)αλj

)
fj
(
ϕ(s, x)

)
ds.

Consider the Lyapunov–Perron operator T : X∞(R+,Rn)→ X∞(R+,Rn).
For i = 1, 2, . . . , r,

(Tξ)i(t) =

(
−λ1/α−1

i

∞∫
0

e−λ
1/α
i sfi

(
ξ(s)

)
ds

)
Eα
(
tαλi

)

+

t∫
0

(t− s)α−1Eα,α
(
λi(t− s)α

)
fi
(
ξ(s)

)
ds.

For j = r + 1, r + 2, . . . , n,

(Tξ)j(t) = Eα
(
tαλj

)
xj +

t∫
0

(t− s)α−1Eα,α
(
(t− s)αλj

)
fj
(
ξ(s)

)
ds.

Denote C(α, λ1, . . . , λn) = max{2K(α, λi), 2M(α, λi),K(α,−λj),M(α,−λj)},
where K, M are defined in [6, pp. 161–162].
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Theorem 2. For xj , x̂j ∈ R, ξ, ξ̂ ∈ X∞(R+,Rn), there exists the following correspond-
ing result:

‖Tξ − T ξ̂‖∞
6 |xk − x̂k|+ C(α, λ1, . . . , λn)lf

(
max

(
‖ξ‖∞, ‖ξ̂‖∞

))
‖ξ − ξ̂‖∞. (9)

In particular,

‖Tξ‖∞ 6 |xk|+ C(α, λ1, . . . , λn)lf
(
‖ξ‖∞

)
‖ξ‖∞,

where |xk − x̂k| = max{|xj − x̂|}, k = r + 1, r + 2, . . . , n.

Proof. Recall ‖ξ‖∞ = supt∈R ‖ξ(t)‖ = max(‖ξ1‖, ‖ξ2‖, . . . , ‖ξn‖). One can derive

∣∣(Tξ)i − (T ξ̂)i
∣∣ 6 ∣∣∣∣∣

t∫
0

(
fi
(
ϕ(s)

)
− fi

(
ϕ̂(s)

))(
(t− s)α−1Eα,α

(
λi(t− s)α

)
− λ1/α−1

i Eα
(
λit

α
)
e−λ

1/α
i s

)
ds

∣∣∣∣∣
+

∣∣∣∣∣λ1/α−1
i Eα

(
λit

α
) ∞∫

0

e−λ
1/α
i s

(
fi
(
ξ(s)

)
− fi

(
ξ̂(s)

))
ds

∣∣∣∣∣.
Next, we can use [6, Lemmas 5, 6] to estimate the following formulas:∣∣∣∣∣

t∫
0

(
(t− s)α−1Eα,α

(
λi(t− s)α

)
− λ1/α−1

i Eα
(
λit

α
)
e−λ

1/α
i s)g(s) ds

∣∣∣∣∣
and

λ
1/α−1
i Eα

(
λit

α
)∣∣∣∣∣
∞∫

0

e−λ
1/α
i sg(s) ds

∣∣∣∣∣.
Thus, using the above facts, we derive that

sup
t∈[0,1]

∣∣(Tξ)i(t)− (T ξ̂)i(t)
∣∣ 6 2K(α, λi)lf

(
max

(
‖ξ‖∞, ‖ξ̂‖∞

))
‖ξ − ξ̂‖∞,

sup
t>1

∣∣(Tξ)i(t)− (T ξ̂)i(t)
∣∣ 6 2M(α, λi)lf

(
max

(
‖ξ‖∞, ‖ξ̂‖∞

))
‖ξ − ξ̂‖∞.

This yields that

sup
t>0

∣∣(Tξ)i(t)− (T ξ̂)i(t)
∣∣ 6 C(α, λ1, . . . , λn)lf

(
max

(
‖ξ‖∞, ‖ξ̂‖∞

))
‖ξ − ξ̂‖∞.

On the other hand,

(Tξ)j(t)−(T ξ̂)j(t)

= Eα(tαλj)(xj−x̂j) +

t∫
0

(t−s)α−1Eα,α
(
(t−s)αλj

)(
fj
(
ξ(s)

)
−fj

(
ξ̂(s)

))
ds.
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Noticing the fact supt>0Eα(−λtα) = 1 (λ > 0), we have

sup
t>0

∣∣(Tξ)j(t)− (T ξ̂)j(t)
∣∣

6 |xj − x̂j |+ C(α, λ1, . . . , λn)lf
(
max

(
‖ξ‖∞, ‖ξ̂‖∞

))
‖ξ − ξ̂‖∞.

This reduces to

‖Tξ − T ξ̂‖∞ 6 |xk − x̂k|+ C(α, λ1, . . . , λn)lf
(
max

(
‖ξ‖∞, ‖ξ̂‖∞

))
‖ξ − ξ̂‖∞.

Note that T (0) = 0, (Tξ)j(0) = Eα(0)xj = 0, and due to (9), we can get xj = 0.
Moreover, ‖Tξ‖∞ 6 |xk| + C(α, λ1, . . . , λn)lf (‖ξ‖∞)‖ξ‖∞. The proof is com-

pleted.

Theorem 3. Denote W s(U) = {x ∈ U : ϕ(t, x) ∈ U, limt→∞ ϕ(t, x) = 0}.

(i) If x ∈W s(U), then ϕ is the fixed point of T .
(ii) If ξ(t) is a fixed point of T , then ξ(t) is a solution of (8) with ξj(0) = xj . Further-

more, suppose additionally that ‖ξ‖∞ < r∗, where satisfied that lf (r∗)C(α, λ1,
λ2, . . . , λn) < 1.

Then limt→∞ ξ(t) = 0.

Proof. (i) Since x ∈W s(U), limt→∞ ϕ(t, x) = 0. That is,

lim
t→∞

ϕi(t, x)

= lim
t→∞

[
Eα(tαλi)

(
xi +

t∫
0

(t− s)α−1Eα,α((t− s)αλi)
Eα(tαλi)

fi
(
ϕ(s, x)

)
ds

)]
= 0.

According to λ > 0, limt→∞Eα(tαλ) =∞, so we can get

x1 = − lim
u→∞

t∫
0

(t− s)α−1Eα,α(λi(t− s)αfi(ϕ(s, x)))

Eα(tαλi)
ds,

Linking with [6, Lemma 8], when λ > 0,

lim
u→∞

u∫
0

(u− s)α−1Eα,α(λ(u− s)α)

Eα(uαλ)
g(s) ds = λ1/α−1

∞∫
0

e−λ
1/αsg(s) ds.

Then (Tϕ)i(t) = ϕi(t, x), and it is clearly (Tϕ)j(t) = ϕj(t, x). So the proof of (i)
is completed.
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(ii) Since ξ(t) is a fixed point of T , we can get

(Tξi)(t) = ξi(t)

=

(
−λ1/α−1

i

∞∫
0

e−λ
1/α
i sfi

(
ξ(s)

)
ds

)
Eα
(
tαλi

)

+

t∫
0

(t− s)α−1Eα,α
(
λi(t− s)α

)
fi
(
ξ(s)

)
ds.

Now we set xi = −λ1/α−1
i

∫∞
0

e−λ
1/α
i sfi(ξ(s)) ds. On the other hand,

(Tξj)(t) = ξj(t) = Eα(tαλj)xj +

t∫
0

(t− s)α−1Eα,α
(
(t− s)αλj

)
fj(ξ(s)) ds.

It is easy to get ξj(0) = xj , and thus we get

ξ(t) = Eα(tαA)x+

t∫
0

(t− s)α−1Eα,α
(
(t− s)αA

)
f
(
ξ(s)

)
ds,

which is a solution of (8).
We can define limt→∞ sup ‖ξ(t)‖ = a ∈ [0, r∗], there exists a sequence tn, such that

limn→∞ sup ‖ξ(tn)‖ = a as limn→∞ tn =∞. In other words, for all ε > 0, there exists
T (ε) > 0 when t > T , ‖ξ(t)‖∞ < a+ ε.

We note that lf (a+ε)C(α, λ1, λ2, . . . , λn)=q<1. According to [6, Lemmas 3, 6, 7],∣∣∣∣∣
t∫

T (ε)

(t− s)α−1Eα,α
(
(t− s)αλj

)
fj
(
ξ(s)

)
ds

∣∣∣∣∣ 6 C(α, λ1, λ2, . . . , λn),

we can get

lim
t→∞

sup
∣∣ξj(t)∣∣ 6 max

∣∣fj(ξ(t))∣∣ lim
t→∞

sup

∣∣∣∣∣
T (ε)∫
0

m(α, λj)

(t− s)α+1
ds

+

t∫
T (ε)

(t− s)α−1Eα,α
(
(t− s)αλj

)
fj
(
ξ(s)

)
ds

∣∣∣∣∣
6 (a+ ε)lf (a+ ε)C(α, λ1, λ2, . . . , λn) = q(a+ ε).

For any function ξ̂ ∈ C∞(Rn), we can get

lim
t→∞

sup

∣∣∣∣∣
T (ε)∫
0

(
(t− s)α−1Eα,α

(
(t− s)αλi

)
− λ1/α−1

i Eα
(
tαλi

)
e−λ

1/α
i s

)
fi
(
ξ̂(s)

)
ds

∣∣∣∣∣
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6 lim
t→∞

sup

T (ε)∫
0

(
m(α, λ)

(t− s)1+α
+

1

α
λ

1/α−1
i eλ

1/α
i (t−s) − 1

α
λ

1/α−1
i eλ

1/α
i te−λ

1/α
i s

+
m(α, λ)

tα
e−λ

1/α
i sλ

1/α−1
i

)∣∣fi(ξ̂(s))ds
∣∣ = 0.

Note the fact limt→∞ sup |(Tξ)i(t)| = limt→∞ sup |(T ξ̂)i(t)|, where ξ̂(t) = ξ(t)

(t > T (ε)), and ξ̂(t) = (t/T (ε))ξ(T (ε)) (t ∈ (0, T (ε)).
In view of limt→∞ sup |ξi(t)| = limt→∞ sup |(T ξ̂)i(t)|. Let ξ̂ be corresponding to

x̂ = (x̂1, x̂2, . . . , x̂n) and set x̂k = 0. By using

‖T ξ̂‖∞ 6 C(α, λ1, . . . , λn)lf
(
‖ξ̂‖∞

)
‖ξ̂‖∞ = (a+ ε)lf (a+ ε)C(α, λ1, . . . , λn)

we derive that lim
t→∞

sup |ξi(t)| 6 (a+ ε)q and

lim
t→∞

sup ‖ξi(t)‖ = max
(

lim
t→∞

sup
∣∣ξ1(t)

∣∣, lim
t→∞

sup
∣∣ξ2(t)

∣∣) = a.

Finally, we can get a 6 q(a + ε), which implies that (1 − q)a 6 0 as ε → 0. Due to the
condition q < 1, we derive that a = 0. So the proof is completed.

Define Br∗(0) = {ξ ∈ X∞(R+,Rn): ‖ξ‖∞ 6 r∗}.

Theorem 4. Let r∗ > 0, which satisfies lf (r∗)C(α, λ1, λ2, . . . , λn) < 1, and set r =
(1 − q)r∗. Then, for for all xk ∈ [−r, r], there exists s1(xk), s2(xk), . . . , sr(xk) ∈
[−r∗, r∗] such that (s1(xk), s2(xk), . . . , sr(xk), xr+1, . . . , xn) ∈ W s(Br∗(0)), where
s : [−r, r]→ [−r∗, r∗] and satisfies the following properties:

(i) si(0) = 0.
(ii) s is a Lipschitz continuous function, it means that, for xk, x̂k ∈ [−r, r], we have∣∣si(xk)− si(x̂k)

∣∣ 6 1

1− lf (r∗)C(α, λ1, λ2, . . . , λn)
|xk − x̂k|.

Proof. (i) Let ξ ∈ W s(Br∗(0)) be the solution. Then ξ is a fixed point of T . Now,
we show that T : Br∗(0) → Br∗(0), let ξ, ξ̂ ∈ Br∗(0), xk = x̂k. By using elementary
computation we have

‖Tξ − T ξ̂‖∞ 6 C(α, λ1, . . . , λn)lf
(
max(‖ξ‖∞, ‖ξ̂‖∞)

)
‖ξ − ξ̂‖∞ = q‖ξ − ξ̂‖∞,

and ‖Tξ‖∞ 6 |xk| + C(α, λ1, . . . , λn)lf (r∗)r∗ 6 r + qr∗. Due to r∗(1 − q) = r,
‖Tξ‖∞ 6 r∗. By using the contraction mapping theorem there exists a unique fixed point
ξ ∈ Br∗(0). According to the definition of T , we can know T (0) = 0,(0, 0, . . . , 0) ∈
W s(Br∗(0)), si(0) = 0, i = 1, 2, . . . r.

(ii) It is easy to see that ‖Tξ − T ξ̂‖∞ = ‖ξ − ξ̂‖∞ 6 |xk − x̂k|+ q‖ξ − ξ̂‖∞. Thus,
‖ξ − ξ̂‖∞ 6 1/(1 − q)|xk − x̂k|, which yields that |si(xk) − si(x̂k)| 6 ‖ξ − ξ̂‖∞ 6
1/(1− q)|xk − x̂k|. The proof is completed.
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