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Discrete uniform limit law for additive functions
on shifted primes
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Abstract. The sufficient and necessary conditions for a weak convergence of distributions of a set
of strongly additive functions f, z > 2, the arguments of which run through shifted primes, to the
discrete uniform law are obtained. The case when f5(p) € {0, 1} for every prime p is considered.
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1 Introduction

Let f,, x > 2, be a set of strongly additive functions such that f,(p) € {0,1} for
all primes p and all x > 2. It follows from the strong additivity that for every positive

integer n
pln pln
fz(p)=1

The problem of a weak convergence of distributions

ux(ngx, fz(n) <u) = é Z 1 asz — oo
n<
fe(n)<u

is of key importance in probabilistic number theory. There are interesting general condi-
tions of convergence, classes of possible limit distributions, conditions of convergence to
particular distributions. A detailed account of particular and general results you can find
in the monographs [1,2,5].
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In the articles [7, 8, 9], the case of the Poisson distribution as a limit law was consid-
ered. It was shown there that the Poisson law can occur as a limit one for the distributions:

Vm(p< z, fm(p+ 1) < u)’
ve(n <z, fo(n) +gz2(n+1) <u),
ve(p<a, folp+ 1)+ g2(p+2) <u).

The Bernoulli, geometrical, binomial, discrete uniform distributions as limit ones for v,
(fz(n) < w) were investigated in [10, 11, 12]. Several results (general enough) can be
found in [1,4, 13, 14].

In this work, we consider the weak convergence of distribution functions

V@.(fﬁ(p—i— 1) < u) = Vx(p <z, f.(p+1) < u)

1
= @#{pgw: fo(p+1) <wu, pprime} (1)
to the discrete uniform law
1
UwL)= Y 4 ©)
k=0,1,...,L—1
k<u

where the parameter L € N, L > 2. Similarly as in [9], we use in the proofs the method
of factorial moments and we have to restrict the behaviour of additive functions on large
primes (see condition (H)). But the authors think that this condition is not necessary for
the weak convergence to the discrete uniform distribution. Maybe, the problem could be
solved applying the Kubilius model of probability spaces [1,2,5]. But the large primes
have to be overcome there as well.

Throughout the paper, we keep the following notation. The values of p, p1,ps,...
mean prime numbers; c is an absolute positive constant not always the same. By the
symbol () we denote values vanishing as © — co. The notation a < b is equivalent
to the inequality |a| < ¢b. If the constant ¢, the constant included in <, or the vanishing
function £(z) depend on a parameter a, we write ¢,, <, €4 (). The notation Fy(u) =
F(u) means that the distribution functions F, (u) converge weakly to the distribution
function F(u) as # — oo. The superscript * at the signs of sum or maximum, ",
max*, means that the summation or maximum is expanded over the primes p for which
f=(p) = 1. The other notation is generally accepted or is later discussed in the text.

2  Main result and auxiliary lemmas

Theorem 1. Let f,, x > 2, be a set of strongly additive functions. Assume that f,(p) €
{0, 1} for all prime numbers p and

. * 1
lim loga > —=0 (H)

Y <p<Lx

http://www.mii.lt/NA



Uniform law for additive functions 439

for all v € (0,1). The distributions v,(f.(p + 1) < u) converge weakly to the limit
discrete uniform law U(u, L) as x — oo if and only if L = 2 and

LE@)=1  lm Y=o G)

3<p<z

The proof of this main theorem is based on the following three lemmas on the limit
behaviour of factorial moments of the distribution v, (f(p + 1) < u).

Lemma 1. Let f,, x > 2, be a set of strongly additive functions such that f,(p) € {0,1}
Sor all primes p. If distributions (1) converge weakly to some distribution function F(u)
with a jump at the point u = 0 as x — oo, then the quantities

Bl x) = ﬁfo(pH)(fx(pH)—1)~-~(fx(p+ 1) —1+1),

psT

l=1,2,..., have finite limits

)

lim B(l,z) = g, @

T—> 00

where g is the lth factorial moment of the limit law.

Lemma 2. (See [9, Lemma 2].) If a set of strongly additive functions f, satisfies the
conditions of Theorem 1 and

* 1

Yo« )

pP<ZT p
then

* 1
Blay= 3 + ),
P1:P2;--PIST (pl - 1)(p2 B 1) o (pl B 1)
PiFPj, i#]

(=12

g Ly oo

According to this statement and equality (4) in the case of convergence of
v (fo(p + 1) < u), we have that

*
1
lim Z _ ©
xﬁoopl,pzpu,pzéz (pl o 1)(]?2 - 1) T (pl - 1)
DiFEPj, 1#£]

foreachl € {1,2,...}.

Lemma 3. Let f,, © > 2, be a set of strongly additive functions such that f.(p) €
{0, 1} for all primes p and condition (H) hold. If distributions (1) converge weakly to the
distribution F¢ of the random variable & with a finite support {0,1,..., L — 1}, L > 2,
then there exists some constant D > 2 such that

limsup #{p < D: fo(p) =1} <L -1, ()

Nonlinear Anal. Model. Control, 21(4):437-447
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im > 1o, (8)

wﬁooD<p§x1/L p
x 1
lim ) = a, ©)
T e i< (pr =Dz =D (= 1)
PiF#Dj, 1T

l=12,...,L—1.
Moreover, the characteristic function of the limit distribution F is equal to

From Theorem 1 we get the following example.

Example 1. Let
1 ifp=3,
fo(p) =<1 ifz® <p< e,

0 otherwise,

where €, > 0 and €, logxz — 0 as x — oco. Then

Vo (fa(p+1) <u) =U(u,2) asz — oo.

3 Proofs of lemmas

Proof of Lemma 1. Suppose that distribution functions (1) converge weakly to the limit
distribution F'(u) with the jump at the point u = 0. From the weak convergence we have
that

Jim v, (fo(p+1) = 0) = F(0+) = F(0) > c.

Using this estimate, it is proved in [9] (see inequality (10)) that
B(l,x) <1, 1>1. (10)

According to this,

1 ! k(k—1)--(k—1—1)
@ 2 Trm X MDD

pP<T p<z
fo(pr D)=k fo o) =k
1
< l+2,
RhoD oo 2
1
<

k(k—1)---(k—1—1)
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for every k > | + 2. Therefore,

1
h(k—1)-(k—1—1)

F(k+) = F(k) = lim vy (fa(p+1) = k) <

forevery k > 1 + 2.
Let us fix [ € N and choose K > [ 4 2. Using estimate (10), analogously as in [9],
we get

B(l, )
:%x) Z Lo+ D) (folp+1)=1) - (fulp+1) —1+1)
1<fz€p<f1)<K
1 f:r(p"‘l)_l
o p% fa:(P+1)(fg;(p+1)—1)--~(fz(p+1)—l+1)m
fe(p+1)>K
& 1 BU+1,2)
_;k(k—l)...(k—l+l)m z; 1+0<K_l>
fo(p+1)=k
= 1
= S b= 1) (b= 4 D(F(R) = ) +ema(o) + O 1)

b
Il
-~

S k(k—1)--.(k—z+1)(F(k+)—F(k))+5K,l(x)+ol(1_)

K—1
k=K+1
=g +erxi(r) + 0 i ! +0 .
TR TERIE T E—0)k—1-1) K
k=K-+1

1
=g +eki(x)+ 0 <K>

Taking the limit in the last equality as z tends to infinity and then as K tends to infinity,
we obtain relation (4). Lemma 1 is proved. O

Proof of Lemma 3. The proof of the lemma almost coincides with the proof of the neces-
sity part of Corollary 4 from [6]. From the conditions of the lemma we have that there is
some k € {0,1,...,L — 1} such that

xl;ngo Vo (fo(lp+1) =k) = Fe(k+) — Fe(k) > c.

Thus, from the inequality (see [3])

5 -1/2
ve(folp+1) =k) < (4+ > ;) (11
Pz

it follows inequality (5).

Nonlinear Anal. Model. Control, 21(4):437-447
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Now according to Lemma 2, equality (6) holds. Let d > 2 be a temporarily fixed
positive integer. If z/d%~! > d, we have from equality (6) that

* 1

gr, > limsup Z .

T p1p2,pr<d (p1—=D(p2—1)---(pr — 1)
pl#pwl;‘é]

Assuming that

hmsup#{p d: f(p 7&0}

T—00

we get a contradiction to the condition gy, = 0. Thus,
hmsup#{p d: fz(p #0}

for each fixed positive integer d.
Put

ad_hmsup#{p d: f.(p 750}

T—00
The sequence aq (d > 2) is integer-valued, non-decreasing, and bounded. Thus, there
exists a positive integer D > 2 such that

hmsup#{p D: f.(p %O}fad

ford > D. Since aq < L — 1 for all positive integers d, we obtain condition (7).
On the other hand, from the reasoning above it follows that

lim f,(p)=0
Tr—r00
for each fixed prime p > D. Consequently, we obtain that

gclggo DIE?’QZ ;1) =0
Since for every pair,j, 1 <¢ < j < L,
* 1
Z i (pL—1)

(p1—1)
D<py,...pp <z
Pi=pj

1 . 1 L—-1
< T —
DH<12}<(xp—1<Z p—1> =0 (z=00),

p<T

equality (6) shows that

L
* 1

gr, = limsup ( E 1) .
p—

N
e D<p<Lzl/L

Thus, the condition g7, = 0 implies (8). The last condition (9) of the lemma now follows
from (6), equality (8), and condition (H). Lemma 3 is proved. O
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4 Proof of Theorem 1
Necessity. Suppose that
ve(folp+1) <u) =U(u,L) asz — oo (12)

with parameter L > 2. From Lemma 1 we obtain that

. (L-1)!
1 )=
Jm_ (=, 1) L—1-0)I(+1)
forl =1,2,..., L—1. The values of g; are the factorial moments of the limit distribution.

In the case of the uniform distribution, we get that

L1 (L-1)(L-2)
n=—5—  G=—

(L -1)(E-2)---(L—k)
Ik = k+1 ’

9 =0, k=L, L+1,....

k=3,4,...,L—1,

From (12) we have that

Jim v (Folp 1) = 0) = U0+, L) ~U(0,1) = 7 >0

Thus, inequality (5) follows from inequality (11) with k& = 0. We apply now Lemma 2.
The values of g; are the factorial moments of the limit distribution. It is clear that

9 < Ji—kJk

foralll =2,3,... andall k =1,2,...,] — 1. In the particular case,

92 < g3

Therefore,

3 2

which implies L < 5. Further, we examine separately the cases L = 2, 3,4, 5.
Let L = 2. In this case,

(L—1)(L-2) . (L— 1)27

1

gl:i’ 92:‘93:--~:O.

Using Lemma 3, we have that, for some D > 2,

limsup#{p < D: fo(p) =1} =r <1,
r—r 00
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o 3 D<o

D<p<gal/? P

| 1
lim —_ = . (13)
T— 00 p— 1 2
p<D
If k = 1, then we obtain from relations above and condition (H) that there is only one

case

fa:(g) =1

Jm 3 0-0

3<p<Lz p

for large x and

If Kk = 0, then f,(p) = 0 for every fixed p and sufficiently large x. In this case,
equality (13) cannot be satisfied. It follows that the case x = 0 cannot occur.
Let L = 3. Then

2
91:1’ 92:5’ 93:94:...:0'

According to Lemma 3, we have that, for some fixed D > 2, the following conditions
hold:

limsup#{p < D: fi(p) = 1} =k <2
T—00

fm 3o

D<p<zl/3 p

* 1

lim — =1, (14)
T—00 p—1
p<D
* 1 2
lim Z _— = —. (15)
e 2t (oD 1) 3
P17#D2

First, we suppose that x = 2. From (14) and condition (H) we have that

fz(pl) = fa:(pQ) =1
for large x and
1 n 1
p—1 p2—1
for some fixed primes p; < p». Since the last equality is impossible for any pair of

different primes p1, p2, then the case x = 2 cannot occur.
From equality (15) it follows that the cases x = 1, x = 0 cannot occur as well.

1
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Let L = 4. Then

3 3
— :2 — = :~-~:0,
g1 9’ g2 s gs 9’ 94 g5

According to Lemma 3, there exists some constant D > 2 for which

hmsup#{p D: f.(p —1}—,% 3, (16)

. * 1
Jm 3 D=0
D<p<zl/4
* 1 3
li —_— == 17
im 5 17)

T—00 —1 B
p<p P

lim — =2,
T—00 Z (p1—1) pz*l)

p1,p2<D
P17#D2
lim Z _3 as)
m_moplwpmpzzéD (pl - 1)(p2 - ]‘)(pd - 1) 2
PiFEDj, 1F£]

It follows from (18) that x cannot be 0, 1, and 2.
Suppose x = 3. Then equalities (16) and (17) imply that there exist fixed primes

p1 < pa < p3 for which f.(p1) = fz(p2) = fz(p3) = 1 for large x and
1 1 1 3

+ + = —. (19)

p1—1 pa—1 p3—1 2

But there are no primes satisfying equality (19). So, the case x = 3 is impossible as well.
Let L = 5. Then

g1 =2, g2 = 4, g3 = 6, g4 =

According to Lemma 3, there exists some D > 2 for which

limsup #{p < D: fo(p) =1} = r <4,

. 1
D =0
D<p<Lzl/s
. 1
lim — =2 20)

= )
T—00 —1
p<p P

* 1
TR D — ——
zﬁoophpzSD (pl B 1)(p2 B 1)
P17P2

Nonlinear Anal. Model. Control, 21(4):437-447



446 G. Stepanauskas, L. Zvinyté

. * 1 —
LD D e T[T

P1,p2,p3<D
PiFPj, i#£]
* 1 24
lim Z ==, 1)
IHOOP17P27P3,P4SD (pl B 1)(;02 B 1)(273 B 1)(]74 B 1) o
PiFEDj, 1]

It follows from equality (21) that x cannot be equal to 0, 1, 2, and 3.
Suppose x = 4. Then from (20) we deduce that there exist primes p; < ps < p3 < p4

such that f,.(p1) = fo(p2) = fz(ps) = fz(ps) = 1 for large = and
1 1 1 1

+ + + =2
p1—1 p2—1 p3—1 ps—1

But
1 + ! + 1 + L 1+ + + < 2.
pr—1 pa—1 p3—1 4*1 2 4 6

So, the case x = 4 is impossible as well.

Sufficiency. Assume that conditions (3) of the theorem together with additional condi-
tion (H) are satisfied. Estimate (5) follows from condition (3). Now using Lemma 2, we
obtain that

lim B(l,z) = lim Z* L =0

FTroo IHOOPI;FQ» SPIST (= 1)(p2 = 1)+ (p = 1)
PiFDpj, 17
if { > 1and
lim B(1,z) = =
XT—r00

Put 1
it f (p+1)
(@) Z ¢

forx > 2 and t € R. Since
|m~ 1_7,( 1)|<7’(7’*1)|eit_1}2

for all » € {0}UN, we have
Yo (t) =14 B(L,2)(e" — 1) + O(B(2,2)).

Taking the limit in the last equality, we conclude that

lim v, (t) = %(eit +1).

r—00

But this is the characteristic function of the uniform distribution ¢ (u, 2).
So, the sufficiency of the theorem follows. Theorem 1 is now proved.
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