
https://doi.org/10.15388/NA.2018.5.8
Nonlinear Analysis: Modelling and Control, Vol. 23, No. 5, 771–801 ISSN 1392-5113

Positive solutions for a system of fractional differential
equations with p-Laplacian operator and multi-point
boundary conditions

Rodica Luca

Department of Mathematics,
Gh. Asachi Technical University,
Iasi 700506, Romania
rluca@math.tuiasi.ro

Received: February 28, 2018 / Revised: May 25, 2018 / Published online: September 3, 2018

Abstract. We investigate the existence and nonexistence of positive solutions for a system of
nonlinear Riemann–Liouville fractional differential equations with parameters and p-Laplacian
operator subject to multi-point boundary conditions, which contain fractional derivatives. The proof
of our main existence results is based on the Guo–Krasnosel’skii fixed-point theorem.
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1 Introduction

We consider the system of nonlinear ordinary fractional differential equations with
r1-Laplacian and r2-Laplacian operators

Dα1

0+

(
ϕr1
(
Dβ1

0+u(t)
))

+ λf
(
t, u(t), v(t)

)
= 0, t ∈ (0, 1),

Dα2

0+

(
ϕr2
(
Dβ2

0+v(t)
))

+ µg
(
t, u(t), v(t)

)
= 0, t ∈ (0, 1),

(S)

with the multi-point boundary conditions

u(j)(0) = 0, j = 0, . . . , n− 2; Dβ1

0+u(0) = 0, Dp1
0+u(1) =

N∑
i=1

aiD
q1
0+u(ξi),

(BC)

v(j)(0) = 0, j = 0, . . . ,m− 2; Dβ2

0+v(0) = 0, Dp2
0+v(1) =

M∑
i=1

biD
q2
0+v(ηi),

where α1, α2 ∈ (0, 1], β1 ∈ (n − 1, n], β2 ∈ (m − 1,m], n, m ∈ N, n,m > 3,
p1, p2, q1, q2 ∈ R, p1 ∈ [1, n − 2], p2 ∈ [1,m − 2], q1 ∈ [0, p1], q2 ∈ [0, p2], ξi, ai ∈ R
for all i = 1, . . . , N (N ∈ N), 0 < ξ1 < · · · < ξN 6 1, ηi, bi ∈ R for all i = 1, . . . ,M
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(M ∈ N), 0 < η1 < · · · < ηM 6 1, r1, r2 > 1, ϕri(s) = |s|ri−2s, ϕ−1
ri = ϕ%i , 1/ri +

1/%i = 1, i = 1, 2, λ, µ > 0, f, g ∈ C([0, 1]× [0,∞)× [0,∞), [0,∞)), andDk
0+ denotes

the Riemann–Liouville derivative of order k (for k = α1, β1, α2, β2, p1, q1, p2, q2).
Under some assumptions on the functions f and g, we give intervals for the pa-

rameters λ and µ such that positive solutions of (S)–(BC) exist. A positive solution of
problem (S)–(BC) is a pair of functions (u, v) ∈ (C([0, 1], [0,∞)))2 satisfying (S) and
(BC) with u(t) > 0 for all t ∈ (0, 1], or v(t) > 0 for all t ∈ (0, 1]. The nonexistence of
positive solutions for the above problem is also studied.

Systems with fractional differential equations without p-Laplacian operator subject to
various multi-point or Riemann–Stieltjes integral boundary conditions were studied in the
last years in [6–13, 15, 16, 20, 21, 23, 24]. Fractional differential equations describe many
phenomena in various fields of engineering and scientific disciplines such as physics,
biophysics, chemistry, biology, economics, control theory, signal and image processing,
aerodynamics, viscoelasticity, electromagnetics, and so on (see [1–3, 5, 14, 17–19, 22]).

The paper is organized as follows. In Section 2, we investigate two nonlocal boundary
value problems for fractional differential equations with p-Laplacian, and we present
some properties of the associated Green functions. Section 3 contains the main existence
theorems for the positive solutions with respect to a cone for our problem (S)–(BC)
based on the Guo–Krasnosel’skii fixed-point theorem (see [4]). In Section 4, we study
the nonexistence of positive solutions of (S)–(BC), and in Section 5, an example is given
to support our results. In Appendix we prove a relation between the supremum limits of
two functions, which is used in the proof of the second existence result.

2 Auxiliary results

First, we consider the nonlinear fractional differential equation

Dα1

0+

(
ϕr1
(
Dβ1

0+u(t)
))

+ h(t) = 0, t ∈ (0, 1), (1)

with the boundary conditions

u(j)(0) = 0, j = 0, . . . , n− 2; Dβ1

0+u(0) = 0, Dp1
0+u(1) =

N∑
i=1

aiD
q1
0+u(ξi), (2)

where α1 ∈ (0, 1], β1 ∈ (n−1, n], n ∈ N, n > 3, p1, q1 ∈ R, p1 ∈ [1, n−2], q1 ∈ [0, p1],
ξi, ai ∈ R for all i = 1, . . . , N (N ∈ N), 0 < ξ1 < · · · < ξN 6 1, and h ∈ C[0, 1].

If we denote by ϕr1(Dβ1

0+u(t)) = x(t), then problem (1)–(2) is equivalent to the
following two boundary value problems:

Dα1

0+x(t) + h(t) = 0, 0 < t < 1, (3)

with the boundary condition

x(0) = 0, (4)
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and
Dβ1

0+u(t) = ϕ%1x(t), 0 < t < 1, (5)

with the boundary conditions

u(j)(0) = 0, j = 0, . . . , n− 2; Dp1
0+u(1) =

N∑
i=1

aiD
q1
0+u(ξi). (6)

For the first problem (3)–(4), the function

x(t) = −Iα1

0+h(t) = − 1

Γ(α1)

t∫
0

(t− s)α1−1h(s) ds, t ∈ [0, 1] (7)

is solution of (3)–(4).
For the second problem (5)–(6), if ∆1 = Γ(β1)/Γ(β1 − p1) − Γ(β1)/Γ(β1 − q1) ×∑N
i=1 aiξ

β1−q1−1
i 6= 0, then by [7, Lemma 2.2] we deduce that the function

u(t) = −
1∫

0

G1(t, s)ϕ%1x(s) ds, t ∈ [0, 1], (8)

is solution of (5)–(6). Here the Green functions G1, g1, g2 are given by

G1(t, s) = g1(t, s) +
tβ1−1

∆1

N∑
i=1

aig2(ξi, s), (9)

g1(t, s) =
1

Γ(β1)

{
tβ1−1(1− s)β1−p1−1 − (t− s)β1−1, 0 6 s 6 t 6 1,

tβ1−1(1− s)β1−p1−1, 0 6 t 6 s 6 1,
(10)

g2(t, s) =
1

Γ(β1 − q1)


tβ1−q1−1(1− s)β1−p1−1 − (t− s)β1−q1−1,

0 6 s 6 t 6 1,

tβ1−q1−1(1− s)β1−p1−1, 0 6 t 6 s 6 1.

(11)

Therefore, by (7) and (8) we obtain the following lemma.

Lemma 1. If ∆1 6= 0, then the function u ∈ C[0, 1] given by

u(t) =

1∫
0

G1(t, s)ϕ%1
(
Iα1

0+h(s)
)

ds, t ∈ [0, 1], (12)

is solution of problem (1)–(2).
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Next, we consider the nonlinear fractional differential equation

Dα2

0+

(
ϕr2
(
Dβ2

0+v(t)
))

+ k(t) = 0, t ∈ (0, 1), (13)

with the boundary conditions

v(j)(0) = 0, j = 0, . . . ,m− 2; Dβ2

0+v(0) = 0, Dp2
0+v(1) =

M∑
i=1

biD
q2
0+v(ηi), (14)

where α2 ∈ (0, 1], β2 ∈ (m − 1,m], m ∈ N, m > 3, p2, q2 ∈ R, p2 ∈ [1,m − 2],
q2 ∈ [0, p2], ηi, bi ∈ R for all i = 1, . . . ,M (M ∈ N), 0 < η1 < · · · < ηM 6 1, and
k ∈ C[0, 1].

We denote by ∆2 = Γ(β2)/Γ(β2 − p2) − Γ(β2)/Γ(β2 − q2)
∑M
i=1 biη

β2−q2−1
i and

by G2, g3, g4 the following Green functions:

G2(t, s) = g3(t, s) +
tβ2−1

∆2

M∑
i=1

big4(ηi, s), (15)

g3(t, s) =
1

Γ(β2)

{
tβ2−1(1− s)β2−p2−1 − (t− s)β2−1, 0 6 s 6 t 6 1,

tβ2−1(1− s)β2−p2−1, 0 6 t 6 s 6 1,
(16)

g4(t, s) =
1

Γ(β2 − q2)


tβ2−q2−1(1− s)β2−p2−1 − (t− s)β2−q2−1,

0 6 s 6 t 6 1,

tβ2−q2−1(1− s)β2−p2−1,

0 6 t 6 s 6 1.

(17)

In a similar manner as above, we obtain the following result.

Lemma 2. If ∆2 6= 0, then the function v ∈ C[0, 1] given by

v(t) =

1∫
0

G2(t, s)ϕ%2(Iα2

0+k(s)) ds, t ∈ [0, 1], (18)

is solution of problem (13)–(14).

For some properties of the functions gi, i = 1, . . . , 4, given by (10), (11), (16), and
(17), we refer the reader to [7, Lemma 2.3]. We present now some properties of the Green
functions G1 and G2 that will be used in the next sections.

Lemma 3. (See [7].) Assume that ai, bj > 0 for all i = 1, . . . , N and j = 1, . . . ,M
and ∆1, ∆2 > 0. Then for the functions G1, G2 given by (9) and (15), respectively, the
following hold:

(i) G1, G2 : [0, 1]× [0, 1]→ [0,∞) are continuous functions;
(ii) G1(t, s) 6 J1(s) for all t, s ∈ [0, 1], where J1(s) = h1(s)+

∑N
i=1 aig2(ξi, s)/∆1,

s ∈ [0, 1], and h1(s) = (1− s)β1−p1−1(1− (1− s)p1)/Γ(β1), s ∈ [0, 1];
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(iii) G1(t, s) > tβ1−1J1(s) for all t, s ∈ [0, 1];
(iv) G2(t, s) 6 J2(s) for all t, s ∈ [0, 1], where J2(s) = h3(s)+

∑M
i=1 big4(ηi, s)/∆2,

s ∈ [0, 1], and h3(s) = (1− s)β2−p2−1(1− (1− s)p2)/Γ(β2), s ∈ [0, 1];
(v) G2(t, s) > tβ2−1J2(s) for all t, s ∈ [0, 1].

3 Existence of positive solutions

In this section, we present sufficient conditions on the functions f , g and intervals for
the parameters λ, µ such that positive solutions with respect to a cone for our prob-
lem (S)–(BC) exist.

We present now the assumptions that we will use in the sequel.

(H1) α1, α2 ∈ (0, 1], β1 ∈ (n − 1, n], β2 ∈ (m − 1,m], n,m ∈ N, n,m > 3,
p1, p2, q1, q2 ∈ R, p1 ∈ [1, n − 2], p2 ∈ [1,m − 2], q1 ∈ [0, p1], q2 ∈ [0, p2],
ξi ∈ R, ai > 0 for all i = 1, . . . , N (N ∈ N), 0 < ξ1 < · · · < ξN 6 1,
ηi ∈ R, bi > 0 for all i = 1, . . . ,M (M ∈ N), 0 < η1 < · · · < ηM 6 1,
λ, µ > 0,∆1 = Γ(β1)/Γ(β1−p1)−(Γ(β1)/Γ(β1−q1))

∑N
i=1 aiξ

β1−q1−1
i > 0,

∆2 = Γ(β2)/Γ(β2− p2)− (Γ(β2)/Γ(β2− q2))
∑M
i=1 biη

β2−q2−1
i > 0, ri > 1,

ϕri(s) = |s|ri−2s, ϕ−1
ri = ϕ%i , %i = ri/(ri − 1), i = 1, 2.

(H2) The functions f, g : [0, 1]× [0,∞)× [0,∞)→ [0,∞) are continuous.

For [c1, c2] ⊂ [0, 1] with 0 < c1 < c2 6 1, we introduce the following extreme limits:

fs0 = lim sup
u+v→0+

u,v>0

max
t∈[0,1]

f(t, u, v)

(u+ v)r1−1
, gs0 = lim sup

u+v→0+

u,v>0

max
t∈[0,1]

g(t, u, v)

(u+ v)r2−1
,

f i0 = lim inf
u+v→0+

u,v>0

min
t∈[c1,c2]

f(t, u, v)

(u+ v)r1−1
, gi0 = lim inf

u+v→0+

u,v>0

min
t∈[c1,c2]

g(t, u, v)

(u+ v)r2−1
,

fs∞ = lim sup
u+v→∞
u,v>0

max
t∈[0,1]

f(t, u, v)

(u+ v)r1−1
, gs∞ = lim sup

u+v→∞
u,v>0

max
t∈[0,1]

g(t, u, v)

(u+ v)r2−1
,

f i∞ = lim inf
u+v→∞
u,v>0

min
t∈[c1,c2]

f(t, u, v)

(u+ v)r1−1
, gi∞ = lim inf

u+v→∞
u,v>0

min
t∈[c1,c2]

g(t, u, v)

(u+ v)r2−1
.

By using Lemmas 1 and 2 (relations (12) and (18)) a solution of the nonlinear system
of integral equations

u(t) = λ%1−1

1∫
0

G1(t, s)ϕ%1
(
Iα1

0+f
(
s, u(s), v(s)

))
ds, t ∈ [0, 1],

v(t) = µ%2−1

1∫
0

G2(t, s)ϕ%2
(
Iα2

0+g
(
s, u(s), v(s)

))
ds, t ∈ [0, 1],

is solution of problem (S)–(BC).
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We consider the Banach space X = C[0, 1] with the supremum norm ‖·‖ and the
Banach space Y = X ×X with the norm ‖(u, v)‖Y = ‖u‖+ ‖v‖. We define the cones

P1 =
{
u ∈ X: u(t) > tβ1−1‖u‖ ∀t ∈ [0, 1]

}
⊂ X,

P2 =
{
v ∈ X: v(t) > tβ2−1‖v‖ ∀t ∈ [0, 1]

}
⊂ X,

and P = P1 × P2 ⊂ Y .
We define now the operators Q1, Q2 : Y → X and Q : Y → Y by

Q1(u, v)(t) = λ%1−1

1∫
0

G1(t, s)ϕ%1
(
Iα1

0+f
(
s, u(s), v(s)

))
ds, t ∈ [0, 1],

Q2(u, v)(t) = µ%2−1

1∫
0

G2(t, s)ϕ%2
(
Iα2

0+g
(
s, u(s), v(s)

))
ds, t ∈ [0, 1],

and Q(u, v) = (Q1(u, v), Q2(u, v)), (u, v) ∈ Y . If (u, v) is a fixed point of operator Q,
then (u, v) is a solution of problem (S)–(BC).

Lemma 4. If (H1)–(H2) hold, then Q : P → P is a completely continuous operator.

Proof. Let (u, v) ∈ P be an arbitrary element. Because Q1(u, v) and Q2(u, v) satisfy
problem (1)–(2) for h(t) = λf(t, u(t), v(t)), t ∈ [0, 1] and problem (13)–(14) for k(t) =
µg(t, u(t), v(t)), t ∈ [0, 1], respectively, then we obtain

Q1(u, v)(t) 6 λ%1−1

1∫
0

J1(s)ϕ%1
(
Iα1

0+f
(
s, u(s), v(s)

))
ds, t ∈ [0, 1],

Q2(u, v)(t) 6 µ%2−1

1∫
0

J2(s)ϕ%2
(
Iα2

0+g
(
s, u(s), v(s)

))
ds, t ∈ [0, 1],

and so ∥∥Q1(u, v)
∥∥ 6 λ%1−1

1∫
0

J1(s)ϕ%1
(
Iα1

0+f
(
s, u(s), v(s)

))
ds,

∥∥Q2(u, v)
∥∥ 6 µ%2−1

1∫
0

J2(s)ϕ%2
(
Iα2

0+g
(
s, u(s), v(s)

))
ds.

Therefore, for all t ∈ [0, 1], we conclude that

Q1(u, v)(t) > λ%1−1

1∫
0

tβ1−1J1(s)ϕ%1
(
Iα1

0+f
(
s, u(s), v(s)

))
ds > tβ1−1

∥∥Q1(u, v)
∥∥,
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Q2(u, v)(t) > µ%2−1

1∫
0

tβ2−1J2(s)ϕ%2
(
Iα2

0+g
(
s, u(s), v(s)

))
ds > tβ2−1

∥∥Q2(u, v)
∥∥.

Hence, Q(u, v) = (Q1(u, v), Q2(u, v)) ∈ P , and then Q(P ) ⊂ P . By the continuity
of the functions f , g, G1, G2 and the Ascoli–Arzela theorem we can show that Q1 and
Q2 are completely continuous operators (compact operators, that is they map bounded
sets into relatively compact sets, and continuous), and then Q is a completely continuous
operator.

For [c1, c2] ⊂ [0, 1] with 0 < c1 < c2 6 1, we denote by

A =

∫ c2
c1

(s− c1)α1(%1−1)J1(s) ds

(Γ(α1 + 1))%1−1
, B =

∫ 1

0
sα1(%1−1)J1(s) ds

(Γ(α1 + 1))%1−1
,

C =

∫ c2
c1

(s− c1)α2(%2−1)J2(s) ds

(Γ(α2 + 1))%2−1
, D =

∫ 1

0
sα2(%2−1)J2(s) ds

(Γ(α2 + 1))%2−1
,

where J1 and J2 are defined in Lemma 3.
First, for fs0 , g

s
0, f

i
∞, g

i
∞ ∈ (0,∞) and numbers α′1, α

′
2 > 0, α̃1, α̃2 > 0 such that

α′1 + α′2 = 1 and α̃1 + α̃2 = 1, we define the numbers L1, L2, L3, L4, L′2, L′4 by

L1 =
1

f i∞

(
α′1
γγ1A

)r1−1

, L2 =
1

fs0

(
α̃1

B

)r1−1

, L3 =
1

gi∞

(
α′2
γγ2C

)r2−1

,

L4 =
1

gs0

(
α̃2

D

)r2−1

, L′2 =
1

fs0B
r1−1

, L′4 =
1

gs0D
r2−1

,

where γ1 = cβ1−1
1 , γ2 = cβ2−1

1 , γ = min{γ1, γ2}.

Theorem 1. Assume that (H1) and (H2) hold, [c1, c2] ⊂ [0, 1] with 0 < c1 < c2 6 1,
α′1, α

′
2 > 0, α̃1, α̃2 > 0 such that α′1 + α′2 = 1, α̃1 + α̃2 = 1.

(i) If fs0 , g
s
0, f

i
∞, g

i
∞ ∈ (0,∞), L1 < L2, and L3 < L4, then for each λ ∈ (L1, L2)

and µ ∈ (L3, L4), there exists a positive solution (u(t), v(t)), t ∈ [0, 1], for
(S)–(BC).

(ii) If fs0 = 0, gs0, f
i
∞, g

i
∞ ∈ (0,∞), and L3 < L′4, then for each λ ∈ (L1,∞) and

µ ∈ (L3, L
′
4), there exists a positive solution (u(t), v(t)), t ∈ [0, 1], for (S)–(BC).

(iii) If gs0 = 0, fs0 , f
i
∞, g

i
∞ ∈ (0,∞), and L1 < L′2, then for each λ ∈ (L1, L

′
2) and

µ ∈ (L3,∞), there exists a positive solution (u(t), v(t)), t ∈ [0, 1], for (S)–(BC).
(iv) If fs0 = gs0 = 0, f i∞, g

i
∞ ∈ (0,∞), then for each λ ∈ (L1,∞) and µ ∈ (L3,∞),

there exists a positive solution (u(t), v(t)), t ∈ [0, 1], for (S)–(BC).
(v) If fs0 , g

s
0 ∈ (0,∞) and at least one of f i∞, gi∞ is∞, then for each λ ∈ (0, L2) and

µ ∈ (0, L4), there exists a positive solution (u(t), v(t)), t ∈ [0, 1], for (S)–(BC).
(vi) If fs0 = 0, gs0 ∈ (0,∞), and at least one of f i∞, gi∞ is∞, then for each λ ∈ (0,∞)

and µ ∈ (0, L′4), there exists a positive solution (u(t), v(t)), t ∈ [0, 1], for (S)–
(BC).
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(vii) If fs0 ∈ (0,∞), gs0 = 0, and at least one of f i∞, gi∞ is ∞, then for each λ ∈
(0, L′2) and µ ∈ (0,∞), there exists a positive solution (u(t), v(t)), t ∈ [0, 1], for
(S)–(BC).

(viii) If fs0 = gs0 = 0 and at least one of f i∞, gi∞ is∞, then for each λ ∈ (0,∞) and
µ ∈ (0,∞), there exists a positive solution (u(t), v(t)), t ∈ [0, 1], for (S)–(BC).

Proof. We consider the above cone P ⊂ Y and the operatorsQ1,Q2, andQ. Because the
proofs of the above cases are similar, in what follows, we will prove some representative
cases.

(i) We have fs0 , g
s
0, f

i
∞, g

i
∞ ∈ (0,∞), L1 < L2, and L3 < L4. Let λ ∈ (L1, L2) and

µ ∈ (L3, L4). We consider ε > 0 such that ε < f i∞, ε < gi∞, and

1

f i∞ − ε

(
α′1
γγ1A

)r1−1

6 λ 6
1

fs0 + ε

(
α̃1

B

)r1−1

,

1

gi∞ − ε

(
α′2
γγ2C

)r2−1

6 µ 6
1

gs0 + ε

(
α̃2

D

)r2−1

.

By using (H2) and the definitions of fs0 and gs0, we deduce that there exists R1 > 0
such that

f(t, u, v) 6
(
fs0 + ε

)
(u+ v)r1−1, g(t, u, v) 6

(
gs0 + ε

)
(u+ v)r2−1

for all t ∈ [0, 1] and u, v > 0, u+ v 6 R1.
We define the set Ω1 = {(u, v) ∈ Y : ‖(u, v)‖Y < R1}. Now let (u, v) ∈ P ∩ ∂Ω1,

that is (u, v) ∈ P with ‖(u, v)‖Y = R1, or, equivalently, ‖u‖ + ‖v‖ = R1. Then
u(t) + v(t) 6 R1 for all t ∈ [0, 1], and by Lemma 3 we obtain

Q1(u, v)(t)

6 λ%1−1

1∫
0

J1(s)ϕ%1

(∫ s
0

(s− τ)α1−1f(τ, u(τ), v(τ)) dτ

Γ(α1)

)
ds

6 λ%1−1

1∫
0

J1(s)ϕ%1

(∫ s
0

(s− τ)α1−1(fs0 + ε)(u(τ) + v(τ))r1−1 dτ

Γ(α1)

)
ds

6 λ%1−1
(
fs0 + ε

)%1−1

1∫
0

J1(s)ϕ%1

(∫ s
0

(s− τ)α1−1(‖u‖+ ‖v‖)r1−1 dτ

Γ(α1)

)
ds

= λ%1−1
(
fs0 + ε

)%1−1(‖u‖+ ‖v‖
) 1∫

0

J1(s)ϕ%1

(∫ s
0

(s− τ)α1−1 dτ

Γ(α1)

)
ds

= λ%1−1
(
fs0 + ε

)%1−1∥∥(u, v)
∥∥
Y

1∫
0

J1(s)ϕ%1

(
sα1

α1Γ(α1)

)
ds
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= λ%1−1
(
fs0 + ε

)%1−1∥∥(u, v)
∥∥
Y

1∫
0

J1(s)
sα1(%1−1)

(Γ(α1 + 1))%1−1
ds

= λ%1−1
(
fs0 + ε

)%1−1
B
∥∥(u, v)

∥∥
Y
6 α̃1

∥∥(u, v)
∥∥
Y
∀t ∈ [0, 1].

Therefore, we have ‖Q1(u, v)‖ 6 α̃1‖(u, v)‖Y .
In a similar manner, we conclude

Q2(u, v)(t)

6 µ%2−1

1∫
0

J2(s)ϕ%2

(∫ s
0

(s− τ)α2−1g(τ, u(τ), v(τ)) dτ

Γ(α2)

)
ds

6 µ%2−1

1∫
0

J2(s)ϕ%2

(∫ s
0

(s− τ)α2−1(gs0 + ε)(u(τ) + v(τ))r2−1 dτ

Γ(α2)

)
ds

6 µ%2−1(gs0 + ε)%2−1

1∫
0

J2(s)ϕ%2

(∫ s
0

(s− τ)α2−1(‖u‖+ ‖v‖)r2−1 dτ

Γ(α2)

)
ds

= µ%2−1
(
gs0 + ε

)%2−1(‖u‖+ ‖v‖
) 1∫

0

J2(s)ϕ%2

(∫ s
0

(s− τ)α2−1 dτ

Γ(α2)

)
ds

= µ%2−1
(
gs0 + ε

)%2−1∥∥(u, v)
∥∥
Y

1∫
0

J2(s)ϕ%2

(
sα2

α2Γ(α2)

)
ds

= µ%2−1
(
gs0 + ε

)%2−1∥∥(u, v)
∥∥
Y

1∫
0

J2(s)
sα2(%2−1)

(Γ(α2 + 1))%2−1
ds

= µ%2−1
(
gs0 + ε

)%2−1
D
∥∥(u, v)

∥∥
Y
6 α̃2

∥∥(u, v)
∥∥
Y
∀t ∈ [0, 1].

Hence, we get ‖Q2(u, v)‖ 6 α̃2‖(u, v)‖Y .
Therefore, for (u, v) ∈ P ∩ ∂Ω1, we deduce∥∥Q(u, v)

∥∥
Y

=
∥∥Q1(u, v)

∥∥+
∥∥Q2(u, v)

∥∥ 6 α̃1

∥∥(u, v)
∥∥
Y

+ α̃2

∥∥(u, v)
∥∥
Y

=
∥∥(u, v)

∥∥
Y
. (19)

Next, by the definitions of f i∞ and gi∞ there exists R2 > 0 such that

f(t, u, v) >
(
f i∞ − ε

)
(u+ v)r1−1, g(t, u, v) >

(
gi∞ − ε

)
(u+ v)r2−1

for all t ∈ [c1, c2] and u, v > 0, u+ v > R2.
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We consider R2 = max{2R1, R2/γ} and define Ω2 = {(u, v)∈ Y :‖(u, v)‖Y <R2}.
Then for (u, v) ∈ P ∩ ∂Ω2, we obtain

u(t) + v(t) > min
t∈[c1,c2]

tβ1−1‖u‖+ min
t∈[c1,c2]

tβ2−1‖v‖ = cβ1−1
1 ‖u‖+ cβ2−1

1 ‖v‖

= γ1‖u‖+ γ2‖v‖ > γ
∥∥(u, v)

∥∥
Y

= γR2 > R2 ∀t ∈ [c1, c2].

Then, by Lemma 3 we conclude

Q1(u, v)(c1)

> λ%1−1

1∫
0

cβ1−1
1 J1(s)ϕ%1

(
Iα1

0+f
(
s, u(s), v(s)

))
ds

> λ%1−1cβ1−1
1

c2∫
c1

J1(s)ϕ%1

(∫ s
c1

(s− τ)α1−1f(τ, u(τ), v(τ)) dτ

Γ(α1)

)
ds

> λ%1−1cβ1−1
1

c2∫
c1

J1(s)ϕ%1

(∫ s
c1

(s− τ)α1−1(f i∞ − ε)(u(τ) + v(τ))r1−1 dτ

Γ(α1)

)
ds

> λ%1−1cβ1−1
1

c2∫
c1

J1(s)ϕ%1

(∫ s
c1

(s− τ)α1−1(f i∞ − ε)(γ‖(u, v)‖Y )r1−1 dτ

Γ(α1)

)
ds

= λ%1−1cβ1−1
1

(
f i∞ − ε

)%1−1
γ
∥∥(u, v)

∥∥
Y

c2∫
c1

J1(s)ϕ%1

(∫ s
c1

(s− τ)α1−1 dτ

Γ(α1)

)
ds

= λ%1−1cβ1−1
1

(
f i∞ − ε

)%1−1
γ
∥∥(u, v)

∥∥
Y

c2∫
c1

J1(s)ϕ%1

(
(s− c1)α1

α1Γ(α1)

)
ds

= γγ1λ
%1−1

(
f i∞ − ε

)%1−1∥∥(u, v)
∥∥
Y

c2∫
c1

J1(s)
(s− c1)α1(%1−1)

(Γ(α1 + 1))%1−1
ds

= γγ1λ
%1−1

(
f i∞ − ε

)%1−1
A
∥∥(u, v)

∥∥
Y
> α′1

∥∥(u, v)
∥∥
Y
.

Therefore, we obtain ‖Q1(u, v)‖ > Q1(u, v)(c1) > α′1‖(u, v)‖Y .
In a similar manner, we deduce

Q2(u, v)(c1)

> µ%2−1

1∫
0

cβ2−1
1 J2(s)ϕ%2

(
Iα2

0+g
(
s, u(s), v(s)

))
ds

> µ%2−1cβ2−1
1

c2∫
c1

J2(s)ϕ%2

(∫ s
c1

(s− τ)α2−1g(τ, u(τ), v(τ)) dτ

Γ(α2)

)
ds
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> µ%2−1cβ2−1
1

c2∫
c1

J2(s)ϕ%2

(∫ s
c1

(s− τ)α2−1(gi∞ − ε)(u(τ) + v(τ))r2−1 dτ

Γ(α2)

)
ds

> µ%2−1cβ2−1
1

c2∫
c1

J2(s)ϕ%2

(∫ s
c1

(s− τ)α2−1(gi∞ − ε)(γ‖(u, v)‖Y )r2−1 dτ

Γ(α2)

)
ds

= µ%2−1cβ2−1
1

(
gi∞ − ε

)%2−1
γ
∥∥(u, v)

∥∥
Y

c2∫
c1

J2(s)ϕ%2

(∫ s
c1

(s− τ)α2−1 dτ

Γ(α2)

)
ds

= µ%2−1cβ2−1
1

(
gi∞ − ε

)%2−1
γ
∥∥(u, v)

∥∥
Y

c2∫
c1

J2(s)ϕ%2

(
(s− c1)α2

α2Γ(α2)

)
ds

= γγ2µ
%2−1

(
gi∞ − ε

)%2−1∥∥(u, v)
∥∥
Y

c2∫
c1

J2(s)
(s− c1)α2(%2−1)

(Γ(α2 + 1))%2−1
ds

= γγ2µ
%2−1

(
gi∞ − ε

)%2−1
C
∥∥(u, v)

∥∥
Y
> α′2

∥∥(u, v)
∥∥
Y
.

Hence, we get ‖Q2(u, v)‖ > Q2(u, v)(c1) > α′2‖(u, v)‖Y .
Then for (u, v) ∈ P ∩ ∂Ω2, we obtain∥∥Q(u, v)

∥∥
Y

=
∥∥Q1(u, v)

∥∥+
∥∥Q2(u, v)

∥∥ > (α′1 + α′2)
∥∥(u, v)

∥∥
Y

=
∥∥(u, v)

∥∥
Y
. (20)

By using Lemma 4, (19), (20), and the Guo–Krasnosel’skii fixed-point theorem we
conclude that the operatorQ has a fixed point (u, v) ∈ P∩(Ω2\Ω1), so u(t) > tβ1−1‖u‖,
v(t) > tβ2−1‖v‖ for all t ∈ [0, 1] and R1 6 ‖u‖+ ‖v‖ 6 R2. If ‖u‖ > 0, then u(t) > 0
for all t ∈ (0, 1], and if ‖v‖ > 0, then v(t) > 0 for all t ∈ (0, 1].

(iii) We have gs0 = 0, fs0 , f
i
∞, g

i
∞ ∈ (0,∞), and L1 < L′2. Let λ ∈ (L1, L

′
2) and

µ ∈ (L3,∞). Instead of the numbers α̃1 and α̃2 used in the first case, we choose α̃′1 such
that α̃′1 ∈ (B(λfs0 )%1−1, 1) and α̃′2 = 1 − α̃′1. The choice of the α̃′1 is possible because
λ < 1/(fs0B

r1−1). Then let ε > 0 with ε < f i∞, ε < gi∞, and

1

f i∞ − ε

(
α′1
γγ1A

)r1−1

6 λ 6
1

fs0 + ε

(
α̃′1
B

)r1−1

,

1

gi∞ − ε

(
α′2
γγ2C

)r2−1

6 µ 6
1

ε

(
α̃′2
D

)r2−1

.

By using (H2) and the definitions of fs0 and gs0 we deduce that there exists R1 > 0
such that

f(t, u, v) 6
(
fs0 + ε

)
(u+ v)r1−1, g(t, u, v) 6 ε(u+ v)r2−1

for all t ∈ [0, 1] and u, v > 0, u+ v 6 R1.
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We define the set Ω1 = {(u, v) ∈ Y : ‖(u, v)‖Y < R1}. In a similar manner as in the
proof of case (i), for any (u, v) ∈ P ∩ ∂Ω1, we obtain

Q1(u, v)(t) 6 λ%1−1
(
fs0 + ε

)%1−1
B
∥∥(u, v)

∥∥
Y
6 α̃′1

∥∥(u, v)
∥∥
Y
∀t ∈ [0, 1],

Q2(u, v)(t) 6 µ%2−1ε%2−1D
∥∥(u, v)

∥∥
Y
6 α̃′2

∥∥(u, v)
∥∥
Y
∀t ∈ [0, 1],

and so ‖Q(u, v)‖Y 6 (α̃′1 + α̃′2)‖(u, v)‖Y = ‖(u, v)‖Y .
The second part of the proof is the same as the corresponding one from case (i). ForΩ2

defined in case (i) and for any (u, v) ∈ P ∩ ∂Ω2, we conclude

Q1(u, v)(c1) > γγ1λ
%1−1

(
f i∞ − ε

)%1−1
A
∥∥(u, v)

∥∥
Y
> α′1

∥∥(u, v)
∥∥
Y
,

Q2(u, v)(c1) > γγ2µ
%2−1

(
gi∞ − ε

)%2−1
C
∥∥(u, v)

∥∥
Y
> α′2

∥∥(u, v)
∥∥
Y
,

and then ‖Q(u, v)‖Y > (α′1 + α′2)‖(u, v)‖Y = ‖(u, v)‖Y .
Therefore, we deduce the conclusion of the theorem.
(vi) We consider here fs0 = 0, gs0 ∈ (0,∞), and f i∞ = ∞. Let λ ∈ (0,∞) and

µ ∈ (0, L′4). Instead of the numbers α̃1 and α̃2 used in the first case, we choose α̃′2 such
that α̃′2 ∈ (D(µgs0)%2−1, 1) and α̃′1 = 1 − α̃′2. The choice of the α̃′2 is possible because
µ < 1/(gs0D

r2−1). Then let ε > 0 such that

ε

(
1

γγ1A

)r1−1

6 λ 6
1

ε

(
α̃′1
B

)r1−1

, µ 6
1

gs0 + ε

(
α̃′2
D

)r2−1

.

By using (H2) and the definitions of fs0 and gs0 we deduce that there exists R1 > 0
such that

f(t, u, v) 6 ε(u+ v)r1−1, g(t, u, v) 6
(
gs0 + ε

)
(u+ v)r2−1

for all t ∈ [0, 1] and u, v > 0, u+ v 6 R1.
We define the set Ω1 = {(u, v) ∈ Y : ‖(u, v)‖Y < R1}. In a similar manner as in the

proof of case (i), for any (u, v) ∈ P ∩ ∂Ω1, we obtain

Q1(u, v)(t) 6 λ%1−1ε%1−1B
∥∥(u, v)

∥∥
Y
6 α̃′1

∥∥(u, v)
∥∥
Y
∀t ∈ [0, 1],

Q2(u, v)(t) 6 µ%2−1
(
gs0 + ε

)%2−1
D
∥∥(u, v)

∥∥
Y
6 α̃′2

∥∥(u, v)
∥∥
Y
∀t ∈ [0, 1],

and so ‖Q(u, v)‖Y 6 (α̃′1 + α̃′2)‖(u, v)‖Y = ‖(u, v)‖Y .
For the second part of the proof, by the definition of f i∞ there exists R2 > 0 such that

f(t, u, v) >
1

ε
(u+ v)r1−1 ∀t ∈ [c1, c2], u, v > 0, u+ v > R2.

We consider R2 = max{2R1, R2/γ} and define Ω2 = {(u, v)∈Y :‖(u, v)‖Y < R2}.
Then for (u, v) ∈ P ∩ ∂Ω2, we deduce as in case (i) that u(t) + v(t) > γR2 > R2 for all
t ∈ [c1, c2].
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Then by Lemma 3 we have

Q1(u, v)(c1)

> λ%1−1

1∫
0

cβ1−1
1 J1(s)ϕ%1

(
Iα1

0+f
(
s, u(s), v(s)

))
ds

> λ%1−1cβ1−1
1

c2∫
c1

J1(s)ϕ%1

(∫ s
c1

(s− τ)α1−1f(τ, u(τ), v(τ)) dτ

Γ(α1)

)
ds

> λ%1−1cβ1−1
1

c2∫
c1

J1(s)ϕ%1

(∫ s
c1

(s− τ)α1−1 1
ε (u(τ) + v(τ))r1−1 dτ

Γ(α1)

)
ds

> λ%1−1cβ1−1
1

c2∫
c1

J1(s)ϕ%1

(∫ s
c1

(s− τ)α1−1 1
ε (γ‖(u, v)‖Y )r1−1 dτ

Γ(α1)

)
ds

= λ%1−1cβ1−1
1

(
1

ε

)%1−1

γ‖(u, v)‖Y

c2∫
c1

J1(s)ϕ%1

(
(s− c1)α1

Γ(α1 + 1)

)
ds

= λ%1−1cβ1−1
1

(
1

ε

)%1−1

γ‖(u, v)‖Y

c2∫
c1

J1(s)
(s− c1)α1(%1−1)

(Γ(α1 + 1))%1−1
ds

= γγ1λ
%1−1

(
1

ε

)%1−1

A
∥∥(u, v)

∥∥
Y

>
∥∥(u, v)

∥∥
Y
.

So we conclude that ‖Q1(u, v)‖ > Q1(u, v)(c1) > ‖(u, v)‖Y and ‖Q(u, v)‖Y >
‖Q1(u, v)‖ > ‖(u, v)‖Y .

Therefore, we deduce the conclusion of the theorem.

(viii) We consider fs0 = gs0 = 0 and gi∞ =∞. Let λ ∈ (0,∞) and µ ∈ (0,∞), and
let ε > 0 such that

λ 6
1

ε(2B)r1−1
, ε

(
1

γγ2C

)r2−1

6 µ 6
1

ε(2D)r2−1
.

By using (H2) and the definition of fs0 and gs0 we deduce that there existsR1 > 0 such
that

f(t, u, v) 6 ε(u+ v)r1−1 g(t, u, v) 6 ε(u+ v)r2−1

for all t ∈ [0, 1], u, v > 0, u+ v 6 R1.
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We define the set Ω1 = {(u, v) ∈ Y : ‖(u, v)‖Y < R1}. In a similar manner as in the
proof of case (i), for any (u, v) ∈ P ∩ ∂Ω1, we obtain

Q1(u, v)(t) 6 λ%1−1ε%1−1B
∥∥(u, v)

∥∥
Y
6

1

2

∥∥(u, v)
∥∥
Y
∀t ∈ [0, 1],

Q2(u, v)(t) 6 µ%2−1ε%2−1D
∥∥(u, v)

∥∥
Y
6

1

2

∥∥(u, v)
∥∥
Y
, ∀t ∈ [0, 1],

and so ‖Q(u, v)‖Y 6 (1/2 + 1/2)‖(u, v)‖Y = ‖(u, v)‖Y .
For the second part of the proof, by the definition of gi∞ there exists R2 > 0 such that

g(t, u, v) >
1

ε
(u+ v)r2−1 ∀t ∈ [c1, c2], u, v > 0, u+ v > R2.

We consider R2 = max{2R1, R2/γ} and define Ω2 ={(u, v)∈Y : ‖(u, v)‖Y <R2}.
Then for (u, v) ∈ P ∩ ∂Ω2, we deduce as in case (i) that u(t) + v(t) > γR2 > R2 for all
t ∈ [c1, c2].

Then by Lemma 3 we have

Q2(u, v)(c1)

> µ%2−1

1∫
0

cβ2−1
1 J2(s)ϕ%2

(
Iα2

0+g
(
s, u(s), v(s)

))
ds

> µ%2−1cβ2−1
1

c2∫
c1

J2(s)ϕ%2

(∫ s
c1

(s− τ)α2−1g(τ, u(τ), v(τ)) dτ

Γ(α2)

)
ds

> µ%2−1cβ2−1
1

c2∫
c1

J2(s)ϕ%2

(∫ s
c1

(s− τ)α2−1 1
ε (u(τ) + v(τ))r2−1 dτ

Γ(α2)

)
ds

> µ%2−1cβ2−1
1

c2∫
c1

J2(s)ϕ%2

(∫ s
c1

(s− τ)α2−1 1
ε (γ‖(u, v)‖Y )r2−1 dτ

Γ(α2)

)
ds

= µ%2−1cβ2−1
1

(
1

ε

)%2−1

γ
∥∥(u, v)

∥∥
Y

c2∫
c1

J2(s)ϕ%2

(
(s− c1)α2

Γ(α2 + 1)

)
ds

= µ%2−1cβ2−1
1

(
1

ε

)%2−1

γ
∥∥(u, v)

∥∥
Y

c2∫
c1

J2(s)
(s− c1)α2(%2−1)

(Γ(α2 + 1))%2−1
ds

= γγ2µ
%2−1

(
1

ε

)%2−1

C
∥∥(u, v)

∥∥
Y
>
∥∥(u, v)

∥∥
Y
.

Then we conclude that ‖Q2(u, v)‖ > Q2(u, v)(c1) > ‖(u, v)‖Y and ‖Q(u, v)‖Y >
‖Q2(u, v)‖ > ‖(u, v)‖Y .

Therefore, we deduce the conclusion of the theorem.
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In what follows, for f i0, g
i
0, f

s
∞, g

s
∞ ∈ (0,∞) and numbers α′1, α

′
2 > 0, α̃1, α̃2 > 0

such that α′1 + α′2 = 1 and α̃1 + α̃2 = 1, we define the numbers L̃1, L̃2, L̃3, L̃4, L̃′2, and
L̃′4 by

L̃1 =
1

f i0

(
α′1
γγ1A

)r1−1

, L̃2 =
1

fs∞

(
α̃1

B

)r1−1

, L̃3 =
1

gi0

(
α′2
γγ2C

)r2−1

,

L̃4 =
1

gs∞

(
α̃2

D

)r2−1

, L̃′2 =
1

fs∞B
r1−1

, L̃′4 =
1

gs∞D
r2−1

.

Theorem 2. Assume that (H1) and (H2) hold, [c1, c2] ⊂ [0, 1] with 0 < c1 < c2 6 1,
α′1, α

′
2 > 0, α̃1, α̃2 > 0 such that α′1 + α′2 = 1, α̃1 + α̃2 = 1.

(i) If f i0, g
i
0, f

s
∞, g

s
∞ ∈ (0,∞), L̃1 < L̃2, and L̃3 < L̃4, then for each λ ∈ (L̃1, L̃2)

and µ ∈ (L̃3, L̃4), there exists a positive solution (u(t), v(t)), t ∈ [0, 1], for
(S)–(BC).

(ii) If f i0, g
i
0, f

s
∞ ∈ (0,∞), gs∞ = 0, and L̃1 < L̃′2, then for each λ ∈ (L̃1, L̃

′
2) and

µ ∈ (L̃3,∞), there exists a positive solution (u(t), v(t)), t ∈ [0, 1], for (S)–(BC).
(iii) If f i0, g

i
0, g

s
∞ ∈ (0,∞), fs∞ = 0, and L̃3 < L̃′4, then for each λ ∈ (L̃1,∞) and

µ ∈ (L̃3, L̃
′
4), there exists a positive solution (u(t), v(t)), t ∈ [0, 1], for (S)–(BC).

(iv) If f i0, g
i
0 ∈ (0,∞), fs∞ = gs∞ = 0, then for each λ ∈ (L̃1,∞) and µ ∈ (L̃3,∞),

there exists a positive solution (u(t), v(t)), t ∈ [0, 1], for (S)–(BC).
(v) If fs∞, g

s
∞ ∈ (0,∞) and at least one of f i0, gi0 is∞, then for each λ ∈ (0, L̃2) and

µ ∈ (0, L̃4), there exists a positive solution (u(t), v(t)), t ∈ [0, 1], for (S)–(BC).
(vi) If fs∞ ∈ (0,∞), gs∞ = 0, and at least one of f i0, gi0 is∞, then for each λ ∈ (0, L̃′2)

and µ ∈ (0,∞), there exists a positive solution (u(t), v(t)), t ∈ [0, 1], for (S)–
(BC).

(vii) If fs∞ = 0, gs∞ ∈ (0,∞), and at least one of f i0, gi0 is∞, then for each λ ∈ (0,∞)

and µ ∈ (0, L̃′4), there exists a positive solution (u(t), v(t)), t ∈ [0, 1], for (S)–
(BC).

(viii) If fs∞ = gs∞ = 0 and at least one of f i0, gi0 is∞, then for each λ ∈ (0,∞) and
µ ∈ (0,∞), there exists a positive solution (u(t), v(t)), t ∈ [0, 1], for (S)–(BC).

Proof. We consider the cone P ⊂ Y and the operators Q1, Q2, and Q defined at the
beginning of this section. Because the proofs of the above cases are similar, in what
follows we will prove some representative cases.

(i) We have f i0, g
i
0, f

s
∞, g

s
∞ ∈ (0,∞), L̃1 < L̃2, and L̃3 < L̃4. Let λ ∈ (L̃1, L̃2) and

µ ∈ (L̃3, L̃4). We consider ε > 0 such that ε < f i0, ε < gi0, and

1

f i0 − ε

(
α′1
γγ1A

)r1−1

6 λ 6
1

fs∞ + ε

(
α̃1

B

)r1−1

,

1

gi0 − ε

(
α′2
γγ2C

)r2−1

6 µ 6
1

gs∞ + ε

(
α̃2

D

)r2−1

.
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By using (H2) and the definitions of f i0 and gi0 we deduce that there exists R3 > 0
such that

f(t, u, v) >
(
f i0 − ε

)
(u+ v)r1−1, g(t, u, v) >

(
gi0 − ε

)
(u+ v)r2−1

for all t ∈ [c1, c2], u, v > 0, u+ v 6 R3.
We denote Ω3 = {(u, v)∈Y : ‖(u, v)‖Y <R3}. Let (u, v)∈P with ‖(u, v)‖Y =R3,

that is ‖u‖+ ‖v‖ = R3. Because u(t) + v(t) 6 ‖u‖+ ‖v‖ = R3 for all t ∈ [0, 1], then
by Lemma 3 we obtain

Q1(u, v)(c1)

> λ%1−1

1∫
0

cβ1−1
1 J1(s)ϕ%1

(
Iα1

0+f
(
s, u(s), v(s)

))
ds

> λ%1−1cβ1−1
1

c2∫
c1

J1(s)ϕ%1

(∫ s
c1

(s− τ)α1−1f(τ, u(τ), v(τ)) dτ

Γ(α1)

)
ds

> λ%1−1cβ1−1
1

c2∫
c1

J1(s)ϕ%1

(∫ s
c1

(s− τ)α1−1(f i0 − ε)(u(τ) + v(τ))r1−1 dτ

Γ(α1)

)
ds

> λ%1−1cβ1−1
1

c2∫
c1

J1(s)ϕ%1

(∫ s
c1

(s− τ)α1−1(f i0 − ε)(γ‖(u, v)‖Y )r1−1 dτ

Γ(α1)

)
ds

= λ%1−1cβ1−1
1

(
f i0 − ε

)%1−1
γ
∥∥(u, v)

∥∥
Y

c2∫
c1

J1(s)ϕ%1

(∫ s
c1

(s− τ)α1−1 dτ

Γ(α1)

)
ds

= γγ1λ
%1−1

(
f i0 − ε

)%1−1
A
∥∥(u, v)

∥∥
Y
> α′1

∥∥(u, v)
∥∥
Y
.

Therefore, we conclude ‖Q1(u, v)‖ > Q1(u, v)(c1) > α′1‖(u, v)‖Y .
In a similar manner, we deduce

Q2(u, v)(c1)

> µ%2−1

1∫
0

cβ2−1
1 J2(s)ϕ%2

(
Iα2

0+g
(
s, u(s), v(s)

))
ds

> µ%2−1cβ2−1
1

c2∫
c1

J2(s)ϕ%2

(∫ s
c1

(s− τ)α2−1g(τ, u(τ), v(τ)) dτ

Γ(α2)

)
ds

> µ%2−1cβ2−1
1

c2∫
c1

J2(s)ϕ%2

(∫ s
c1

(s− τ)α2−1(gi0 − ε)(u(τ) + v(τ))r2−1 dτ

Γ(α2)

)
ds

https://www.mii.vu.lt/NA



Positive solutions for a system of fractional differential equations with 787

> µ%2−1cβ2−1
1

c2∫
c1

J2(s)ϕ%2

(∫ s
c1

(s− τ)α2−1(gi0 − ε)(γ‖(u, v)‖Y )r2−1 dτ

Γ(α2)

)
ds

= µ%2−1cβ2−1
1

(
gi0 − ε

)%2−1
γ
∥∥(u, v)

∥∥
Y

c2∫
c1

J2(s)ϕ%2

(∫ s
c1

(s− τ)α2−1 dτ

Γ(α2)

)
ds

= γγ2µ
%2−1

(
gi0 − ε

)%2−1
C
∥∥(u, v)

∥∥
Y
> α′2

∥∥(u, v)
∥∥
Y
.

Hence, we get ‖Q2(u, v)‖ > Q2(u, v)(c1) > α′2‖(u, v)‖Y .
Then for (u, v) ∈ P ∩ ∂Ω2, we obtain∥∥Q(u, v)

∥∥
Y

=
∥∥Q1(u, v)

∥∥+
∥∥Q2(u, v)

∥∥ > (α′1 + α′2)
∥∥(u, v)

∥∥
Y

=
∥∥(u, v)

∥∥
Y
. (21)

Now we define the functions f∗, g∗ : [0, 1]× [0,∞)→ [0,∞) by

f∗(t, x) = max
06u+v6x

f(t, u, v) ∀t ∈ [0, 1], x ∈ [0,∞),

g∗(t, x) = max
06u+v6x

g(t, u, v) ∀t ∈ [0, 1], x ∈ [0,∞).

Then

f(t, u, v) 6 f∗(t, x), g(t, u, v) 6 g∗(t, x) ∀t ∈ [0, 1], u, v > 0, u+ v 6 x.

The functions f∗(t, ·), g∗(t, ·) are nondecreasing for every t ∈ [0, 1], and they satisfy
the conditions (see Appendix)

lim sup
x→∞

max
t∈[0,1]

f∗(t, x)

xr1−1
= fs∞, lim sup

x→∞
max
t∈[0,1]

g∗(t, x)

xr2−1
= gs∞.

Therefore, for ε > 0, there exists R4 > 0 such that for all x > R4 and t ∈ [0, 1], we
have

f∗(t, x)

xr1−1
6 lim sup

x→∞
max
t∈[0,1]

f∗(t, x)

xr1−1
+ ε = fs∞ + ε,

g∗(t, x)

xr2−1
6 lim sup

x→∞
max
t∈[0,1]

g∗(t, x)

xr2−1
+ ε = gs∞ + ε,

and so f∗(t, x) 6 (fs∞ + ε)xr1−1 and g∗(t, x) 6 (gs∞ + ε)xr2−1.
We consider R4 = max{2R3, R4} and denote Ω4 = {(u, v) ∈ Y : ‖(u, v)‖Y <R4}.

Let (u, v) ∈ P ∩ ∂Ω4. By the definitions of f∗ and g∗ we conclude

f
(
t, u(t), v(t)

)
6 f∗

(
t,
∥∥(u, v)

∥∥
Y

)
∀t ∈ [0, 1],

g
(
t, u(t), v(t)

)
6 g∗

(
t,
∥∥(u, v)

∥∥
Y

)
∀t ∈ [0, 1].

(22)
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Then for all t ∈ [0, 1], we obtain

Q1(u, v)(t) 6 λ%1−1

1∫
0

J1(s)ϕ%1

(∫ s
0

(s− τ)α1−1f(τ, u(τ), v(τ)) dτ

Γ(α1)

)
ds

6 λ%1−1

1∫
0

J1(s)ϕ%1

(∫ s
0

(s− τ)α1−1f∗(τ, ‖(u, v)‖Y ) dτ

Γ(α1)

)
ds

6 λ%1−1

1∫
0

J1(s)ϕ%1

(
(fs∞ + ε)‖(u, v)‖r1−1

Y

∫ s
0

(s− τ)α1−1 dτ

Γ(α1)

)
ds

= λ%1−1
(
fs∞ + ε

)%1−1
B
∥∥(u, v)

∥∥
Y
6 α̃1

∥∥(u, v)
∥∥
Y
∀t ∈ [0, 1],

and so ‖Q1(u, v)‖ 6 α̃1‖(u, v)‖Y .
In a similar manner, we deduce

Q2(u, v)(t) 6 µ%2−1

1∫
0

J2(s)ϕ%2

(∫ s
0

(s− τ)α2−1g(τ, u(τ), v(τ)) dτ

Γ(α2)

)
ds

6 µ%2−1

1∫
0

J2(s)ϕ%2

(∫ s
0

(s− τ)α2−1g∗(τ, ‖(u, v)‖Y ) dτ

Γ(α2)

)
ds

6 µ%2−1

1∫
0

J2(s)ϕ%2

(
(gs∞ + ε)‖(u, v)‖r2−1

Y

∫ s
0

(s− τ)α2−1 dτ

Γ(α2)

)
ds

= µ%2−1
(
gs∞ + ε

)%2−1
D
∥∥(u, v)

∥∥
Y
6 α̃2

∥∥(u, v)
∥∥
Y
∀t ∈ [0, 1],

and then ‖Q2(u, v)‖ 6 α̃2‖(u, v)‖Y .
Therefore, for (u, v) ∈ P ∩ ∂Ω2 it follows that∥∥Q(u, v)

∥∥
Y

=
∥∥Q1(u, v)

∥∥+
∥∥Q2(u, v)

∥∥ 6 (α̃1 + α̃2)
∥∥(u, v)

∥∥
Y

=
∥∥(u, v)

∥∥
Y
. (23)

By using Lemma 4, (21), (23), and the Guo–Krasnosel’skii fixed-point theorem we
conclude that Q has a fixed point (u, v) ∈ P ∩ (Ω4 \Ω3).

(iii) We have fs∞ = 0, f i0, g
i
0, g

s
∞ ∈ (0,∞), and L̃3 < L̃′4. Let λ ∈ (L̃1,∞) and

µ ∈ (L̃3, L̃
′
4). We choose α̃′2 ∈ (D(µgs∞)%2−1, 1) and α̃′1 = 1 − α̃′2. Let ε > 0 with

ε < f i0, ε < gi0, and

1

f i0 − ε

(
α′1
γγ1A

)r1−1

6 λ 6
1

ε

(
α̃′1
B

)r1−1

,

1

gi0 − ε

(
α′2
γγ2C

)r2−1

6 µ 6
1

gs∞ + ε

(
α̃′2
D

)r2−1

.
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The first part of the proof is the same as the corresponding one from case (i). For Ω3

defined in case (i), for (u, v) ∈ P ∩ ∂Ω3, we obtain

Q1(u, v)(c1) > γγ1λ
%1−1

(
f i0 − ε

)%1−1
A
∥∥(u, v)

∥∥
Y
> α′1

∥∥(u, v)
∥∥
Y
,

Q2(u, v)(c1) > γγ2µ
%2−1

(
gi0 − ε

)%2−1
C
∥∥(u, v)

∥∥
Y
> α′2

∥∥(u, v)
∥∥
Y
,

and so ‖Q(u, v)‖Y > (α′1 + α′2)‖(u, v)‖Y = ‖(u, v)‖Y .
For the second part, we use the same functions f∗ and g∗ from case (i), which satisfy

in this case the conditions

lim
x→∞

max
t∈[0,1]

f∗(t, x)

xr1−1
= 0, lim sup

x→∞
max
t∈[0,1]

g∗(t, x)

xr2−1
= gs∞.

Therefore, for ε > 0 there exists R4 > 0 such that for all x > R4 and t ∈ [0, 1], we
have

f∗(t, x)

xr1−1
6 lim
x→∞

max
t∈[0,1]

f∗(t, x)

xr1−1
+ ε = ε,

g∗(t, x)

xr2−1
6 lim sup

x→∞
max
t∈[0,1]

g∗(t, x)

xr2−1
+ ε = gs∞ + ε,

and so f∗(t, x) 6 εxr1−1 and g∗(t, x) 6 (gs∞ + ε)xr2−1.
We consider R4 = max{2R3, R4} and denote Ω4 = {(u, v) ∈ Y : ‖(u, v)‖Y <R4}.

Let (u, v) ∈ P ∩ ∂Ω4. By the definitions of f∗ and g∗ we obtain relations (22). In
addition, in a similar manner as in the proof of case (i), we conclude

Q1(u, v)(t) 6 λ%1−1ε%1−1
∥∥(u, v

∥∥
Y
B 6 α̃′1

∥∥(u, v)
∥∥
Y
∀t ∈ [0, 1],

Q2(u, v)(t) 6 µ%2−1
(
gs∞ + ε

)%2−1∥∥(u, v)
∥∥
Y
D 6 α̃′2

∥∥(u, v)
∥∥
Y
∀t ∈ [0, 1],

and so ‖Q(u, v)‖Y 6 (α̃′1 + α̃′2)‖(u, v‖Y = ‖(u, v)‖Y .
Therefore, we deduce the conclusion of the theorem.

(vi) We consider here gs∞ = 0, fs∞ ∈ (0,∞), and gi0 = ∞. Let λ ∈ (0, L̃′2) and
µ ∈ (0,∞). We choose α̃′1 ∈ (B(λfs∞)%1−1, 1) and α̃′2 = 1− α̃1, and let ε > 0 such that

λ 6
1

fs∞ + ε

(
α̃′1
B

)r1−1

, ε

(
1

γγ2C

)r2−1

6 µ 6
1

ε

(
α̃′2
D

)r2−1

.

By (H2) and the definition of gi0 we deduce that there exists R3 > 0 such that

g(t, u, v) >
1

ε
(u+ v)r2−1 ∀t ∈ [c1, c2], u, v > 0, u+ v 6 R3.

We define Ω3 ={(u, v)∈Y : ‖(u, v)‖Y <R3}. Let (u, v) ∈ P with ‖(u, v)‖Y = R3,
that is ‖u‖+ ‖v‖ = R3. Because u(t) + v(t) 6 ‖u‖+ ‖v‖ = R3 for all t ∈ [0, 1], then
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by Lemma 3 we obtain

Q2(u, v)(c1)

> µ%2−1

1∫
0

cβ2−1
1 J2(s)ϕ%2

(
Iα2

0+g
(
s, u(s), v(s)

))
ds

> µ%2−1cβ2−1
1

c2∫
c1

J2(s)ϕ%2

(∫ s
c1

(s− τ)α2−1g(τ, u(τ), v(τ)) dτ

Γ(α2)

)
ds

> µ%2−1cβ2−1
1

c2∫
c1

J2(s)ϕ%2

(∫ s
c1

(s− τ)α2−1 1
ε (u(τ) + v(τ))r2−1 dτ

Γ(α2)

)
ds

> µ%2−1cβ2−1
1

c2∫
c1

J2(s)ϕ%2

(∫ s
c1

(s− τ)α2−1 1
ε (γ‖(u, v)‖Y )r2−1 dτ

Γ(α2)

)
ds

= µ%2−1cβ2−1
1

(
1

ε

)%2−1

γ
∥∥(u, v)

∥∥
Y

c2∫
c1

J2(s)
(s− c1)α2(%2−1)

(Γ(α2 + 1))%2−1
ds

= γγ2µ
%2−1

(
1

ε

)%2−1

C
∥∥(u, v)

∥∥
Y
>
∥∥(u, v)

∥∥
Y
.

Hence, ‖Q2(u, v)‖ > Q2(u, v)(c1) > ‖(u, v)‖Y and ‖Q(u, v)‖Y > ‖Q2(u, v)‖ >
‖(u, v)‖Y .

For the second part of the proof, we consider the functions f∗ and g∗ from case (i),
which satisfy in this case the conditions

lim sup
x→∞

max
t∈[0,1]

f∗(t, x)

xr1−1
= fs∞, lim

x→∞
max
t∈[0,1]

g∗(t, x)

xr2−1
= 0.

Then for ε > 0, there exists R4 > 0 such that for all x > R4 and t ∈ [0, 1], we have

f∗(t, x)

xr1−1
6 lim sup

x→∞
max
t∈[0,1]

f∗(t, x)

xr1−1
+ ε = fs∞ + ε,

g∗(t, x)

xr2−1
6 lim
x→∞

max
t∈[0,1]

g∗(t, x)

xr2−1
+ ε = ε,

and so f∗(t, x) 6 (fs∞ + ε)xr1−1 and g∗(t, x) 6 εxr2−1.
We considerR4 =max{2R3, R4} and denote byΩ4 ={(u, v) ∈ Y : ‖(u, v)‖Y <R4}.

Let (u, v) ∈ P ∩ ∂Ω4. By the definitions of f∗ and g∗ we deduce relations (22). In
addition, in a similar manner as in the proof of case (i), we conclude

Q1(u, v)(t) 6 λ%1−1
(
fs∞ + ε

)%1−1∥∥(u, v)
∥∥
Y
B 6 α̃′1

∥∥(u, v)
∥∥
Y
∀t ∈ [0, 1],

Q2(u, v)(t) 6 µ%2−1ε%2−1
∥∥(u, v)

∥∥
Y
D 6 α̃′2

∥∥(u, v)
∥∥
Y
∀t ∈ [0, 1],

and so ‖Q(u, v)‖Y 6 (α̃′1 + α̃′2)‖(u, v‖Y = ‖(u, v)‖Y .
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Therefore, we obtain the conclusion of the theorem.

(viii) We consider fs∞ = gs∞ = 0 and f i0 =∞. Let λ ∈ (0,∞) and µ ∈ (0,∞). We
choose ε > 0 such that

ε

(
1

γγ1A

)r1−1

6 λ 6
1

ε(2B)r1−1
, µ 6

1

ε(2D)r2−1
.

By using (H2) and the definition of f i0 we deduce that there exists R3 > 0 such that

f(t, u, v) >
1

ε
(u+ v)r1−1 ∀t ∈ [c1, c2], u, v > 0, u+ v 6 R3.

We denote Ω3 ={(u, v) ∈ Y : ‖(u, v)‖Y <R3}. Let (u, v)∈P with ‖(u, v)‖Y =R3,
that is ‖u‖+ ‖v‖ = R3. Because u(t) + v(t) 6 ‖u‖+ ‖v‖ = R3 for all t ∈ [0, 1], then
by Lemma 3 we obtain

Q1(u, v)(c1)

> λ%1−1

1∫
0

cβ1−1
1 J1(s)ϕ%1

(
Iα1

0+f
(
s, u(s), v(s)

))
ds

> λ%1−1cβ1−1
1

c2∫
c1

J1(s)ϕ%1

(∫ s
c1

(s− τ)α1−1f(τ, u(τ), v(τ)) dτ

Γ(α1)

)
ds

> λ%1−1cβ1−1
1

c2∫
c1

J1(s)ϕ%1

(∫ s
c1

(s− τ)α1−1 1
ε (u(τ) + v(τ))r1−1 dτ

Γ(α1)

)
ds

> λ%1−1cβ1−1
1

c2∫
c1

J1(s)ϕ%1

(∫ s
c1

(s− τ)α1−1 1
ε (γ‖(u, v)‖Y )r1−1 dτ

Γ(α1)

)
ds

= λ%1−1cβ1−1
1

(
1

ε

)%1−1

γ
∥∥(u, v)

∥∥
Y

c2∫
c1

J1(s)
(s− c1)α1(%1−1)

(Γ(α1 + 1))%1−1
ds

= γγ1λ
%1−1

(
1

ε

)%1−1

A
∥∥(u, v)

∥∥
Y
>
∥∥(u, v)

∥∥
Y
.

Hence, ‖Q1(u, v)‖ > Q1(u, v)(c1) > ‖(u, v)‖Y and ‖Q(u, v)‖Y > ‖Q1(u, v)‖ >
‖(u, v)‖Y .

For the second part of the proof, we consider the functions f∗ and g∗ from case (i),
which satisfy in this case the conditions

lim
x→∞

max
t∈[0,1]

f∗(t, x)

xr1−1
= 0, lim

x→∞
max
t∈[0,1]

g∗(t, x)

xr2−1
= 0.
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Then for ε > 0, there exists R4 > 0 such that for all x > R4 and t ∈ [0, 1], we have

f∗(t, x)

xr1−1
6 lim
x→∞

max
t∈[0,1]

f∗(t, x)

xr1−1
+ ε = ε,

g∗(t, x)

xr2−1
6 lim
x→∞

max
t∈[0,1]

g∗(t, x)

xr2−1
+ ε = ε,

and so f∗(t, x) 6 εxr1−1 and g∗(t, x) 6 εxr2−1.
We consider R4 = max{2R3, R4} and denote Ω4 = {(u, v) ∈ Y : ‖(u, v)‖Y < R4}.

Let (u, v) ∈ P ∩ ∂Ω4. By the definitions of f∗ and g∗ we obtain relations (22). In
addition, in a similar manner as in the proof of case (i), we deduce

Q1(u, v)(t) 6 λ%1−1ε%1−1
∥∥(u, v)

∥∥
Y
B 6

1

2

∥∥(u, v)
∥∥
Y
∀t ∈ [0, 1],

Q2(u, v)(t) 6 µ%2−1ε%2−1
∥∥(u, v)

∥∥
Y
D 6

1

2

∥∥(u, v)
∥∥
Y
∀t ∈ [0, 1],

and so ‖Q(u, v)‖Y 6 (1/2 + 1/2)‖(u, v‖Y = ‖(u, v)‖Y .
Therefore, we obtain the conclusion of the theorem.

4 Nonexistence of positive solutions

In this section, we present intervals for λ and µ for which there exist no positive solutions
of problem (S)–(BC) viewed as fixed points of operator Q.

Theorem 3. Assume that (H1) and (H2) hold. If there exist positive numbers M1, M2

such that

f(t, u, v) 6M1(u+v)r1−1, g(t, u, v) 6M2(u+v)r2−1 ∀t ∈ [0, 1], u, v > 0, (24)

then there exist positive constants λ0 and µ0 such that for every λ ∈ (0, λ0) and µ ∈
(0, µ0), the boundary value problem (S)–(BC) has no positive solution.

Proof. We define λ0 = 1/(M1(2B)r1−1) and µ0 = 1/(M2(2D)r2−1), where

B =

∫ 1

0
sα1(%1−1)J1(s) ds

(Γ(α1 + 1))%1−1
, D =

∫ 1

0
sα2(%2−1)J2(s) ds

(Γ(α2 + 1))%2−1
.

We will prove that for every λ ∈ (0, λ0) and µ ∈ (0, µ0), problem (S)–(BC) has no
positive solution.

Let λ ∈ (0, λ0) and µ ∈ (0, µ0). We suppose that (S)–(BC) has a positive solution
(u(t), v(t)), t ∈ [0, 1]. Then we obtain

u(t) = Q1(u, v)(t) = λ%1−1

1∫
0

G1(t, s)ϕ%1
(
Iα1

0+f
(
s, u(s), v(s)

))
ds

6 λ%1−1

1∫
0

J1(s)ϕ%1

(∫ s
0

(s− τ)α1−1f(τ, u(τ), v(τ)) dτ

Γ(α1)

)
ds
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6 λ%1−1

1∫
0

J1(s)ϕ%1

(∫ s
0

(s− τ)α1−1M1(u(τ) + v(τ))r1−1 dτ

Γ(α1)

)
ds

6 λ%1−1

1∫
0

J1(s)ϕ%1(M1)ϕ%1

(∫ s
0

(s− τ)α1−1(‖u‖+ ‖v‖)r1−1 dτ

Γ(α1)

)
ds

= λ%1−1M%1−1
1 B

∥∥(u, v)
∥∥
Y
∀t ∈ [0, 1]

and

v(t) = Q2(u, v)(t) = µ%2−1

1∫
0

G2(t, s)ϕ%2
(
Iα2

0+g
(
s, u(s), v(s)

))
ds

6 µ%2−1

1∫
0

J2(s)ϕ%2

(∫ s
0

(s− τ)α2−1g(τ, u(τ), v(τ)) dτ

Γ(α2)

)
ds

6 µ%2−1

∫ 1

0

J2(s)ϕ%2

(∫ s
0

(s− τ)α2−1M2(u(τ) + v(τ))r2−1 dτ

Γ(α2)

)
ds

6 µ%2−1

1∫
0

J2(s)ϕ%2(M2)ϕ%2

(∫ s
0

(s− τ)α2−1(‖u‖+ ‖v‖)r2−1 dτ

Γ(α2)

)
ds

= µ%2−1M%2−1
2 D

∥∥(u, v)
∥∥
Y
∀t ∈ [0, 1].

Then we deduce

‖u‖ 6 λ%1−1M%1−1
1 B

∥∥(u, v)
∥∥
Y
< λ%1−1

0 M%1−1
1 B

∥∥(u, v)
∥∥
Y

=
1

2

∥∥(u, v)
∥∥
Y
,

‖v‖ 6 µ%2−1M%2−1
2 D

∥∥(u, v)
∥∥
Y
< µ%2−1

0 M%2−1
2 D

∥∥(u, v)
∥∥
Y

=
1

2

∥∥(u, v)
∥∥
Y
,

and so ‖(u, v)‖Y = ‖u‖+ ‖v‖ < ‖(u, v)‖Y , which is a contradiction.
Therefore, the boundary value problem (S)–(BC) has no positive solution.

Remark 1. In the proof of Theorem 3, we can also define λ0 = (α1/B)r1−1/M1 and
µ0 = (α2/D)r2−1/M2 with α1, α2 > 0 and α1 + α2 = 1.

Remark 2. If fs0 , g
s
0, f

s
∞, g

s
∞ <∞, then there exist positive constants M1, M2 such that

relation (24) holds, and then we obtain the conclusion of Theorem 3.

Theorem 4. Assume that (H1) and (H2) hold. If there exist positive numbers c1, c2 with
0 < c1 < c2 6 1 and m1 > 0 such that

f(t, u, v) > m1(u+ v)r1−1 ∀t ∈ [c1, c2], u, v > 0, (25)

then there exists a positive constant λ̃0 such that for every λ > λ̃0 and µ > 0, the
boundary value problem (S)–(BC) has no positive solution.
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Proof. We define λ̃0 = 1/(m1(γγ1A)r1−1), where

A =
1

(Γ(α1 + 1))%1−1

c2∫
c1

(s− c1)α1(%1−1)J1(s) ds.

We will show that for every λ > λ̃0 and µ > 0, problem (S)–(BC) has no positive
solution.

Let λ > λ̃0 and µ > 0. We suppose that (S)–(BC) has a positive solution (u(t), v(t)),
t ∈ [0, 1]. Then we obtain

u(c1) = Q1(u, v)(c1) = λ%1−1

1∫
0

G1(c1, s)ϕ%1
(
Iα1

0+f
(
s, u(s), v(s)

))
ds

> λ%1−1

1∫
0

cβ1−1
1 J1(s)ϕ%1

(
Iα1

0+f
(
s, u(s), v(s)

))
ds

> λ%1−1cβ1−1
1

c2∫
c1

J1(s)ϕ%1

(∫ s
c1

(s− τ)α1−1f(τ, u(τ), v(τ)) dτ

Γ(α1)

)
ds

> λ%1−1cβ1−1
1

c2∫
c1

J1(s)ϕ%1

(∫ s
c1

(s− τ)α1−1m1(u(τ) + v(τ))r1−1 dτ

Γ(α1)

)
ds

> λ%1−1cβ1−1
1

c2∫
c1

J1(s)ϕ%1

(∫ s
c1

(s− τ)α1−1m1γ
r1−1‖(u, v)‖r1−1

Y dτ

Γ(α1)

)
ds

= λ%1−1γγ1m
%1−1
1

∥∥(u, v)
∥∥
Y

c2∫
c1

J1(s)
(s− c1)α1(%1−1)

(Γ(α1 + 1))%1−1
ds

= γγ1λ
%1−1m%1−1

1 A
∥∥(u, v)

∥∥
Y
.

Then we conclude

‖u‖ > u(c1) > γγ1A(λm1)%1−1
∥∥(u, v)

∥∥
Y
> γγ1A(λ̃0m1)%1−1

∥∥(u, v)
∥∥
Y

=
∥∥(u, v)

∥∥
Y
,

and so ‖(u, v)‖Y = ‖u‖+ ‖v‖ > ‖u‖ > ‖(u, v)‖Y , which is a contradiction.
Therefore, the boundary value problem (S)–(BC) has no positive solution.

Theorem 5. Assume that (H1) and (H2) hold. If there exist positive numbers c1, c2 with
0 < c1 < c2 6 1 and m2 > 0 such that

g(t, u, v) > m2(u+ v)r2−1 ∀t ∈ [c1, c2], u, v > 0, (26)

then there exists a positive constant µ̃0 such that for every µ > µ̃0 and λ > 0, the
boundary value problem (S)–(BC) has no positive solution.
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Proof. We define µ̃0 = 1/(m2(γγ2C)r2−1), where

C =
1

(Γ(α2 + 1))%2−1

c2∫
c1

(s− c1)α2(%2−1)J2(s) ds.

We will show that for every µ > µ̃0 and λ > 0, problem (S)–(BC) has no positive
solution.

Let µ > µ̃0 and λ > 0. We suppose that (S)–(BC) has a positive solution (u(t), v(t)),
t ∈ [0, 1]. Then we obtain

v(c1) = Q2(u, v)(c1) = µ%2−1

1∫
0

G2(c1, s)ϕ%2
(
Iα1

0+g
(
s, u(s), v(s)

))
ds

> µ%2−1

1∫
0

cβ2−1
1 J2(s)ϕ%2

(
Iα2

0+g
(
s, u(s), v(s)

))
ds

> µ%2−1cβ2−1
1

c2∫
c1

J2(s)ϕ%2

(∫ s
c1

(s− τ)α2−1g(τ, u(τ), v(τ)) dτ

Γ(α2)

)
ds

> µ%2−1cβ2−1
1

c2∫
c1

J2(s)ϕ%2

(∫ s
c1

(s− τ)α2−1m2(u(τ) + v(τ))r2−1 dτ

Γ(α2)

)
ds

> µ%2−1cβ2−1
1

c2∫
c1

J2(s)ϕ%2

(∫ s
c1

(s− τ)α2−1m2γ
r2−1‖(u, v)‖r2−1

Y dτ

Γ(α2)

)
ds

= µ%2−1γγ2m
%2−1
2

∥∥(u, v)
∥∥
Y

c2∫
c1

J2(s)
(s− c1)α2(%2−1)

(Γ(α2 + 1))%2−1
ds

= γγ2µ
%2−1m%2−1

2 C
∥∥(u, v)

∥∥
Y
.

Then we deduce

‖v‖ > v(c1) > γγ2C(µm2)%2−1
∥∥(u, v)

∥∥
Y
> γγ2C(µ̃0m2)%2−1

∥∥(u, v)
∥∥
Y

=
∥∥(u, v)

∥∥
Y
,

and so ‖(u, v)‖Y = ‖u‖+ ‖v‖ > ‖v‖ > ‖(u, v)‖Y , which is a contradiction.
Therefore, the boundary value problem (S)–(BC) has no positive solution.

Theorem 6. Assume that (H1) and (H2) hold. If there exist positive numbers c1, c2 with
0 < c1 < c2 6 1 and m1,m2 > 0 such that

f(t, u, v) > m1(u+ v)r1−1 ∀t ∈ [c1, c2], u, v > 0,

g(t, u, v) > m2(u+ v)r2−1 ∀t ∈ [c1, c2], u, v > 0,
(27)

Nonlinear Anal. Model. Control, 23(5):771–801



796 R. Luca

then there exist positive constants λ̂0 and µ̂0 such that for every λ > λ̂0 and µ > µ̂0, the
boundary value problem (S)–(BC) has no positive solution.

Proof. We define λ̂0 = 1/(m1(2γγ1A)r1−1) and µ̂0 = 1/(m2(2γγ2C)r2−1). Then for
every λ > λ̂0 and µ > µ̂0, problem (S)–(BC) has no positive solution. Indeed, let λ > λ̂0

and µ > µ̂0. We suppose that (S)–(BC) has a positive solution (u(t), v(t)), t ∈ [0, 1]. In
a similar manner as that used in the proofs of Theorems 4 and 5, we obtain

‖u‖ > u(c1) > γγ1A(λm1)%1−1
∥∥(u, v)

∥∥
Y
,

‖v‖ > v(c1) > γγ2C(µm2)%2−1
∥∥(u, v)

∥∥
Y
,

and so ∥∥(u, v)
∥∥
Y

= ‖u‖+ ‖v‖
> γγ1A(λm1)%1−1

∥∥(u, v)
∥∥
Y

+ γγ2C(µm2)%2−1
∥∥(u, v)

∥∥
Y

> γγ1A(λ̂0m1)%1−1
∥∥(u, v)

∥∥
Y

+ γγ2C(µ̂0m2)%2−1
∥∥(u, v)

∥∥
Y

=
1

2

∥∥(u, v)
∥∥
Y

+
1

2

∥∥(u, v)
∥∥
Y

=
∥∥(u, v)

∥∥
Y
,

which is a contradiction. Therefore, the boundary value problem (S)–(BC) has no positive
solution.

Remark 3.

(i) If for c1, c2 with 0 < c1 < c2 6 1, we have f i0, f
i
∞ > 0 and f(t, u, v) > 0 for all

t ∈ [c1, c2] and u, v > 0 with u+ v > 0, then relation (25) holds, and we obtain
the conclusion of Theorem 4.

(ii) If for c1, c2 with 0 < c1 < c2 6 1, we have gi0, g
i
∞ > 0 and g(t, u, v) > 0 for all

t ∈ [c1, c2] and u, v > 0 with u+ v > 0, then relation (26) holds, and we obtain
the conclusion of Theorem 5.

(iii) If for c1, c2 with 0 < c1 < c2 6 1, we have f i0, f
i
∞, g

i
0, g

i
∞ > 0 and f(t, u, v) >

0, g(t, u, v) > 0 for all t ∈ [c1, c2] and u, v > 0 with u + v > 0, then relation
(27) holds, and we obtain the conclusion of Theorem 6.

5 An example

Let α1 = 1/2, α2 = 1/3, n = 3, β1 = 7/3, m = 4, β2 = 15/4, p1 = 1, q1 = 1/3,
p2 = 3/2, q2 = 6/5, N = 2, M = 1, ξ1 = 1/4, ξ2 = 3/4, a1 = 3, a2 = 1/4,
η1 = 1/3, b1 = 2, r1 = 4, %1 = 4/3, ϕr1(s) = s3, ϕ%1(s) = s1/3, r2 = 3, %2 = 3/2,
ϕr2(s) = |s|s, ϕ%2(s) = |s|−1/2s.

We consider the system of fractional differential equations

D
1/2
0+

(
ϕ4

(
D

7/3
0+ u(t)

))
+ λ(t+ 1)a

(
e(u(t)+v(t))3 − 1

)
= 0, t ∈ (0, 1),

D
1/3
0+

(
ϕ3

(
D

15/4
0+ v(t)

))
+ µ(2− t)b

(
u3(t) + v3(t)

)
= 0, t ∈ (0, 1),

(S0)

https://www.mii.vu.lt/NA



Positive solutions for a system of fractional differential equations with 797

with the multi-point boundary conditions

u(0) = u′(0) = 0, D
7/3
0+ u(0) = 0, u′(1) = 3D

1/3
0+ u

(
1

4

)
+

1

4
D

1/3
0+ u

(
3

4

)
,

v(0) = v′(0) = v′′(0) = 0, D
15/4
0+ v(0) = 0, D

3/2
0+ v(1) = 2D

6/5
0+ v

(
1

3

)
,

(BC0)

where a, b > 0.
Here we have f(t, u, v) = (t + 1)a(e(u+v)3 − 1), g(t, u, v) = (2 − t)b(u3 + v3) for

all t ∈ [0, 1], u, v > 0. Then we obtain ∆1 ≈ 0.21710894 > 0, ∆2 ≈ 2.73417069 > 0,
and so assumptions (H1) and (H2) are satisfied. In addition, we deduce

g1(t, s) =
1

Γ(7/3)

{
t4/3(1− s)1/3 − (t− s)4/3, 0 6 s 6 t 6 1,

t4/3(1− s)1/3, 0 6 t 6 s 6 1,

g2(t, s) =

{
t(1− s)1/3 − t+ s, 0 6 s 6 t 6 1,

t(1− s)1/3, 0 6 t 6 s 6 1,

g3(t, s) =
1

Γ(15/4)

{
t11/4(1− s)5/4 − (t− s)11/4, 0 6 s 6 t 6 1,

t11/4(1− s)5/4, 0 6 t 6 s 6 1,

g4(t, s) =
1

Γ(51/20)

{
t31/20(1− s)5/4 − (t− s)31/20, 0 6 s 6 t 6 1,

t31/20(1− s)5/4, 0 6 t 6 s 6 1,

G1(t, s) = g1(t, s) +
t4/3

∆1

(
3g2

(
1

4
, s

)
+

1

4
g2

(
3

4
, s

))
,

G2(t, s) = g3(t, s) +
2t11/4

∆2
g4

(
1

3
, s

)
,

h1(s) =
s(1− s)1/3

Γ(7/3)
, h3(s) =

(1− s)5/4(1− (1− s)3/2)

Γ(15/4)
.

For the functions J1 and J2, we obtain

J1(s) =


1

Γ(7/3)s(1− s)
1/3 + 1

∆1
[ 15
16 (1− s)1/3 + 13s

4 −
15
16 ], 0 6 s < 1

4 ,
1

Γ(7/3)s(1− s)
1/3 + 1

∆1
[ 15
16 (1− s)1/3 + s

4 −
3
16 ], 1

4 6 s < 3
4 ,

1
Γ(7/3)s(1− s)

1/3 + 15
16∆1

(1− s)1/3, 3
4 6 s 6 1,

J2(s) =


1

Γ(15/4) (1− s)5/4(1− (1− s)3/2) + 2
331/20∆2Γ(51/20)

[(1− s)5/4

−(1− 3s)31/20], 0 6 s < 1
3 ,

1
Γ(15/4) (1− s)5/4(1− (1− s)3/2) + 2

331/20∆2Γ(51/20)
(1− s)5/4,

1
3 6 s 6 1.
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Now we choose c1 = 1/4 and c2 = 3/4, and then we deduce γ1 = (1/4)4/3, γ2 =
(1/4)11/4, γ = γ2. In addition, we have fs0 = (7/4)a, f i∞ = ∞, gs0 = 0, gi∞ = ∞,
A ≈ 1.35668478, B ≈ 2.51926854.

By Theorem 1(vii), for any λ ∈ (0, L′2) and µ ∈ (0,∞) with L′2 = 1/(fs0B
3),

problem (S0)–(BC0) has a positive solution (u(t), v(t)), t ∈ [0, 1]. For example, if a = 2,
we obtain L′2 ≈ 0.0204221.

We can also use Theorem 4 because f(t, u, v) > (5/4)a(u+v)3 for all t ∈ [1/4, 3/4]
and u, v > 0, that is m1 = (5/4)a. If a = 2, we deduce λ̃0 = 1/(m1(γγ1A)3) ≈
6.0810421 × 106, and then we conclude that for every λ > λ̃0 and µ > 0, the boundary
value problem (S0)–(BC0) has no positive solution.

Appendix

In this appendix, we will prove that if

lim sup
u+v→∞
u,v>0

max
t∈[0,1]

f(t, u, v)

(u+ v)r1−1
= fs∞,

then

lim sup
x→∞

max
t∈[0,1]

f∗(t, x)

xr1−1
= fs∞,

where f : [0, 1] × [0,∞) × [0,∞) → [0,∞) is a continuous function, f∗(t, x) =
maxu,v>0, u+v6x f(t, u, v) for t ∈ [0, 1], x > 0, and r1 > 1.

(I) In the case fs∞ ∈ (0,∞), from the characterization theorem of supremum limit
we have:

(a) For all ε > 0, there exists M(ε) > 0 such that for all u, v > 0, u + v > M(ε),
we have

max
t∈[0,1]

f(t, u, v)

(u+ v)r1−1
< fs∞ + ε;

(b) For all ε,M ′ > 0, there exists (u0, v0), u0, v0 > 0, u0 + v0 > M ′, such that

max
t∈[0,1]

f(t, u0, v0)

(u0 + v0)r1−1
> fs∞ − ε.

Relation (b) is verified for an arbitrary (u, v) with u+v>M ′ if ε>fs∞ because f has
nonnegative values.

From (a), for ε>0 arbitrary but fixed for the moment, there exists M1 =M(ε/2)>0
such that for all u, v > 0, u+ v > M1, we have

max
t∈[0,1]

f(t, u, v)

(u+ v)r1−1
< fs∞ +

ε

2
,

and then f(t, u, v) < (fs∞ + ε/2)(u+ v)r1−1 for all t ∈ [0, 1].
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Then for ε > 0, there exists M1 > 0 such that for all x > M1 and t ∈ [0, 1], we
obtain

f∗(t, x) = max
06u+v6x

f(t, u, v) 6 max
06u+v6M1

f(t, u, v) + sup
M1<u+v6x

f(t, u, v)

= f∗(t,M1) + sup
M1<u+v6x

f(t, u, v)

6 max
t∈[0,1]

f∗(t,M1) + sup
M1<u+v6x

(
fs∞ +

ε

2

)
(u+ v)r1−1

6 KM1
+

(
fs∞ +

ε

2

)
xr1−1,

where KM1
= maxt∈[0,1] f

∗(t,M1).
Therefore, for ε > 0, there exist M1 > 0 and KM1

> 0 such that

f∗(t, x)

xr1−1
6

KM1

xr1−1
+ fs∞ +

ε

2
∀x > M1 t ∈ [0, 1],

and so

max
t∈[0,1]

f∗(t, x)

xr1−1
6

KM1

xr1−1
+ fs∞ +

ε

2
∀x > M1.

Because limx→∞ 1/xr1−1 = 0, then for ε > 0, there exists M2 > M1 such that
1/xr1−1 < ε/(2KM1

) for all x > M2.
So we conclude that for all ε > 0, there exists M2 > 0 such that

max
t∈[0,1]

f∗(t, x)

xr1−1
<
ε

2
+ fs∞ +

ε

2
= fs∞ + ε ∀x > M2. (28)

From relation (b) we deduce that for any ε > 0 and any M ′ > 0, there exists x0 =
u0 + v0 > 0 such that

max
t∈[0,1]

f∗(t, x0)

xr1−1
0

> max
t∈[0,1]

f(t, u0, v0)

xr1−1
0

= max
t∈[0,1]

f(t, u0, v0)

(u0 + v0)r1−1
> fs∞ − ε.

Then we obtain that for all ε,M ′ > 0, there exists x0 > M ′ such that

max
t∈[0,1]

f∗(t, x0)

xr1−1
0

> fs∞ − ε. (29)

By relations (28), (29) and the characterization theorem for supremum limit we con-
clude that lim supx→∞maxt∈[0,1] f

∗(t, x)/xr1−1 = fs∞.

(II) If fs∞ = 0, then lim supu+v→∞, u,v>0 maxt∈[0,1] f(t, u, v)/(u + v)r1−1 = 0
is equivalent to limu+v→∞, u,v>0 maxt∈[0,1] f(t, u, v)/(u + v)r1−1 = 0 because f has
nonnegative values. Also lim supx→∞maxt∈[0,1] f

∗(t, x)/xr1−1 = 0 is equivalent to
limx→∞maxt∈[0,1] f

∗(t, x)/xr1−1 = 0.
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In the same manner as used in case (I) (for the implication (a)⇒ (28)), we can show
that relation

∀ε > 0, ∃M > 0: 0 6 max
t∈[0,1]

f(t, u, v)

(u+ v)r1−1
< ε ∀u, v > 0, u+ v > M,

implies the relation

∀ε > 0, ∃M̃ > 0: 0 6 max
t∈[0,1]

f∗(t, x)

xr1−1
< ε ∀x > M̃,

that is limx→∞maxt∈[0,1] f
∗(t, x)/xr1−1 = 0.

(III) If fs∞ =∞, then by the characterization theorem we have

∀M1,M2 > 0, ∃(u, v), u, v > 0, u+ v > M1: max
t∈[0,1]

f(t, u, v)

(u+ v)r1−1
> M2.

Then we deduce that for any M1,M2 > 0, there exists x = u+ v > M1 such that

max
t∈[0,1]

f∗(t, x)

xr1−1
> max
t∈[0,1]

f(t, u, v)

xr1−1
= max
t∈[0,1]

f(t, u, v)

(u+ v)r1−1
> M2.

So we obtain that lim supx→∞maxt∈[0,1] f
∗(t, x)/xr1−1 =∞.
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