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Abstract. We prove fixed point theorems for F -contractions of Hardy–Rogers type involving self-
mappings defined on metric spaces and ordered metric spaces. An example and an application to
multistage decision processes are given to show the usability of the obtained theorems.
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1 Introduction

The study of sufficient and necessary conditions, to establishing the existence and unique-
ness of fixed points for self-mappings defined in abstract spaces, is an inexhaustible
research field for many researchers in mathematics and applied sciences. The key aspect
of this success is the generic fixed point problem x = Tx, where T : X → X is a self-
mapping of a space X . It is well known that a wide variety of mathematical and practical
problems can be solved by reducing them to an equivalent fixed point problem. In fact, by
introducing suitable operators, it is possible to solve an equilibrium problem by searching
the fixed points of such operators. Moreover, the solutions of differential equations can be
obtained in terms of fixed points of integro-differential operators; also the above solutions
sets can be characterized by a stability analysis of fixed points sets. These facts are
sufficient motivations to increase the interest of mathematicians to establishing extensions
and generalizations of the celebrated Banach fixed point theorem [4], which is universally
recognized as the fundamental result of metric fixed point theory, see also [20,21]. In this
paper, we continue this study by stating existence and uniqueness fixed point theorems
for a self-mapping, in the setting of complete metric spaces and complete ordered metric
spaces. More precisely, we work with Hardy–Rogers-type conditions, which represent
one of the most interesting generalizations of Banach fixed point theorem; but we com-
bine the original idea of Hardy and Rogers [8] with the recent concept of F -contraction
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provided by Wardowski [27]. In so doing, we present a weaker contractive condition with
an unifying power over many contractive conditions existing in the literature. An example
and an application to multistage decision processes are given to show the usability of the
obtained theorems.

2 Preliminaries

The aim of this section is to present some notions and results used in the paper, according
to Wardowski [27]; see also [2, 3, 10, 11, 17, 24, 26]. We denote by R the set of all real
numbers, by R+ the set of all positive real numbers and by N the set of all positive
integers.

Definition 1. Let F : R+ → R be a function satisfying:

(F1) F is non-decreasing;
(F2) for each sequence {αn} ⊂ R+ of positive numbers, limn→+∞ αn = 0 if and

only if limn→+∞ F (αn) = −∞;
(F3) there exists k ∈ (0, 1) such that limα→0+ α

kF (α) = 0.

We denote with F the family of all functions F that satisfy conditions (F1)–(F3) and with
F the family of all functions F that satisfy conditions (F1), (F2). Also we consider the
family S of functions τ : R+ → R+ with the following property:

(H) lim inft→s+ τ(t) > 0 for all s > 0.

Definition 2. (See [27].) Let (X, d) be a metric space. A self-mapping T on X is called
an F -contraction if there exist F ∈ F and σ ∈ R+ such that

σ + F
(
d(Tx, Ty)

)
6 F

(
d(x, y)

)
(1)

for all x, y ∈ X with Tx 6= Ty.

By using contractive condition (1) with F ∈ F and σ ∈ R+, Wardowski established
a unique fixed point result, which generalizes the Banach fixed point theorem [4]. Here
we obtain some extensions of Wardowski’s result by using more general contractive
conditions with F ∈ F and τ ∈ S.

Definition 3. Let (X, d) be a metric space. A self-mapping T on X is called an F -
contraction of Hardy–Rogers type if there exist F ∈ F and τ ∈ S such that

τ
(
d(x, y)

)
+ F

(
d(Tx, Ty)

)
6 F

(
αd(x, y) + βd(x, Tx) + γd(y, Ty) + δd(x, Ty) + Ld(y, Tx)

)
(2)

for all x, y ∈ X with Tx 6= Ty, where α, β, γ, δ, L ∈ [0,+∞[, α + β + γ + 2δ = 1,
γ 6= 1 and α+ δ + L 6 1.

Moreover, T is said an F -contraction of Suzuki–Hardy–Rogers type if (2) holds for
all x, y ∈ X with Tx 6= Ty and d(x, Tx)/2 < d(x, y), see also [8, 25].
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If we choose the function F opportunely, then we obtain some classes of contractions
known in the literature; see the following example.

Example 1. Let (X, d) be a metric space and T : X → X an F -contraction of Hardy–
Rogers type. Assume that T satisfies (2) with β = γ = δ = L = 0 and F : R+ → R
given by F (x) = lnx. It is clear that F satisfies (F1), (F2). From

τ
(
d(x, y)

)
+ F

(
d(Tx, Ty)

)
6 F

(
d(x, y)

)
for all x, y ∈ X, Tx 6= Ty,

we obtain
d(Tx, Ty) 6 e−τ(d(x,y))d(x, y) for all x, y ∈ X, Tx 6= Ty.

Since the inequality holds also if Tx = Ty, we deduce that every contraction is an F -
contraction of Hardy–Rogers type.

Remark 1. From (F1) and (2) we deduce that every T , which is an F -contraction of
Hardy–Rogers type, satisfies the following condition:

d(Tx, Ty) < αd(x, y) + βd(x, Tx) + γd(y, Ty) + δd(x, Ty) + Ld(y, Tx) (3)

for all x, y ∈ X with Tx 6= Ty, where α, β, γ, δ, L ∈ [0,+∞[, α + β + γ + 2δ = 1,
γ 6= 1 and α+ δ + L 6 1.

Remark 2. The function F : R+ → R defined by F (t) = −1/t for all t satisfies
conditions (F1) and (F2), but it does not satisfy condition (F3) and hence F ∈ F, but
F /∈ F .

3 New fixed point theorems in complete metric spaces

We give some fixed point results for F -contractions of Hardy–Rogers type in the setting
of complete metric spaces. We start with the following proposition.

Proposition 1. Let (X, d) be a complete metric space and let T be a self-mapping on X .
Assume that there exist F ∈ F and τ ∈ S such that

τ
(
d(x, Tx)

)
+ F

(
d
(
Tx, T 2x

))
6 F

(
(α+ β)d(x, Tx) + γd

(
Tx, T 2x

)
+ δd

(
x, T 2x

))
(4)

for all x ∈ X with Tx 6= T 2x, where α, β, γ, δ ∈ [0,+∞[, α + β + γ + 2δ = 1 and
γ 6= 1. Then the sequence {d(Tn−1x0, Tnx0)} is decreasing and d(Tn−1x0, Tnx0)→ 0
as n→ +∞, for all x0 ∈ X .

Proof. Let x0 ∈ X be an arbitrary point. We can assume that x0 6= Tx0 for all x0 ∈ X .
Let {xn} be the Picard sequence with initial point x0, that is, xn = Tnx0 = Txn−1 and
dn = d(xn, xn+1) = d(Tnx0, T

n+1x0) for all n ∈ N ∪ {0}. As xn 6= xn+1 for all
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n ∈ N ∪ {0}, by using the contractive condition (4) with x = xn−1 and y = xn, we get

τ(dn−1) + F (dn) = τ(dn−1) + F
(
d(Txn−1, Txn)

)
6 F

(
(α+ β)dn−1 + γdn + δd(xn−1, Txn)

)
= F

(
(α+ β)dn−1 + γdn + δd(xn−1, xn+1)

)
6 F

(
(α+ β)dn−1 + γdn + δ[dn−1 + dn]

)
= F

(
(α+ β + δ)dn−1 + (γ + δ)dn

)
. (5)

First, we claim that dn < dn−1 for all n ∈ N. Assume that there exists n ∈ N such
that dn > dn−1, then from (5) we get

τ(dn−1) + F (dn) 6 F (dn).

This is a contradiction since τ(dn−1) > 0, and hence

dn < dn−1 for all n ∈ N. (6)

Thus the sequence {dn} is decreasing and hence converges to a real number s > 0.
We show that s = 0. Assume that s > 0, by condition (H) there exists r > 0 and n0 ∈ N
such that τ(dn) > r for all n > n0. Now, from (5) and (6) we deduce

F (dn) 6 F (dn−1)− τ(dn−1) 6 F (dn−1)− r for all n > n0.

This implies
F (dn) 6 F (dn−1)− r 6 · · · 6 F (dn0

)− (n− n0)r for all n > n0

and so limn→+∞ F (dn) = −∞. By the property (F2) we get that dn → 0 as n → +∞,
and this concludes the proof.

Theorem 1. Let (X, d) be a complete metric space, and let T be a self-mapping on X .
Assume that there exist a continuous F ∈ F and τ ∈ S such that T is an F -contraction
of Hardy–Rogers type, that is, (2) holds for all x, y ∈ X with Tx 6= Ty. Then T has
a unique fixed point.

Proof. First, we prove the uniqueness of the fixed point. Assume that z, w ∈ X are fixed
points of T with z 6= w. This means that d(z, w) > 0. Now, if α + δ + L > 0, taking
x = z and y = w in (2), we have

τ
(
d(z, w)) + F (d(z, w)

)
= τ

(
d(z, w)

)
+ F

(
d(Tz, Tw)

)
6 F

(
αd(z, w) + βd(z, Tz) + γd(w, Tw)

+ δd(z, Tw) + Ld(w, Tz)
)

= F
(
(α+ δ + L)d(z, w)

)
,

which is a contradiction since α + δ + L 6 1, and hence z = w. On the other hand, if
α+ δ + L = 0, from (3) we obtain

d(z, w) = d(Tz, Tw) < βd(z, Tz) + γd(w, Tw) = 0,

which is a contradiction, and so z = w.
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Next, note that T satisfies the contractive condition (4) for all x ∈ X such that Tx 6=
T 2x. Let x0 ∈ X be an arbitrary point, and let {xn} be the Picard sequence with initial
point x0. If xn = xn−1 for some n ∈ N, then xn is a fixed point of T and the proof is
complete. Assume that dn = d(xn, xn+1) > 0 for all n ∈ N ∪ {0}. By Proposition 1 the
sequence {dn} is decreasing and dn → 0 as n→ +∞.

Now, we claim that {xn} is a Cauchy sequence. Arguing by contradiction, we assume
that there exist a real number ε > 0 and two sequences {xnk

} and {xmk
} of natural

numbers such that

nk > mk > k, d(xnk
, xmk

) > ε and d(xnk−1, xmk
) < ε for all k ∈ N.

From d(xnk
, xnk−1)→ 0 as k → +∞ and

ε 6 d(xnk
, xmk

) 6 d(xnk
, xnk−1) + d(xnk−1, xmk

) 6 d(xnk
, xnk−1) + ε

we obtain
lim

k→+∞
d(xnk

, xmk
) = ε.

From
ε 6 d(xnk

, xnk+1) + d(xnk+1, xmk+1) + d(xmk+1, xmk
)

as k → +∞ we get
ε 6 lim inf

k→+∞
d(xnk+1, xmk+1).

It follows that there exists h ∈ N such that d(xnk+1, xmk+1) > 0 for all k > h. Then, for
all k > h, we obtain

τ
(
d(xnk

, xmk
)
)
+ F

(
d(Txnk

, Txmk
)
)

6 F
(
αd(xnk

, xmk
) + βd(xnk

, xnk+1) + γd(xmk
, xmk+1)

+ δd(xnk
, xmk+1) + Ld(xmk

, xnk+1)
)

6 F
(
(α+ δ + L)d(xnk

, xmk
) + (β + L)d(xnk

, xnk+1)

+ (γ + δ)d(xmk
, xmk+1)

)
6 F

(
d(xnk

, xmk
) + (β + L)d(xnk

, xnk+1) + (γ + δ)d(xmk
, xmk+1)

)
.

Letting k → +∞ in the previous inequality, by the property (H) of the function τ and the
continuity of the function F we get

F (ε) < lim inf
k→+∞

τ
(
d(xnk

, xmk
)
)
+ F (ε) 6 F (ε),

which is a contradiction, and hence {xn} is a Cauchy sequence. As (X, d) is a complete
metric space, there exists z ∈ X such that xn → z as n → +∞. If z = Tz, the proof is
finished. Assume that z 6= Tz. If Txn = Tz for infinite values of n ∈ N ∪ {0}, then the
sequence {xn} has a subsequence that converges to Tz and the uniqueness of the limit
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implies z = Tz. Then we can assume that Txn 6= Tz for all n ∈ N ∪ {0}. Now, by (3)
we have

d(z, Tz) 6 d(z, xn+1) + d(Txn, T z)

< d(z, xn+1) + αd(xn, z) + βd(xn, Txn) + γd(z, Tz)

+ δd(xn, T z) + Ld(z, Txn)

= d(z, xn+1) + αd(xn, z) + βd(xn, xn+1) + γd(z, Tz)

+ δd(xn, T z) + Ld(z, xn+1).

Letting n→ +∞ in the previous inequality, we get

d(z, Tz) 6 (γ + δ)d(z, Tz) < d(z, Tz),

which is a contradiction, and hence z = Tz.

Remark 3. If in Theorem 1, we assume α+ δ + L 6 h < 1, from

ε 6 lim inf
k→+∞

d(xnk+1, xmk+1)

we obtain that there exists k0 ∈ N such that hε 6 d(xnk+1, xmk+1) for all k > k0. Then,
for all k > k0, we get

τ
(
d(xnk

, xmk
)
)
+ F (hε)

6 τ
(
d(xnk

, xmk
)
)
+ F

(
d(xnk+1, xmk+1)

)
= τ

(
d(xnk

, xmk
)
)
+ F

(
d(Txnk

, Txmk
)
)

6 F
(
αd(xnk

, xmk
) + βd(xnk

, xnk+1) + γd(xmk
, xmk+1)

+ δd(xnk
, xmk+1) + Ld(xmk

, xnk+1)
)

6 F
(
(α+ δ + L)d(xnk

, xmk
) + (β + L)d(xnk

, xnk+1)

+ (γ + δ)d(xmk
, xmk+1)

)
6 F

(
hd(xnk

, xmk
) + (β + L)d(xnk

, xnk+1)

+ (γ + δ)d(xmk
, xmk+1)

)
.

Now, if we assume that F is upper semicontinuous, letting k → +∞, we obtain

lim inf
k→+∞

τ
(
d(xnk

, xmk
)
)
+ F (hε)

6 lim sup
k→+∞

F
(
hd(xnk

, xmk
) + (β + L)d(xnk

, xnk+1)

+ (γ + δ)d(xmk
, xmk+1)

)
6 F (hε),

which is a contradiction. Thus {xn} is a Cauchy sequence. Hence Theorem 1 holds if we
suppose F ∈ F upper semicontinuous and α+ δ + L < 1.
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As a first corollary of Theorem 1, taking α = 1 and β = γ = δ = L = 0, we obtain
a generalization of Theorem 2.1 of Piri and Kumam [17]. Further, putting α = δ = L = 0
and β+γ = 1 and β 6= 0, from Theorem 1 and Remark 3 we obtain the following version
of Kannan’s result [9].

Corollary 1. Let (X, d) be a complete metric space, and let T be a self-mapping on X .
Assume that there exist an upper semicontinuous F ∈ F and τ ∈ S such that

τ
(
d(x, y)

)
+ F

(
d(Tx, Ty)

)
6 F

(
βd(x, Tx) + γd(y, Ty)

)
for all x, y ∈ X , Tx 6= Ty, where β, γ ∈ [0,+∞[, β + γ = 1, γ 6= 1. Then T has
a unique fixed point in X .

Also, a version of the Chatterjea [7] fixed point theorem is obtained from Theorem 1
putting α = β = γ = 0 and δ = L = 1/2.

Corollary 2. Let (X, d) be a complete metric space, and let T be a self-mapping on X .
Assume that there exist a continuous F ∈ F and τ ∈ S such that

τ
(
d(x, y)

)
+ F

(
d(Tx, Ty)

)
6 F

(
1

2
d(x, Ty) +

1

2
d(y, Tx)

)
for all x, y ∈ X , Tx 6= Ty. Then T has a unique fixed point in X .

Finally, if we choose δ = L = 0, we obtain a Reich-type theorem, see [19].

Corollary 3. Let (X, d) be a complete metric space, and let T be a self-mapping on X .
Assume that there exist a continuous F ∈ F and τ ∈ S such that

τ
(
d(x, y)

)
+ F

(
d(Tx, Ty)

)
6 F

(
αd(x, y) + βd(x, Tx) + γd(y, Ty)

)
for all x, y ∈ X , Tx 6= Ty, where α, β, γ ∈ [0,+∞[, α+ β+ γ = 1, γ 6= 1. Then T has
a unique fixed point in X .

We present the following illustrative example.

Example 2. Let ρ be a positive real number. Consider the sequence {xn} defined as
follows:

x0 = ρ and xn = xn−1 + n for all n ∈ N.
Let X = {xn: n ∈ N} be endowed with the metric d : X ×X → [0,+∞[ given by

d(x, y) = |x − y| for all x, y ∈ X , so that (X, d) is a complete metric space. Next, we
consider the self-mapping T : X → X defined by Tx1 = x1 and Txn = xn−1 for all
n ∈ N \ {1}. We distinguish the following two cases:

1. If 1 = m < 3 6 n, we have

Txn − Tx1 = xn−1 − x1 < xn−1 − x1 + n = xn − x1.

2. If 1 < m < n, we have

Txn − Txm = xn−1 − xm−1 < xn−1 − xm−1 + n−m = xn − xm.

Nonlinear Anal. Model. Control, 21(4):531–546



538 F. Vetro

From the previous inequalities, since xn−1 − xm−1 < xn − xm, we deduce

1

2(xn − xm)
− 1

xn−1 − xm−1
+ xn−1 − xm−1

<
1

2(xn − xm)
− 1

xn − xm
+ xn−1 − xm−1

6
1

2
− 1

xn − xm
+ xn−1 − xm−1

6 − 1

xn − xm
+ xn−1 − xm−1 + n−m

= − 1

xn − xm
+ xn − xm

for all 1 6 m < n such that Txn 6= Txm.
Notice that the function F : R+ → R, given by F (t) = −1/t + t for all t ∈ R+, is

a continuous function belonging to F and the function τ : R+ → R+, given by τ(t) =
(2t)−1 for all t ∈ R+, belongs to S. Consequently, one has that T satisfies the contractive
condition

τ
(
d(xn, xm)

)
+ F

(
d(Txn, xm)

)
6 F

(
d(xn, xm)

)
for all 1 6 m < n such that Txn 6= Txm.

We conclude that all the conditions of Theorem 1 are satisfied taking α = 1 and
β = γ = δ = L = 0, and hence T has a unique fixed point.

In the following result we use a contractive condition of Suzuki type.

Theorem 2. Let (X, d) be a complete metric space, and let T be a self-mapping on X .
Assume that there exist a continuous F ∈ F and τ ∈ S such that T is an F -contraction
of Suzuki-Hardy–Rogers type, that is, (2) holds for all x, y ∈ X with Tx 6= Ty and
d(x, Tx)/2 < d(x, y). Then T has a unique fixed point.

Proof. The uniqueness part is obtained by proceeding as in the proof of Theorem 1 and
hence, to avoid repetition, we omit the details.

Now, note that T satisfies the contractive condition (4) for all x ∈ X such that Tx 6=
T 2x. Let x0 ∈ X be an arbitrary point, and let {xn} be the Picard sequence with initial
point x0. If xn = xn−1 for some n ∈ N, then xn is a fixed point of T and the proof is
completed. Assume that dn = d(xn, xn+1) > 0 for all n ∈ N ∪ {0}. By Proposition 1
the sequence {dn} is decreasing and dn → 0 as n→ +∞.

Now, we claim that {xn} is a Cauchy sequence. Arguing by contradiction, we assume
that there exist a real number ε > 0 and two sequences {xnk

} and {xmk
} of natural

numbers such that

nk > mk > k, d(xnk
, xmk

) > ε and d(xnk−1, xmk
) < ε for all k ∈ N.

From the proof of Theorem 1 we write

lim
k→+∞

d(xnk
, xmk

) = ε and ε 6 lim inf
k→+∞

d(xnk+1, xmk+1). (7)
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Thus there is N ∈ N such that
1

2
d(xnk

, Txnk
) <

1

2
ε < d(xnk

, xmk
) for all k > N.

From (7) it follows there exists h ∈ N with h > N , so that d(xnk+1, xmk+1) > 0 for
all k > h. Then, for all k > h, we obtain

τ
(
d(xnk

, xmk
)
)
+ F

(
d(Txnk

, Txmk
)
)

6 F
(
αd(xnk

, xmk
) + βd(xnk

, xnk+1) + γd(xmk
, xmk+1)

+ δd(xnk
, xmk+1) + Ld(xmk

, xnk+1)
)

6 F
(
(α+ δ + L)d(xnk

, xmk
) + (β + L)d(xnk

, xnk+1)

+ (γ + δ)d(xmk
, xmk+1)

)
6 F

(
d(xnk

, xmk
) + (β + L)d(xnk

, xnk+1)

+ (γ + δ)d(xmk
, xmk+1)

)
.

Letting k → +∞ in the previous inequality, by the property (H) of the function τ and the
continuity of the function F we get

F (ε) < lim inf
k→+∞

τ
(
d(xnk

, xmk
)
)
+ F (ε) 6 F (ε),

which is a contradiction, and hence {xn} is a Cauchy sequence. As (X, d) is a complete
metric space, there exists z ∈ X such that xn → z as n → +∞. If z = Tz, the proof is
finished. Assume that z 6= Tz. If Txn = Tz for infinite values of n ∈ N ∪ {0}, then the
sequence {xn} has a subsequence that converges to Tz and the uniqueness of the limit
implies z = Tz. Then we can assume that Txn 6= Tz for all n ∈ N ∪ {0}. Now, we
claim that

1

2
d(xn, Txn) < d(xn, z) or

1

2
d(xn+1, Txn+1) < d(xn+1, z) (8)

for all n ∈ N. In fact, if there exists m ∈ N such that

1

2
d(xm, Txm) > d(xm, z) and

1

2
d(xm+1, Txm+1) > d(xm+1, z),

then
2d(xm, z) 6 d(xm, Txm) 6 d(xm, z) + d(Txm, z).

This implies

d(xm, z) 6 d(Txm, z) 6
1

2
d(Txm, T

2xm).

From

d
(
Txm, T

2xm
)
< d(xm, Txm) 6 d(xm, z) + d(Txm, z)

6
1

2
d
(
Txm, T

2xm
)
+

1

2
d
(
Txm, T

2xm
)

we obtain a contradiction, and so (8) holds.
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Let J be the set of n ∈ N such that the first inequality in (8) holds. Assume that the
set J is infinite. Then, for all n ∈ J, by (3) we have

d(z, Tz) 6 d(z, xn+1) + d(Txn, T z)

< d(z, xn+1) + αd(xn, z) + βd(xn, Txn) + γd(z, Tz)

+ δd(xn, T z) + Ld(z, Txn)

= d(z, xn+1) + αd(xn, z) + βd(xn, xn+1) + γd(z, Tz)

+ δd(xn, T z) + Ld(z, xn+1).

Letting n ∈ J→ +∞ in the previous inequality, we get the contradiction

d(z, Tz) 6 (γ + δ)d(z, Tz) < d(z, Tz)

and hence z = Tz. The same holds if N \ J is an infinite set.

The next theorem is inspired by Secelean [23]. Precisely, the following result
establishes that the limit of a sequence of F -contractions of Hardy–Rogers type is an
F -contraction of Hardy–Rogers type.

Theorem 3. Let (X, d) be a complete metric space, and let {Tn}n∈N be a sequence of
self-mappings on X . Assume that there exist a continuous F ∈ F and τ ∈ S such that

τ
(
d(x, y)

)
+ F

(
d(Tnx, Tny)

)
6 F

(
αd(x, y) + βd(x, Tnx) + γd(y, Tny) + δd(x, Tny) + Ld(y, Tnx)

)
(9)

for all x, y ∈ X with Tnx 6= Tny and n ∈ N, where α, β, γ, δ, L ∈ [0,+∞[, α+β+ γ+
2δ = 1, γ 6= 1 and α+ δ + L 6 1. Assume that:

(i) the sequence {Tn} converges pointwise to a map T : X → X;
(ii) the sequence {zn} converges to z ∈ X , where zn is the fixed point of Tn.

Then T is an F -contraction of Hardy–Rogers type and Tz = z.

Proof. Let x, y ∈ X be such that Tx 6= Ty. Since d(Tx, Ty) > 0, for every ε <
d(Tx, Ty), there exists n(ε) ∈ N such that

d(Tx, Ty)− ε < d(Tnx, Tny) < d(Tx, Ty) + ε,

d(x, Tnx) < d(x, Tx) + ε, d(y, Tny) < d(y, Ty) + ε, (10)
d(x, Tny) < d(x, Ty) + ε, d(y, Tnx) < d(y, Tx) + ε

for all n > n(ε). By (9) and (10), for each n > n(ε), we get

τ
(
d(x, y)

)
+ F

(
d(Tx, Ty)

)
6 τ

(
d(x, y)

)
+ F

(
d(Tnx, Tny) + ε

)
6 F

(
αd(x, y) + βd(x, Tnx) + γd(y, Tny) + δd(x, Tny) + Ld(y, Tnx)

)
+ F

(
d(Tnx, Tny) + ε

)
− F

(
d(Tnx, Tny)

)
6 F

(
αd(x, y) + β

[
d(x, Tx) + ε

]
+ γ
[
d(y, Ty) + ε

]
+ δ
[
d(x, Ty) + ε

]
+ L

[
d(y, Tx) + ε

])
+ F

(
d(Tx, Ty) + 2ε

)
− F

(
d(Tx, Ty)− ε

)
.
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Letting ε→ 0, by the continuity of F we obtain

τ
(
d(x, y)

)
+ F

(
d(Tx, Ty)

)
6 F

(
αd(x, y) + βd(x, Tx) + γd(y, Ty) + δd(x, Ty) + Ld(y, Tx)

)
,

and hence T is an F -contraction of Hardy–Rogers type.
At last, from

d(z, Tz) 6 d(z, zn) + d(Tnzn, Tnz) + d(Tnz, Tz)

6 d(z, zn) + d(Tnz, Tz) + αd(zn, z) + βd(zn, zn)

+ γd(z, Tnz) + δd(zn, Tnz) + Ld(z, zn),

letting n → +∞, we deduce that d(z, Tz) 6 (γ + δ)d(z, Tz) and hence d(z, Tz) = 0.
Thus z is a fixed point of T .

4 New fixed point theorems in complete ordered metric spaces

Fixed point theory for self-mappings on partially ordered sets has been initiated by Ran
and Reurings [18], in dealing with matrix equations, and continued by many mathemati-
cians [1, 6, 12, 13, 14, 15, 22], particularly in dealing with differential equations.

Let (X, d) be a metric space and (X,4) be a partially ordered non-empty set, there-
fore (X, d,4) is called an ordered metric space. Moreover, two elements x, y ∈ X are
called comparable if x 4 y or y 4 x holds. A self-mapping T on a partially ordered set
(X,4) is called non-decreasing if Tx 4 Ty whenever x 4 y for all x, y ∈ X . Also,
an ordered metric space (X, d,4) is called regular if for every non-decreasing sequence
{xn} in X , convergent to some x ∈ X , we get xn 4 x for all n ∈ N ∪ {0}.

Theorem 4. Let (X, d,4) be a complete ordered metric space, and let T be a non-
decreasing self-mapping on X . Assume that there exist a continuous F ∈ F and τ ∈ S
such that T is an ordered F -contraction of Hardy–Rogers type, that is,

τ
(
d(x, y)

)
+ F

(
d(Tx, Ty)

)
6 F

(
αd(x, y) + βd(x, Tx) + γd(y, Ty) + δd(x, Ty) + Ld(y, Tx)

)
(11)

for all comparable x, y ∈ X with Tx 6= Ty, where α, β, γ, δ, L ∈ [0,+∞[, α+ β + γ +
2δ = 1, γ 6= 1 and α+ δ + L 6 1. If the following conditions are satisfied:

(i) there exists x0 ∈ X such that x0 4 Tx0;
(ii) X is regular;

then T has a fixed point. Moreover, the set of fixed points of T is well-ordered if and only
if T has a unique fixed point.

Proof. Let x0 ∈ X be an arbitrary point such that (i) holds, and let {xn} be the Picard
sequence of initial point x0, that is, xn = Tnx0 = Txn−1. If xn = xn−1 for some n ∈ N,
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then xn is a fixed point of T and this ensures the existence of a fixed point of T in X .
Now, assume that dn = d(xn, xn+1) > 0 for all n ∈ N ∪ {0}. As T is non-decreasing,
we deduce that

x0 ≺ x1 ≺ · · · ≺ xn ≺ · · · , (12)

that is, xn−1 and xn are comparable and Txn−1 6= Txn for all n ∈ N.
Proceeding as in the proofs of Proposition 1 and Theorem 1, we obtain that {xn} is

a Cauchy sequence. Since (X, d) is a complete metric space, there exists z ∈ X such that
xn → z as n → +∞. If z = Tz, the proof is finished. Assume that z 6= Tz. Since
X is regular, from (12) we deduce that xn and z are comparable and Txn 6= Tz for all
n ∈ N ∪ {0}. Now, by using (3), we obtain

d(z, Tz) 6 d(z, xn+1) + d(Txn, T z)

< d(z, xn+1) + αd(xn, z) + βd(xn, xn+1) + γd(z, Tz)

+ δd(xn, T z) + Ld(z, xn+1).

Letting n→ +∞ in the previous inequality, we get

d(z, Tz) 6 (γ + δ)d(z, Tz) < d(z, Tz),

which is a contradiction, and hence z = Tz.
Next, we assume that the set of fixed points of T is well-ordered. We claim that the

fixed point of T is unique. Assume on the contrary that there exists another fixed point w
in X such that z 6= w. Then, by using the condition (11) with x = z and y = w, we get

τ
(
d(z, w)

)
+ F

(
d(z, w)

)
= τ

(
d(z, w)

)
+ F

(
d(Tz, Tw)

)
6 F

(
αd(z, w) + βd(z, Tz) + γd(w, Tw) + δd(z, Tw) + Ld(w, Tz)

)
= F

(
(α+ δ + L)d(z, w)

)
6 F

(
d(z, w)

)
,

which is a contradiction, and hence z = w. Conversely, if T has a unique fixed point,
then the set of fixed points of T , being a singleton, is well-ordered.

The following theorem is analogous to the previous one.

Theorem 5. Let (X, d) be a complete ordered metric space and let T be a non-decreasing
self-mapping on X . Assume that there exist a continuous F ∈ F and τ ∈ S such that T is
an ordered F -contraction of Hardy–Rogers type. If the following conditions are satisfied:

(i) there exists x0 ∈ X such that x0 4 Tx0;
(ii) X is regular;

then T has a fixed point. Moreover, if α + 2γ + δ + L < 1 and the following condition
holds:

(iii) for all z, w ∈ X there exists v ∈ X such that z and v are comparable and w and
v are comparable;

then T has a unique fixed point.
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Proof. The existence of a fixed point of T is a consequence of Theorem 4. Now, let z ∈ X
be a fixed point of T . For all v ∈ X comparable with z such that Tz 6= Tv, we have

τ
(
d(z, v)

)
+ F

(
d(Tz, Tv)

)
6 F

(
αd(z, v) + βd(z, Tz) + γd(v, Tv) + δd(z, Tv) + Ld(v, Tz)

)
6 F

(
αd(z, v) + γ(d(v, z) + d(z, Tv)) + δd(z, Tv) + Ld(v, z)

)
= F

(
(α+ γ + L)d(z, v) + (γ + δ)d(z, Tv)

)
.

Since F is non-decreasing, we deduce

d(z, Tv) < (α+ γ + L)d(z, v) + (γ + δ)d(z, Tv)

and hence
(1− γ − δ)d(z, Tv) < (α+ γ + L)d(z, v).

Since 1− γ − δ > 0, we get

d(z, Tv) <
α+ γ + L

1− γ − δ
d(z, v).

As T is non-decreasing, we have that z and Tnv are comparable for all n ∈ N. If z 6= Tnv
for all n ∈ N, then

d
(
z, Tnv

)
< λnd(z, v) for all n ∈ N,

where λ = (α + γ + L)/(1 − γ − δ) < 1. From the previous inequality we obtain
d(z, Tnv) → 0 as n → +∞. Now, if z, w are two fixed points of T , by the condition
(iii) there exists v ∈ X such that z and v are comparable and w and v are comparable. If
z = Tnv or w = Tnv for some n ∈ N, then z and w are comparable and the uniqueness
of the fixed point follows since T is an F -contraction of Hardy–Rogers type. Assume that
z 6= Tnv and w 6= Tnv for all n ∈ N. Then

d(z, w) 6 d
(
z, Tnv

)
+ d
(
w, Tnv

)
→ 0 as n→ +∞

and hence d(z, w) = 0, that is, z = w.

By choosing opportunely the function F in Theorems 4 and 5, we obtain some results
of fixed point in the setting of ordered metric spaces known in the literature. For example,
if we choose F (x) = lnx in Theorem 4 and putting β = γ = δ = L = 0 and τ(t) = 1
for all t ∈ R+, then we obtain Theorem 2.2 of [13].

5 Application to functional equation

We get a typical application of the results in previous sections in mathematical optimiza-
tion. More precisely, we prove the existence of solutions of some functional equations,
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arising in dynamic programming of multistage decision processes. From a mathematical
point of view we consider the problem of finding a function u such that

u(x) = sup
y∈D

{
f(x, y) +G

(
x, y, u(η(x, y)

)
)
}
, x ∈W, (13)

where f : W × D → R and G : W × D × R → R are bounded, η : W × D → W ,
W and D are Banach spaces; precisely, W is a state space and D is a decision space. We
refer the reader to [5, 16] for more details and examples.

Let B(W ) denote the set of all bounded real-valued functions on W . The pair
(B(W ), ‖·‖), where

‖h‖ = sup
x∈W

{
min

{∣∣h(x)∣∣, s}}, h ∈ B(W ),

with s ∈]0, 1[ is a Banach space.
Mathematical optimization is one of the fields in which the methods of fixed point

theory are widely used, then, to show the existence of a solution of (13), we define the
self-operator T : B(W )→ B(W ) by

(Th)(x) = sup
y∈D

{
f(x, y) +G

(
x, y, h

(
η(x, y)

))}
(14)

for all h ∈ B(W ) and x ∈W . Obviously, T is well-defined since f and G are bounded.
Then we state and prove the following result of existence of fixed points for the

operator T , which is equivalent to establishing the existence of solutions of the functional
equation (13).

Theorem 6. Let T be the self-operator on B(W ) given by (14), and assume that the
following condition holds:

(i) there exists s ∈]0, 1[ such that

min
{∣∣G(x, y, h(z))−G(x, y, k(z))∣∣, s} 6

min{|h(x)− k(x)|, s}
1− ‖h− k‖ ln(‖h− k‖)

for all h, k ∈ B(W ) with h 6= k, all y ∈ D, x ∈W and z = η(x, y).

Then the operator T has a unique fixed point.

Proof. Let λ ∈ R+ be arbitrary, x ∈ W and h, k ∈ B(W ) with Th 6= Tk. Then there
exist y1, y2 ∈ D such that

(Th)(x) < f(x, y1) +G
(
x, y1, h

(
η(x, y1)

))
+ λ, (15)

(Tk)(x) < f(x, y2) +G
(
x, y2, k

(
η(x, y2)

))
+ λ. (16)

Also, we have

(Th)(x) > f(x, y2) +G
(
x, y2, h

(
η(x, y2)

))
, (17)

(Tk)(x) > f(x, y1) +G
(
x, y1, k

(
η(x, y1)

))
. (18)
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Then by (15) and (18) we have

(Th)(x)− (Tk)(x) < G
(
x, y1, h

(
η(x, y1)

))
−G

(
x, y1, k

(
η(x, y1)

))
+ λ,

and by (16) and (17) we have

(Tk)(x)− (Th)(x) < G
(
x, y2, k

(
η(x, y2)

))
−G

(
x, y2, h

(
η(x, y2)

))
+ λ.

By using the condition (i) and last two inequalities, we get

min
{∣∣(Th)(x)− (Tk)(x)

∣∣, s}
6

min{|h(x)− k(x)|, s}
1− ‖h− k‖ ln(‖h− k‖)

6
‖h− k‖

1− ‖h− k‖ ln(‖h− k‖)
.

From the last inequality we get

‖Th− Tk‖ = sup
x∈W

{
min

{∣∣(Th)(x)− (Tk)(x)
∣∣, s}}

6
‖h− k‖

1− ‖h− k‖ ln(‖h− k‖)
and so

− ln
(
‖h− k‖

)
− 1

‖Th− Tk‖
6 − 1

‖h− k‖
.

Now, if we choose τ : R+ → R+ given by

τ(t) =

{
− ln t for t ∈]0, s[,
ln s for t > s

and F : R+ → R given by F (t) = −1/t for all t ∈ R+, we conclude that T is an
F -contraction of Hardy–Rogers type with β = γ = δ = L = 0. All the conditions
of Theorem 1 are satisfied, and so T has a unique fixed point, that is, the functional
equation (13) admits a unique solution.

References

1. I. Altun, G. Durmaz, Some fixed point theorems on ordered cone metric spaces, Rend. Circ.
Mat. Palermo, 58(2):319–325, 2009.

2. I. Altun, G. Mınak, M. Olgun, Fixed points of multivalued nonlinear F -contractions on
complete metric spaces, Nonlinear Anal. Model. Control, 21(2):201–210, 2016.

3. I. Altun, M. Olgun, G. Mınak, On a new class of multivalued weakly picard operators on
complete metric spaces, Taiwanese J. Math., 19(3):659–672, 2015.

4. S. Banach, Sur les opérations dans les ensembles abstraits et leur application aux équations
intégrales, Fundam. Math., 3:133–181, 1922.

Nonlinear Anal. Model. Control, 21(4):531–546



546 F. Vetro

5. R. Bellman, E.S. Lee, Functional equations in dynamic programming, Aequationes Math.,
17:1–18, 1978.

6. V. Berinde, F. Vetro, Common fixed points of mappings satisfying implicit contractive
conditions, Fixed Point Theory Appl., 2012:105, 2012.

7. S.K. Chatterjea, Fixed-point theorems, C. R. Acad. Bulg. Sci., 25:727–730, 1972.
8. G.E. Hardy, T.D. Rogers, A generalization of a fixed point theorem of Reich, Can. Math. Bull.,

16:201–206, 1973.
9. R. Kannan, Some results on fixed points, Bull. Calcutta Math. Soc., 60:71–76, 1968.

10. D. Klim, D. Wardowski, Fixed points of dynamic processes of set-valued F -contractions and
application to functional equations, Fixed Point Theory Appl., 2015:22, 2015.
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