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Abstract. We obtain some fixed point theorems for mappings acting in b-metric spaces. The
results extend those obtained in [R.P. Agarwal, E. Karapinar, A.-F. Rolddn-Lépez-de-Hierro, On an
extension of contractivity conditions via auxiliary functions, Fixed Point Theory Appl., 2015:104,
2015] using families of control functions, here also through conditions that involve a-admissibility
of type S. We furnish an illustrative example to demonstrate the validity of the hypotheses and
the degree of usefulness of our results. As an application, the existence of solution for functional
equations arising in dynamic programming is discussed, followed by suitable examples.
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1 Introduction

Many researchers extended Banach contraction principle by considering more general
contractive mappings on various distance spaces — b-metric spaces [5, 8] are one of the
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examples. Alber and Guerre-Delabriere [3] were the first to introduce weak contractive
conditions in the setup of Hilbert spaces. On the other hand, Khan, Swaleh and Sessa [9]
introduced the concept of an altering distance function, which is a control function that
alters the distance between two points in a metric space. After the appearance of Rhoades
theorem (see [12]), many results have been obtained involving contractivity conditions in
which some families of functions play a key role. In particular, Agarwal et al. [1] unified
most of these results for mappings acting in metric spaces using certain families of altering
distance functions.

The aim of the present manuscript is to study what kind of altering distance functions
might we include in an efficient contractivity condition in the case when we are given
mappings acting in a b-metric space. Moreover, the concept of a-admissibility is used, it
was introduced by Samet et al. [13] and extended by Sintunavarat [14] as a-admissibility
of type S. Using these concepts, we study sufficient conditions on the functions that
appear in very complex contractivity conditions with «-admissibility of type S in the
framework of b-metric spaces.

We furnish an illustrative example to demonstrate the validity of the hypotheses of
our results and necessity of some assumptions. Our results generalize and improve several
fixed point results in metric spaces and b-metric spaces. As an application, the existence of
solution for functional equations arising in dynamic programming is discussed, followed
by suitable examples.

2 Preliminaries

In this section, we will introduce some essential notations, definitions and preliminary
results that will be used in the article. Throughout this paper, we denote by N, R, and R
the sets of positive integers, nonnegative real numbers and real numbers, respectively.

Recall that a function A : R, — R is called an altering distance function [9] if the
following properties hold:

1. Ais continuous and nondecreasing;
2. A(t) =0ifft = 0.

Definition 1. (See [8].) Let X be a nonempty set, and let s > 1 be a given real number.
A function d : X x X — R, satisfying the following conditions:

(B1) d(z,y) = 0ifand only if z = y;
B2) d(z,y) = d(y, »);

for all z,y,z € X is called a b-metric on X. The pair (X, d) is called a b-metric space
with coefficient s > 1.

Any metric space is a b-metric space with s = 1, and the class of b-metric spaces
is effectively larger than that of metric spaces. The easiest example of a b-metric space,
which is not a metric space, is (R, d), where d(z,y) = (z —y)?. A more general example
is the following:
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Fixed point results in b-metric spaces 721

Example 1. Let (X, d) be a metric space, and let the mapping d : X x X — R, be
defined by dy(z,y) = [d(z,y)]P for all x,y € X, where p > 1 is a fixed real number.
Then (X, dy,) is a b-metric space with coefficient s = 2P~1. The triangular inequality (B3)
can easily be checked using the convexity of function R, 3 z +— zP.

The concepts of b-convergent sequence, b-Cauchy sequence, b-continuity and b-com-
pleteness in b-metric spaces are introduced in the same way as in metric spaces (see,
e.g., [7]). In particular, a function f : X — Y between two b-metric spaces is called
b-continuous at a point € X if it is b-sequentially continuous at x, that is, if {x,} is
b-convergent to x in X implies that { f,, } is b-convergent to fz in Y.

Each b-convergent sequence in a b-metric space has a unique limit, and it is also
a b-Cauchy sequence. However, a b-metric itself might not be continuous. Hence, the
following lemma about b-convergent sequences is required in the proof of our main
results.

Lemma 1. (See [2].) Let (X, d) be a b-metric space with coefficient s > 1, and let {z,, }
and {yn } be b-convergent to points x,y € X, respectively. Then

1
S—Qd(a@y) < liminf d(z,,, y,) < limsup d(z,, yn) < s%d(z,y).
L oo

n— n— o0

Ifx =y, then im,,_, o, d(xy,, yn) = 0. Moreover, for each z € X, we have

1
gd(x, z) < liminf d(z,, 2) < limsup d(z,,z) < sd(z, 2).

n—00 n—00

The concept of a-admissibility was first introduced by Samet et al. [13] and extended
as admissibility of type S by Sintunavarat [14] in the framework of metric spaces and
b-metric spaces, respectively.

Definition 2. (See [13, 14].) Let X be a nonempty set, let & : X x X — R, and
f+ X — X be two mappings, and s > 1 be a given real number. Then we say that

(i) the mapping f is a-admissible if
z,yeX and alr,y) =21 =  ofz, fy) =1

this is denoted as f € P(X, a);
(ii) the mapping f is a-admissible of type S if

z,y€ X and a(z,y)=>2s = alfw, fy) = s

this is denoted as f € Ps(X, a);
(iii) f is a weak a-admissible mapping if

ze€X and oz, fz)21 = a(fz, ffz)>1;

this is denoted as f € WP(X, a);
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(iv) f is a weak c-admissible mapping of type S if
zreX and oz, fr)>2s = alfz, ffz)>s;
this is denoted as f € WP (X, a).
Remark 1. (See [14].) It is easy to see that the following assertions hold:

1. a-admissibility = weak a-admissibility, that is,
P(X,a) C WP(X, ).

2. a-admissibility of type S = weak a-admissibility of type S, that is,
Ps(X,a) CWPs(X, ).

None of these inclusions can be reversed. Moreover, P(X, ) # Ps(X, «), that is, the
classes of a-admissible mappings and a-admissible mappings of type S are, in general,
independent.

3 Main results

Before discussing our main result, we will introduce the following four families of func-
tions. They are defined in a similar way as in the paper [1], but adapted for the use in
b-metric spaces. In what follows, s > 1 will be a given real number.

Let Gy be the family of all functions ¢ : R — R, with n > 2 such that, for all
Ty 23, 24y -y 2n € Ryt

(G11) ¢ is continuous in its first two arguments;

(G12) (b("", 07 23y R4y Zn) g 7‘/(28),

(G13) o(r,r 23,24, .,2,) <1ifr > 0;

(G14) ¢(0,7, 23,24, .,2n) < Tifr >0,

Let G, be the family of all functions ¢ : R — Ry with n > 3 such that, for all
q;Ty 24,25, -5 %n €R+:

(G21) ¢ is continuous in its first three arguments;

(G22) ¢(Q7 07 Ty 24,25, Z’n) g max{q/(Qs), T};

(G23) ¢(Q7 q, Ty 24,25,y Z’n) < max{q, 7”},

(Gag) &(r,0,0,24,25,...,2,) < rforallr>0.

Let G3 be the family of all functions ¢ : R} — Ry withn > 3 and s > 1 such that,
forall q,r, 24, 25,...,2, € Ry:

(G31) ¢ is continuous in its first three arguments;

(G32) ¢(T7 qyTy 24,25, Z") < max{Q? T};
(G33) ¢(O,O,T,Z4,25,...7Zn) érifr > 07
(Gsa) ¢(0,7,0,24,25,...,2,) < Tifr > 0.
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Let G4 be the family of all functions ¢ : R} — Ry with n > 4 such that, for all
q,r,t725,Z6,...,Zn S R+:

(G41) ¢ is continuous in its first four arguments;
(G42) d)(qa 0; r, tv 255265y Zn) < max{q/(?s), T, t};
(G43) d)(rv T, 07 25,265 - - - 7Zn) < rifr > 0’

(Gaa) o(r,7,0,0,25,26,...,2,) < 1Tifr > 0.

Some examples of functions belonging to these classes (in the case s = 1) are given
in [1]. It is easy to modify these examples to the case when s > 1.

We will present fixed point results for mappings belonging to the class WP (X, «).
Throughout this paper, Fix(f) denotes the set of all fixed points of a self-mapping f on
a nonempty set X, that is, Fix(f) = {z € X: fa = z}. Also, for all elements z and
y in a b-metric space (X, d) with coefficient s > 1 and the given functions ¢; € G;,
i €{1,2,3,4}, we will denote

Mq(x,y) = max{d(z,y), d(z, fz), d(y, fy),

¢l (d(xa fy)a d(fxa y))) ¢2 (d(l‘, fy)v d(fI, y)a d(l‘, y))a

¢3 (d(xa fx)a d(ya fy)7 d(l‘, y))7

¢4(d($a fy)a d(fl‘, y)v d(‘ra ffE), d(y7 fy)) }
Definition 3. Let (X, d) be a b-metric space with coefficient s > 1,leta : X x X — R,
be a given mapping, and let A, A : Ry — R, be two altering distance functions. We
say that a mapping f : X — X is an (o, A1, A2)s-contraction mapping if the following
condition holds:

z,y € X witha(z,y) > s
= Mi(s'd(fz, fy)) < A(Ms(z,y)) = A2 (Ms(,y)) e))

for some functions ¢; € G;, i € {1,2,3,4}. We denote by As(X, v, A1, A3) the collec-
tion of all («, A1, As)s-contraction mappings on a b-metric space (X, d).

Theorem 1. Let (X, d) be a b-complete b-metric space with coefficient s > 1, let Ay, As :
R4 — Ry be two altering distance functions, andlet o : X x X - Ry and f : X - X
be given mappings. Suppose that the following conditions hold:

(Sl) f S AS(X7 «, A17 AQ) N WPS(X7 a)7
(S2) there exists xg € X such that a(zg, fzo) = s;
(S3) « has a transitive property of type S, that is, for x,y,z € X,

alz,y) =2s and a(y,z) 2s = afx,z)=s;

(S4) f is b-continuous.

Then Fix(f) # 0.

Nonlinear Anal. Model. Control, 22(5):719-737
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Proof. By the given condition (S») there exists 29 € X such that a(zg, fo) > s. Define
the sequence {x,,} by z,+1 = fx, for all n € N U {0}. If there is n € N U {0} so that
Zp = Tpy1, then we have x,, € Fix(f), and hence, the conclusion holds. So we assume
that x,, # x,,41 for alln € N U {0}. It follows that

d(Xp, Tpt1) >0
for all n € NU {0}. Now, we need to prove that
lim d(z,,zn41) =0. 2)

n—o0
It follows by induction from f € WP, (X, a) and o (g, fzg) > s that
Ty Tpy1) = 8 (3)
for all n € NU {0}. It follows from f € A4(X, a, A1, Az) that inequality (3) implies
A (d(fap, frni1)) < A (s'd(frnia, fra))
<Ay (Ms(xn, xn+1)) — s (Ms(xn, a:n+1)) 4)
for all n € N U {0}. Note that for each n € NU {0}, we have
M(2n, Tpi1)
= max{d(zn, Tnt1), d(Tn, fT2), d(@ps1, fTni1),
¢1(d(@n, frni1), d(fTn, Tni1)),
o (d(xn, fxns1), d(frn, Tnt1), d(@n, zn+1)),
¢ (d(zn, frn), d(Zni1, fTng1), d(Tn, Tni1)),
o (d(gcn, fxni1),d(fTn, Tni1), d(@n, f2n), d(@nt1, fanrl)) }
Letd,, = d(x,,xn+1) foralln € Ny. Taking into account the properties of considered
functions in U?Zl G;, we deduce that
d(Tpn, Tnat1) = dn, d(Tp, fxn) = d(Tn, Tnt1) = dpt1,

d(@py1, frni1) = d(Tpi1, Tny2) = dog,

01 (d(:tn, fgcnﬂ),d(fxn,mnﬂ))
= ¢ (d(xn, Tni2),d(Tnt1, xn+1)) = ¢ (d(gcn7 Tpt2), O)
GéQ d(xnvxn-i-?) < d(xnaxn-i-l) +d(-rn+lvxn+2)
2s 2
< max{d(mn,mnﬂ),d(xnﬂ,xwrg)} = max{dy,, dp+1},
o (d(:tn, fxn+1),d(fxn,mnﬂ),d(xn,xnﬂ))

Ga2 d Tn,Tn
= ¢2(d(xna$n+2)707d(xn’xn+l)) < max{(Qs—i_Q)

) d(xm Z‘n+1)}

N

max{ d<xn7 $n+1) + d($n+17 xn+2)

2 7d(xn7xn+1)} < max{dn;dn+1}7
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¢3 (d(l‘n, fwn)v d(anrla fxn+l>7 d(l‘n; xn+1))

= ¢3 (d((L‘n, -TnJrl)a d<xn+la l‘n+2)a d(l‘n, -rnJrl))
Gs2
= ¢3 (dna dn+17 dn) < max{dn, dn+1}7

¢4 (d(xnv fxn+1)» d(fxnv xn+1)7 d(xna f‘rn)v d(xn+17 fxn+1))
= ¢y (d(xna xn+2)v 0, d(xnv xn+1)v d(xn+1a xn+2))
Gaz {d(xnv xn+2)

< max
= 2s

max{ d(mru anrl) +2d(xn+17 xn+2)

< max{d(zn,xn_,_l), d(xn,+1,xn+2)} = max{d,, dp+1}

) d(mna anrl)a d<xn+1> xn+2) }

<

X

) d(x’nu xn+1)7 d(anrlv 1'n+2) }

Hence,
M, (xna $n+1) = max{dn, dn+1}~

If My(xps,@p+11) = dp>41 for some n* € N'U {0}, then inequality (4) implies that
Ay (d(@pe 41, Tney2)) < AL (d(@pe 41, Tnog2)) — A2(d(@pe 41, Tnot2)),

hence d(z 41, Tn++2) = 0, which is a contradiction. Therefore, M (2, Tpy1) = dp =
d(xp, pyq) for all n € N U {0}. From (4) we have

Ay (d(@pg1, Tnt2)) < A (@0, 2pt1)) — A2 (d(@n, 2pt1)) &)

forall n € NU{0}. Since A; is a nondecreasing mapping, {d(z,, Z,+1)} is a decreasing
sequence in R. Since {d(zn,n+1)} is bounded from below, there exists > 0 such that

nhﬁngo d(Tpy Tpg1) =1

Letting n — oo in (5), we get
Al (’I") g A1 (’I") - A2 (’I")

This is only possible if A5(r) = 0 and thus » = 0. Hence, (2) is proved.

Next, we prove that {x,,} is a b-Cauchy sequence in X. Assume to the contrary that
there exists € > 0 for which we can find subsequences {2, (%) } and {xy )} of {x,,} such
that n(k) > m(k) > k and

AT (), Tr(iy) = € > A(Zn(), Tra(k)—1) (6)
for all £ € N. By (B3) and (6) we get

€ < ATk, Tnk)) < AT (k)s T(r)y—1) + AT () -1, Tn(k))
< 8€+ 8d(Tn(k)—1, Tn(k))- @)

Nonlinear Anal. Model. Control, 22(5):719-737
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Taking the upper limit in (7) as £ — oo and using (2), we get

< Hmsup d(2p, k), Tn(r)) < s€. (8)
k—o00
Also from (B3) we obtain
AT ()s Tnir)y) < [ @) Tn)+1) + ATn) 11, Tngr))] ©)
and
(@) Tr(ey+1) < 8[A( @) Tnr)) + ATng)s T +1)]- (10)

Taking the upper limit as £k — oo in (9) and (10), from (2) and (8) we get
€< s(limsup d(zm(k)azn(k)-‘rl)) and  limsup d(@p (x), Tn(k)+1) < s%e,
k—o0 k— o0

ie.,
= < lim sup d(Zp, (ks Tn(k)+1) < s2e. (11)

S k—o0

Similarly, we can show that
< HmSUp d(T 1. Tny) < 5% (12)
S k—oo

Finally, we obtain

AT (k) 41> Tra(k) 1)
< 5[ Tm(k)+1> m(k)) + d(xm(k)v xn(k)-l—l)]
< ST (k) +15 Tm(k)) + 5 [ A @) Tr)) + ATn)s Tay+1)]-

By taking the upper limit as £ — oo in the above inequality, we have

lillgn SUP AT (k) +15 Tn(r)+1) < 7€ (13)
—00

Using (Bs) again, we have
A(Zm(k)s Tr(k))
< s[d(@m)s Timk)+1) + A @by +15 Tn))]
< ATy Ty +1) + 87 [A@Tme) 11 Tne)+1) + ATny 41 Tuwy)]- (14)
Taking the upper limit as £k — oo in (14), from (2) and (8) we get
— < limsup (@) 115 Tn(k)+1)- (15)
S k—o0

From (13) and (15) we get

. 3
— < limsup d(Z ()41, Tn(k)+1) < S€.
S k—o0
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Using the transitivity property of type S of o, we get a(&y, (), Tn(k)) = . Since f €
Ag(X, a, Ay, As), this implies
Ar (s d(@ ) 115 Ta(ry 1))
= A1 (s"d(fTrm(k)s fTn(r)))
< M (Ms(Z k), Tngry)) — A2 (Ms(Tniy> Tngr)))» (16)
where
M (Zm(k), Tn(r)) = Max{d(Zo(r)> Tn(k))s A Tmn) fxm(k )s A (ks FTn(r))s

DA @) FTn(k))s A Tk Tnci)))

G2 (A(@m(k)s FTn(k))s A Tm(k)s Tr(k) ) AT (k) Tnc)))

b3 (d(@ k) fTmer)) s A @ k), fxn(k ),d(ﬂﬂm(k),%(k)))

G4 (d(@ () FTn())s AT () s Tn() )

ATy, FTmk))s ATy, fTnr)) }-

Taking the upper limit as £ — oo in the above inequality and using (2), (8), (11) and (12),
we get

lm sup d(@m k), Tn(ky) < 86, Hmsup d(Tom i), Tm(ry+1) = 0,
k—o0 k—o0
lim sup d(mn(k), l‘n(k)+1) =0,
k—o0

lim sup ¢1 (d(@ (k) fTn(k))s ATk Tn(r)))

k—o0

Gll . .
< 4 (hm SUP d(Zpn (k) Tn(k)+1), ISP d(Tp (k) 115 xn(k)))
k— o0 k—o0
G,
=@ (526, 826) <3 s%e;

lim sup @2 (d(Zm(k)s fZnk))s QS Tk Tk))s AT k) Tnry))

k—o00

21 . .

< ¢ (hmsup (T (k)> Tr(k)+1), HMSUP d(Zy(k)+15 T(k)),
k— o0 k—o0
hmsupd(xm(k),xn(k)))
k—o0
22 Gas 2

< (;52(8 €8 e,se) < max{s’€, se};

lim sup @3 (d(Zm(k)s fZmr))s A Zniys fTnk))s ATonhys Tnery)

k—o0

31 . .
< @3 (hm SUP AT (k) T (k)+1)> 1111611 SUp (T (k) Tn(k)+1),
—00

k—o0

lim sup d(, (), xn(k)))
k—o0

Gs3
= ¢3(0,0, s¢€) < se,

Nonlinear Anal. Model. Control, 22(5):719-737
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lim sup @4 (d(@ k) ST k))s A Ty T )s ATonhy s fTmi) )

k—o0

A(Zn()s [Tn(k)))

Ga1 . .
< s (hm SUp d(Ton(k)s Tn(k)+1), MM SUP (T (k) 115 T(k))s
k—o0 k—o0

1 S0 4y 2y 1): 105D sy iy 1) )
k—o0 k—o0

Gaag
< ¢4(s2e, 82670,0) < s%e.

Therefore,

€= max{e, ER } < lim sup M (2, (), Tn(k))
2s k— o0

< max{se, 826, 826, €, 826} = s%.

Similarly, we can show that

< liminf My (k) Tagr)) < 8%
e < limin (T (k)s Trh)) < 87€

Taking the upper limit as £k — oo in (16), we have

€ .
Ai(s%€) = Ay <s4 (2)> <Ay <84 lim sup d(2p, (x)+1, xn(k)+1))

S k—o0

<Ay (Hm sup M (1), %(k))) — Ay (1116H_1>£f My (2 (1), xn(k)))

k—o0

< Ay (s%€) — Ay(e).

This implies that A3(e) = 0 and then ¢ = 0, which is a contradiction. Therefore, {z,,} is
a b-Cauchy sequence.

By b-completeness of the b-metric space (X, d) there exists z € X such that z;,, — =
as n — o0o. By b-continuity of f we get z,11 = fx, — fz asn — oo, and since the
limit of a sequence is unique, we deduce that fz = z. This shows that Fix(f) # (0. O

Now we present a result that does not use continuity of the given mapping.

Theorem 2. Let (X, d) be a b-complete b-metric space with coefficient s > 1, let Ay, A :
Ry — R be two altering distance functions, andlet v : X x X - Ry and f : X - X
be given mappings. Suppose that the following conditions hold:

(Sl) f € As(Xa Q, /11, AQ) N WPS(Xv a);
(S2) there exists xg € X such that o(zg, fxo) = s;
(S3) « has a transitive property of type S

(S:) (X, d) is ag-regular, that is, if {x,} is a sequence in X such that oz, pi1) =8
foralln € Nand x,, — x € X asn — oo, then a(x,,x) > sforalln € N.

Then Fix(f) # 0.
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Proof. As in the proof of Theorem 1, we obtain a b-Cauchy sequence {x,, } in the b-com-
plete b-metric space (X, d) satisfying «(x,,, x,+1) = s for all n € N. Hence, there exists
x € X such that

lim d(x,,z) =0. 17

n—oo

By the «g-regularity of X we have a(z,,z) > s for all n € N. It follows from f €
AS(X, o, Al, /12) that

Ay (s*d(fn, f2)) < Ay (Mo(z, 2)) = Ag(Mi(20, 7)), (18)

where

M(zp, ) = 111&)({6[(337”53)7 d(xp, fxy), d(z, fx), ( (xn,fm)7d(fmn,x)),

¢2(d(xn,f$) d(fn, )ad(xnv'r))
¢3(d(zn, frn),d(z, fz),d(zy, T)),
¢4(d(xn7fx)7 (fl'n, ),d(ftn,f 7?) d(:l?,fl'))}

Taking the upper limit as n — oo in (18) and using Lemma 1, we get

A (d(z, f2)) < Ay (sd(x, fa)) = 1( L (x,fx))

s*limsup d(xp41, fa:))

(st
(

lim sup M, (d(zy,, z ))) — A <lim inf M, (d(xmx))>

Al(dx fx) ( (z, fx))

which implies that Ay (d(z, fx)) = 0. It follows that d(z, fz) = 0, equivalently, fz = x
and thus Fix(f) # 0. This completes the proof. O

<A

<A

The following example will demonstrate the use of our results.
Example 2. Let X =R, andd : X x X — R, be defined by
d(z,y) = (z — y)*
for all z,y € X. Then (X,d) is a b-complete b-metric space with coefficient s = 2.
Define mappings f : X — X and a : X x X — [0, 00) by
0, x €10,1),
fx=¢0.15, x =1, and «a(z,y) = {

In(3xz — 1) otherwise

2, 0<y<e<l,

1  otherwise.

Let A1, 42 e Ry — Ry and ¢; € G;, i € {1,2, 3,4}, be the functions given by

forallt € Ry,

Nonlinear Anal. Model. Control, 22(5):719-737
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d)l (Qa T) = max{r, 1 tr }a ¢2(q7 T, t) = <

4 1+t
1+qg+r
t) = t t = —
¢3(q,7’, ) rnax{q,r, }a ¢4(Q7 r, 7u) 1+t+u

for all ¢, 7, t,u > 0. We have to prove that f € A (X, a, A1, A3).

Let 2,y € X be such that a(z,y) > s = 2. Then 0 < y < x < 1, and relation (1) is
nontrivial only when = 1 and y € [0, 1). In this case, d(fz, fy) = d(0.15,0) = 0.0225
and

14 (0.15 —y)?
Ms(xay) = max{(l - y)Q, 0-8527 y2amax{(0'15 - y)Qa —i_(4y)}a

(y — 0.15)2 5 o 9y 1+ 1+ (0.15 — y)? 5
L A 0.85 1-— 0.85
1+(1—y)2’max{ v (=) 1+ 0.852 + 42

> 0.7225.

Hence,

3
Ay (s*d(fx, fy)) = 2(16 +0.15%) = 0.54 < 0.541875 = 707225

< M (M(@,y)) — A2 (Mi(x,y)).

This implies that (1) holds and thus f € A (X, o, A1, Ag).

It is easy to see that f € WP,(X, ). Indeed, if x € X is such that o(z, fz) > 2,
then z € [0,1]. But then 0 < ffz < fz < 1 and hence a(fx, ffx) > 2.

Also, we can easily see that (X, d) is as-regular, and there is g = 1 such that
a(zo, frg) = «(1,0.15) = 2.

Therefore, all the conditions of Theorem 2 are satisfied. Then we can conclude that
Fix(f) # 0 (indeed, 0 € Fix(f)).

Observe that, for =,y > 1, condition (1) might not hold; hence, using of the func-
tion a, is necessary.

Finally, we use Remark 1 to establish the following results for the class P, (X, «).

Corollary 1. Let (X, d) be a b-complete b-metric space with coefficient s > 1, let Ay, A :
R4 — Ry be altering distance functions, and let o« : X x X - Ry and f : X — X be
given mappings. Suppose that the following conditions hold:

(S1) [ € A(X,a, Ay, A2) N Po(X, a);
(S2) there exists xg € X such that oz, fxo) > s;

(S3) « has a transitive property of type S
(S4) f is b-continuous.

Then Fix(f) # 0.

Corollary 2. Let (X, d) be a b-complete b-metric space with coefficient s > 1, let Ay, Ay :
R4 — Ry be two altering distance functions, andlet o : X x X - Ryand f : X - X
be given mappings. Suppose that the following conditions hold:
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(S1) f € AyX,q, Ay, A) NP(X, a);

(S2) there exists xog € X such that o(xg, fzg) = s;
(S3) « has a transitive property type S,

(éZ) (X,d) is as-regular.

Then Fix(f) # 0.

4 Existence theorems for functional equations arising in dynamic
programming

The existence, uniqueness, and iterative approximations of solutions for several classes of
functional equations arising in dynamic programming were studied by a lot of researchers.
The basic form of the functional equation of dynamic programming is given by Bellman
and Lee [6]. Thereafter a lot of work has been done in this direction, and existence
and uniqueness results have been obtained for solutions and common solutions of some
functional equations, as well as systems of functional equations in dynamic programming
with the use of fixed point results. For details, see, e.g., [4, 10, 11] and the references
therein.

We will apply our results to the following dynamic programming problem.

Let X = B(W) be the set of all bounded real-valued functions on a nonempty set V.
According to the pointwise addition of functions, multiplication by scalar, and with the
norm ||-|| given by

lulloe = sup |u(z)|
zeW
for all u € X, we have that (X, ||-||«) is @ Banach space and the respective convergence
is uniform. The respective distance will be denoted by d... If we consider a Cauchy
sequence {uy } in X, then it converges uniformly to a function, say h*, which is bounded,
e, u* € X.
Moreover, we can define a b-metric dj by

db(u, ’U) = [doo (u7 v)]p

for all u,v € B(W) and some p > 1. Since (B(W), dw) is complete, we deduce that
(B(W), dy) is a b-complete b-metric space with s = 2P~1.

In this section, we study the existence of a solution of the following functional equa-
tion arising in dynamic programming:

q(z) = sgg{g(aﬁ,y) +G(z,y,q(r(z,y))}, zeW, (19)

for the given functions g : W X D - R,G: W x D xR —-Rand7: W x D —- W,
where D is a so-called decision space. Consider the operator f : X — X given by

fu(z) = Sgg{g(ay) + G(z,y,u(r(z,y)))} (20)
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foru € X, x € W, this mapping is well defined if the functions g and G are bounded.
Also, forsome p > 1,s =2P"1and ¢; € G;, i € {1,2, 3,4}, denote

u(@) = fu@)|”, Jo(z) = fo(@)]",

p

M, (u(z),v(x)) = max{|u(z) — v(z)

61 (|u(z) = fo(@)|”, | fu(z) — v(@)]"),
6o ([u(z) — fu(@)|”, | fu(@) — v(@)|", |u(z) — v(2)]"),
¢3(|u(z) = fu(@)], |v(@) = fo@)]", |u(z) — v(@)["),
¢a(|u(z) = fo@)|", | ful@) — o),

u(@) = fu(@)[", [v(@) = fo(@)|")}

forall u,v € X, x € W and
M, (u,0) = sup M, (u(x), v(x)).
xeW
Theorem 3. Let f : X — X be given by (20). Suppose that the following hypotheses
hold:

(D1) g: W xD — Rand G(-,-,0) : W x D — R are bounded functions;
(D3) there exists ug € X such that

forallz € W;
(D3) there exists A > 0 such that, forallx € W,y € Dandt,r € R,

|G(!E,y,t) - G({E7y77")| < )‘|t - 7";
(Dy) the function G is non-decreasing in the third variable and satisfies

|G(x,y,u(cc)) - G(x,y,v(z))|p < %Mg (u(z),v(w))

for somep > landallz € W,y € D, u,v € &.
Then the functional equation (19) has a bounded solution.

Proof. First of all, we prove that fu is a bounded function on W, that is, fu € & and the
operator f is well defined. Indeed, let u € X be arbitrary. As u is bounded, there exists
A1 > 0 such that

‘u(az)’ <\

for all x € W. By hypothesis (D) there exist A2, A3 > 0 such that, for all z € W and all
y e D,
|G(2,y,0)| < X2 and g(z,y) < As.
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Now by hypothesis (D3), forallz € W and ally € D,
|9(z,y) + G (2, y,u(r(,9)))]
< gz, y)| + |G (2,9, u(r(z,y)))]
|9z, y)| + |G (2,5, u(r(x,9))) — G(z,y,0)| + |G(z,y,0)|
A3+ )\|u(7'(:17,y)| + A2 < Az + AN + Ao

—~~

r
< T
<

As aresult, for all x € W, we have that

This implies that fu is a bounded function on W, that is, the operator f is well defined.
Define a function a : X x X — [0, 00) by

21

{s ifu(z) <wv(z) forallz € W,
a(u,v) =

n otherwise,

where s = 2P~ and n) € (0, 5). It is easy to see that « has a transitive property. It follows
from (D) that f € Ps(X,«) and so f € WP, (X,a). From (D) and (21) we get that
a(ug, fug) > s for some uy € X. To prove condition (S4) in Theorem 2, let {u,, } be an
increasing sequence in X’; then by (21), a(up, upy1) = sforalln € N. If u,, > u € X
as n — oo, then we get in a standard way that u, (z) < u(z) for any € W. Therefore,
by (21), a(up, u) = s for all n € N. Thus, condition (S4) holds.

Next, we show that f € A;(X, a, Ay, Az). Let u,v € X be such that a(u,v) > s,
that is, u(x) < v(z) for all x € W then from (D4) we have

| fu(z) — fo(z)]” = ’ Sgg{g(w‘,y) + G (z,y,u(r(z,y)))}

- Slelg{g(xvy) + G($>yvv(7—($7y)))}‘p
< s |6 (e,0,u(r(0.0)) - Gl )

1
< WM(U(%), v(z))

implying that
stdy(fu, fv) = s zsg‘% |fu(x) — fv(as)|p < ng(u,v).
Now consider control functions Ay, A3 : Ry — R, given as
At)=t, A(t) = %t, teRy.

Notice that the last inequality does not depend on x € W, and therefore we obtain

Ay (s*dp(fu, fo)) < A (Mg(u,0)) — Ao (Mg(u,v)), u,v € B(W).
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Thus, all the conditions of Theorem 2 are fulfilled, and there exists a fixed point of f,
i.e., a bounded solution ©v* € X such that fu* = u*. In other words, for all z € W,

ut(z) = fu'(z) = Slelg{g(:c, y) + Gz, y,u* (T(z,9))) }-

This completes the proof. O
We state the following consequence of Theorem 3.

Corollary 3. Suppose the following assumptions:

(Dy1) g: W x D — Rand G(-,-,0) : W x D — R are bounded functions;
(Ds) there exists ug € X such that

UO(:E) < Sup{g(x,y) + G(‘Ta y,UO(’T(fE, y)))}

yeD
forallz € W,
(13;) the function G : W x D x R — R is non-decreasing in the third variable and
satisfies

922/p
|G({L‘7y,t) - G(ﬂ?,y,?”)| < T6|t - T|

for somep > landallz € W,y € Dandt,r € R.
Then the functional equation (19) has a solution u* € B(W).

Proof. We will verify the conditions of Theorem 3. If we take A\ = 22/ /16 > 0, then we
have (D3) of Theorem 3. Moreover, forall x € W, all y € D and all u,v € B(W),

lu(z) — v(x)| < sup ’u(x) - v(x)’ = doo(u,v).
zeW

Then
G (o 3.u(w)) = Gl ()| < 2 fule) = (o)
implies that
|G (2, y,u(x)) — G(z,y,v(x))|"
< gralul@) — @I < grgds(uv) < g Ma(u,v),

wherefrom condition (D4) of Theorem 3 follows. Hence, Theorem 3 guarantees that
functional equation (19) has a solution u* € B(W). O

Example 3. (Modified according to [4, Ex. 22], adapted for the use in b-metric spaces.)
Consider the functional equation

1 1 x
u(x) = sup{ arctan(z + 2 Jrln(1+x++‘u<>D} (22)
) ye%{ S L+lyl - 8] \1+z+]yl
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for x € [0, 1]. On comparing equation (22) with equation (19), we see that we have taken
W =10,1, D =R, g : [0,1] x R — R is defined by g(x,y) = arctan(z + 2|y|),
7:[0,1] x R — Ris defined by 7(z,y) = z/(1+x +|y|), G: [0,1]] x Rx R — R is
defined by G(z,y,t) = In(1 + = + 1/|y| + [t]/8).

After calculations, we have |g(z,y)| < 7/2and G(z,y,0) = In(1+z+1/(1+]y|)) <
In3 for all z € [0,1] and all y € R. Hence, assumption (D7) of Corollary 3 is satisfied.
Assumption (Ds) is satisfied for ug(x) = 1.

Moreover, for all € [0,1] and all y, t,r € R with |¢| > |r|, it follows that

+1|t\ —In(l4+2+ +1|r|
8 1+]y "8

vl
’ Ltz + o + g+ (1t - |r|)>’
= |ln
Ltz + i + 5l L+ + o + 5l

1 t| — 1
- 1n(1+ il )’g ln(1+(|t—|r|)>’
81+$+m+§|7"| 8

- 1n(1+ é(m — |7~|))‘ = ln(1+ %Htl - |r|>

<1 1—|—1|t | <1|t |
x In Sit—r X git—r,
8 8

’G($7y7t) - G(,’E,y,?‘)|

= ln<1—|—x+
1+ |yl

L+ + 3 + gl

=|In

which is assumption (]5;) of Corollary 3 for p = 2. Therefore, functional equation (22)
has a solution u* € B([0, 1]).

Example 4. Let W = [1,00], D = R... Consider the functional equation

1 1 22/3 )
u(x) = zlelg {1 + P + ey + 15 sin (u(2z y))} (23)
for € W. On comparing equation (23) with equation (19), we see that we have g :
[1,00] x Ry — Ry defined by g(z,y) = 1+ 1/(z + 2y°), 7 : [L,00] x Ry — Ry
defined by 7(z,y) = z/(1 + =z + |y|), and G : [1,00] x Ry x Ry — R, defined by
G(z,y,t) =1/(1+ 2% +9?) + 2%/3 /16 sin .

After calculations, we have |g(z, y)| < 4/3 and G(z,y,0) = 1/(1+ 2% +y?) < 1/2
for all z € [1,00] and all y € R, . Hence, assumption (D7) of Corollary 3 is satisfied.
Assumption (D5) is satisfied for ug(x) = 1.

Moreover, for all € [1,00] and all y, ¢, € R with |t| > |r], it follows that

22/3 2/3

2
|G(2,y,t) — G(z,y,7)| < 1—6|sint —sinr| < Wlt_ T,

which is assumption (ﬁ;) of Corollary 3 for p = 3. Therefore, functional equation (22)
has a solution u* € B([1, 00]).
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5 Conclusion

Condition (1) considered in this paper is a generalized weakly contraction condition that
includes several types of conditions based on various forms of control functions, and the
obtained fixed point results include several results known thus far. In particular, it is shown
that the term (d(z, fy) + d(fx,y))/(2s) usually appearing in contraction conditions can
be replaced by a more general term ¢ (d(z, fy), d(fz,y))

Also, our results extend Alber and Guerre-Delabriere [3], Rhoades [12] and Agarwal
et al. [1] fixed point results from metric to the setup of b-metric spaces. Furthermore, as
it has been observed in some studies, fixed point results in b-metric spaces endowed with
partial order, graph, binary relation or cyclic mappings can be derived from results under
some suitable (weak) a-admissible conditions of type .S. We have applied our results to
get existence of solution for functional equations arising in dynamic programming.

Acknowledgment. The authors are indebted to the Deputy-Editor-in-Chief, Professor
Romas Baronas and the referee for careful reading and suggestions that helped us to
improve the text.
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