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Abstract. This paper considers a class of Schrddinger elliptic system involving a nonlinear operator.
Firstly, under the simple condition on 1) and ¢, we prove the existence of the entire positive bounded
radial solutions. Secondly, by using the iterative technique and the method of contradiction, we
prove the existence and nonexistence of the entire positive blow-up radial solutions. Our results
extend the previous existence and nonexistence results for both the single equation and systems. In
the end, we give two examples to illustrate our results.
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1 Introduction and preliminary

In this paper, our main objective is to show the positive radial solutions of the following
nonlinear Schrodinger elliptic system involving a nonlinear operator:

div(G(|VylP ) Vy) = b(lal)b(z), = € ",

: ey
div(G(|Vz[P~?)Vz) = h(|z])¢(y), =z €R™,

where n > 3, b,h,1, ¢ € C([0,400),[0,+0)), and G is a nonlinear operator on
O = {G € C?*([0, +), (0,+0c0)) | Ip = const > 2: G(Is) < IP72G(s), 0 <1 < 1}.
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The Schrodinger elliptic system arises in various areas of applied mathematics and
physics and has been widely studied by many authors in many contexts. In particular,
many rich results on the Schrodinger elliptic system have been obtained by using nonlin-
ear functional analysis methods such as the variational method [4-7,15,18,33,35,38], the
fixed point theorem [1, 12, 14, 16, 20, 21], the upper and lower solution method [13, 39]
and the method of moving planes [27,31].

As a special case of system (1), when G(X) = X, p = 2, Li, Zhang and Zhang [11]
investigated the existence of entire positive bounded and blow-up radial solutions to the
following semilinear elliptic system:

Ay =b(le)v(z), Az =h(al)p(y), =R,

On the other hand, if G(X) = X, ¢¥(2) = 2%, ¢(y) =y*,0<a < 1,0 < B < 1,
p = 2, then our system (1) takes the following form:

Ay =b(|z])z* Az=h(lz|)y’, zeR™ (2)

Lair [9] has considered the necessary and sufficient conditions for the existence of the
nonnegative entire large radial solution of system (2). In addition, Lair and Wood [10]
studied the existence of entire positive large radial solutions of system (2).

In a recent paper [35], by using the iterative method and the dual method, Zhang
and Liu studied the existence and nonexistence of entire blow-up radial solutions for
the following quasilinear p-Laplacian Schrodinger elliptic equation with a nonsquare
diffusion term:

=2y — A (Jy) |y %y = h(2)e(y), y >0,

lim y(x) =00, z€R",

where n > 1, A,y = div(|Vy[P~2Vy) with p > 2y, v > 1/2, h is a nonnegative
continuous radial function on R, ¢ € C([0, 4+00), [0, +00)) is nondecreasing.

In 2018, by using the iterative technique and introducing a growth condition, Zhang
and Wu [37] focused on the existence and nonexistence of the entire blow-up radial
solutions for the following nonlinear Schrodinger elliptic equation:

div(G(IV2])Vz) = b(|z])¥(z), = e€R", 3)

where n > 2, G is a nonlinear operator on © = {G € C?([0, +00), (0,4+)) | Ja =
const > 0: G(ls) < 1*G(s)0 < I < 1}.

Inspired by the above excellent works, in this paper, by employing the monotone
iterative method under some appropriate conditions on b, h, ¥, ¢ and G. We first establish
the existence of entire positive bounded radial solutions of the nonlinear Schrédinger
elliptic system (1). Then the existence and nonexistence of entire positive blow-up radial
solutions of the Schrodinger elliptic system (1) are also given. The monotone iterative
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method, as an effective tool, plays a crucial role in the study of nonlinear problem, see [2,
3,8,10,11,17,19,22-26,28-30,32,34,36,37] and the references therein. To the best of our
knowledge, although many papers have been found on the Schrodinger system, there is no
work on the existence and nonexistence of blow-up radial solutions for the Schrédinger
system (1) involving a nonlinear operator by using the monotone iterative method. It is
worth mentioning that our nonlinear Schrodinger system (1) cover the problems studied
in [3,8-11,19,32,37] as special cases.

Before we begin to give our concrete results, we first present some symbols, assump-
tions and lemmas, which will be used immediately in subsequent proof of our theorems.

Denote

t

f 1
- /Rfl (tnl /s"ilb(s) ds) dt, r>0, B(o0) := lim B(r),
0

0

T t
1
= /R‘l (tnl /s”_lh(s) ds> de, r >0, H(o0) := lim H(r),
0 0

and

0= FaremTr TR0 Al = lmdw)

We can know that A’'(r) = 1/(¢(r) +¢(r)+1) > 0 for all » > a and A has an
increasing inverse function A~ on [0, co).
Our assumptions are as follows:
(A1) A(o0) = o0;
(A2) A(o0) <
(A3 Bloo) — oo, H(50) — ot
(A4) B(o0) < 00, H(00) < 003
(A3) ¢, p € C([0,+0), [0, +00)) are nondecreasing;
(A6) 0 < Y(z) < Mz®+ 11, 0 < ¢(z) < Xox? 4 1o, where 0 < Aq, Ao < 1,
pi, e >0and 0 < o, f <p—1.

In order to complete our paper better, we also need to introduce the following lemmas.
Lemma 1. (See [37].) If G € O, let R(s) = 5G(sP~2). Then
(i) R(s) has a nonnegative increasing inverse mapping R=1(s);
(ii) when 0 <l < 1, one has
RY(1s) = 1M P=DR=1(s);
(iii) whenl > 1, one has
R™(1s) <IVP=DR(s).
With aid of a standard deduction, one can obtain the following conclusion. So, we
omit its proof.

http://www.journals.vu.lt/nonlinear-analysis
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Lemma 2. The Schrodinger elliptic system (1) has a radial solution (y, z) € C2[0, 00) x
C?[0, 00) if and only if it solves the following ordinary differential system:
N, -2
Gy )y) + ——G(W|" ) = b)), >0,

(g(|z’|p72)z')/ + ; 1g(|z’|p72)z' =h(r)ely), r>0.

n—1

“4)

2 Existence of the positive bounded radial solutions
In this section, we pay close attention to the existence of the positive bounded radial
solutions of the Schrodinger elliptic system (1) involving a nonlinear operator.

Theorem 1. Assume that (A1), (A4) and (AS) hold. Then the Schrodinger system (1) has
infinitely many positive bounded radial solutions (y, z) € C?[0,00) x C?[0, o0).

Proof. By Lemma 1, system (4) is equivalent to the following system:

n —

(R(y)) +

(R(=)" +

lR(y’) =b(r)y(z(r)), r>0,

n- 1’R(z’) = h(r)e(y(r)), r>0.

It is well known that the solutions of the above system (5) are the solutions of the
following integral system:

®)

/snflb(s)d)(z(s)) ds) dt, r =0,

0

mm—mm+]n1(
0

z(r) = z(0) + jR1<
0

We choose the initial values y(0) = z(0) = ~ > 0, then define {y,}m>1 and
{#Zm }m>0 on [0, c0) by

1
tn—l

1
tn—l

/s”flh(s)go(y(s)) ds) dt, r=>=0.

0

ZO(T) =7

Ym(r) =~v+ /R‘l (tnll /s"_lb(s)i/)(zm_l(s)) ds) dt, r >0,
0 0

(6)

t

f 1
Zm(r) =7+ R_1< — s"_lh(s)go(ym(s)) ds) dt, r>0.

0

Clearly, forall * > 0 and m € N, y,,, (1) = 7, zim(r) = v and 29 < 2;. By Lemma 1 and
(AS) we yield y1(r) < yo(r) forall 7 > 0, then 21 (r) < z2(r) for all » > 0. Continuing
this process, we get that {y,, } and {z,,} are the increasing sequences.

Nonlinear Anal. Model. Control, 25(5):846-859
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It is inescapably clear that y/,(t) > 0 and z/,(t) > 0. Moreover, we obtain by
Lemma 1 and monotonicity of v, ¢, {y,, } and {z,, } that, for each r > 0,

T

Ylr) =R (1 R O CE) ds>

0

T

R! (rnl_l /s"flb(s)w(zm(s)) ds)

0

N

r

R! <w(zm(r)) rn{l /s"_lb(s) ds)

0

N

r

<R ((7,/}(2,"(7")) +1) rnl_l /snflb(s) ds)

0

T

< (Y(zm(r) + 1)1/(1)_1)72_1 <Tnl—l /s”_lb(s) ds)
< (1 (zn(m) + ) B)

and

/ Yo (8) + 27, (1)
) YUm(t) + 2m(6) + @ (Ym(t) + 2m(t)) +1

dt < H(r) + B(r).

http://www.journals.vu.lt/nonlinear-analysis
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Consequently,
A(ym(r) + 2m(r)) — A(2v) < B(r)+ H(r) Vr>0. @)
Because of the monotonicity of A~1, we get
Y (r) + 2m(r) < AT (A(29) + B(r) + H(r)) Vr > 0. ®)

Since A(o0) = 0o, we can know that A~ (c0) = oo.

It follows that {y,,} and {z,,} are the bounded and equicontinuous sequences on
[0, ¢o] for arbitrary ¢y > 0. Using the Arzela—Ascoli theorem, we can get that the sub-
sequences of {ym,} and {z,} converge uniformly to y and z on [0, o], respectively.
It follows from the arbitrariness of ¢y > 0 that (y, z) is a positive radial solution of
system (1). Then, according to the arbitrariness of the initial value v € (0, 00), we can
know that system (1) has infinitely many positive radial solutions. Moreover, it follows
from B(00) < 0o, H(00) < oo and (8) that

y(r) +2(r) < ATH(A(29) + B(r) + H(r))
< A7 (A(2) + B(o0) + H(c0))
<oo Vr>=0.

Thus, the Schrodinger system (1) has infinitely many positive bounded radial solutions

(y,2).

The proof is completed. O

Theorem 2. Assume that (A2), (A4) and (A5) hold and there exists a constant v > a/2
such that
B(o0) + H(oo) < A(o0) — A(27).

Then the Schridinger system (1) has infinitely many positive radial solutions (y,z) €
C?[0,00) x C?[0, 00) satisfying

v (mnd Lo ) B0

<ylr) < Ail(A(Q’y) + B(r) + H(r)) Vr >0

o) e

< A(2y)+B(r)+ H(r )) Vr >0

and

DO =

Proof. By the proof of Theorem 1, we can know that the Schrodinger system (1) has in-
finitely many positive radial solutions. Then, since A(00) < 00, B(c0) < 00, H(00) < 00
and there exists v > a/2 such that B(co) + H(o0) < A(co) — A(2), we can know
by (7) that

A(ym(r) + zm(r)) < A(2y) + B(r)+ H(r) < A(o0) < 0.

Nonlinear Anal. Model. Control, 25(5):846-859
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Because of the monotonicity of A1, we get

Y (r) + 2m(r) < AT (A(2y) + B(r)+ H(r)) < oo Vr >0

Taking the limit in (9), we see that

y(r)+2(r) < AT (A@2y) + B(r) + H(r)) < oo ¥r>0

It follows from Lemma 1 and the monotonicity of ¢) and ¢ that

0 —|—/R71 (tnll /s"ilb(s)w(z(s)) ds) dt
0 0
T 1 t
>y+ [ R7! <¢(7) — s"1b(s) ds) dt
0/ =~

and

2(r) = 2(0) +]R1 <tn1_1 /tsnlh(s)go(y(s))dS) dt
0 0
> 7+!R1<¢(7)tn1_1 O/tsnlh(S) d5> dt
o (mnfen])” oo (2

>+ <min{;, SD(’Y)}) 1/(p71)H(7”)'

The proof is completed.

G. Wang et al.

€))

¢
n—1
T /5 h(s) ds) d¢
0

O

3 Existence and nonexistence of the positive blow-up radical solu-

tions

Next, we are concerned with the existence and nonexistence of the positive blow-up
radical solutions to the Schrodinger elliptic system (1) involving a nonlinear operator.

http://www.journals.vu.lt/nonlinear-analysis
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Theorem 3. Assume that (A1), (A3) and (AS) hold. Then the Schrodinger system (1) has
infinitely many positive blow-up radial solutions (y, z) € C?[0,00) x C2[0, c0).

Proof. Tt is easy to know that the Schrodinger system (1) has infinitely many positive
radial solutions. Moreover,

w027+ (mnd Lo 1) ey

and
027+ (winf 1o })

which imply lim, . y(r) = oo and lim,_, 2(r) = oo. Thus, the Schrédinger sys-
tem (1) has infinitely many positive blow-up radial solutions (y, z).
The proof is completed. O

Theorem 4. Assume that (A3), (AS) and (A6) hold. Then the Schrodinger system (1) has
infinitely many positive entire blow-up radial solutions (y, z) € C?[0,00) x C2[0, c0).

Proof. We firstly show that (1) has a positive radial solution. We research the integral
form of system (1)

o) =)+ R (tl [ s)0(=60) ds) at, v,

0 (10)

z(r) = 2(0) + /73_1 (wll/sn_lh(s)go(y(s)) ds) dt, r>0.
0 0

We want to generate two positive increasing sequences {¥, }m>1 and {2z, } >0, which
are bounded above on [0, L] for fixed L > 0. Let {y, }m>1 and {2, } >0 be as defined
in Theorem 1 because of the monotonic increasing property of ¢ and ¢, we already know
that the sequences {y,, } and {z,, } are increasing. Next, what we need to prove is that the
sequences {zp, (1) }rm>0 and {ym (r) }m>1 are bounded on [0, L] for fixed L > 0.

We can see that y/,, (¢t) > 0 and z/,(¢) > 0 from Theorem 1. By (A6) and Lemma 1
we fix L > 0 and have

L ¢
v+ [ R! <n1_1 s h(s)e(ym(s)) ds) d¢
[=(]

0
t

L
<yt /Rfl (tnl_l /snflh(s)()\gyﬂ(S) + ug) ds) dt
0
L
o/

zm (L)

0

b

t
1
- ((Azyﬁ(t> 2 1) g / 8" h(s) ds) dt
0

Nonlinear Anal. Model. Control, 25(5):846-859
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v+ (Ayh, (L) + p2 + 1)1/(p_1)H(L)

<+
«@ 1 —1
<y Mz (L) + Ayl (L) + a4 pa + 1)V H(D).

Similarly,

Ym(L) <5+ (M2 (L) + Aoyl (L) + i + o+ 1)V B(L).
Thus,
(L) + ym (D) < 27 + (M2 (L) + Aoyl (L) + iy + i + 1)/
x {B(L)+ H(L)}. 1)

Denote

M(L):= lim (z,(L)) and N(L):= lim (ym(L)).

m—r oo m—r o0

It is sure that M (L) and N (L) are finite. Otherwise, by (11) one has

1< 2y L Quz (L) + Aoy (L) + 1 + po + 1)1/ =D
= zm(L) + ym (L) 2m (L) + ym (L)
x {H(L)+ B(L)} =0

as m — oo, which is obviously a mistake. Hence M (L) and N (L) are finite. It follows
from the fact, z,,(r) and y,,(r) are two increasing functions, that M and N are also
increasing mappings on (0, o). Thus, for all » € [0, L] and m > 1, one can know that

v < Zm(r) < Zm(L) < M(L) and 7 < ym(r) < ym(L) < N(L),
which imply that the sequences {2y, (7) } ;>0 and {y, (r) }m>1 are bounded on [0, L]. Let

z(r):== lm z,(r) >0 and y(r):= lm y,(r) Vr=0.
m—r oo

m— o0

Now, we take the limit in (6) and conclude that (y, z) is a positive solution of (10). Next,
what we need to prove is that y(r) and z(r) are blow-up. In fact, it follows from (10) that

z(r) = z(0) + /R‘l <t”11 /s"_lh(s)go(y(s)) ds) dt

0

T t
1
>7+/R_1<tn1 /s"‘%(s)gp(’y)ds) dt
0 0

>t (min{;,so(w)})l/(p_”ﬂ(r).

http://www.journals.vu.lt/nonlinear-analysis
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Similarly,
/(1)
)=+ (min{ 30 b) B

Since B(o0) = oo and H(oo) = oo, the right-hand side of the above two inequalities
tends to +o00 as r — 400, which suggests that (y, z) is a blow-up solution of system (1).
According to the arbitrariness of the initial value v € (0,00), we can know that the
Schrodinger system (1) has infinitely many positive entire blow-up radial solutions.

The proof is completed. O

Theorem 5. Assume that (A4) and (A6) hold. Then the Schrodinger system (1) has no
positive entire blow-up radial solution.

Proof. We assume that system (1) has a positive entire blow-up radial solution (y, ).
Since B(o0) < 00, H(00) < 00, we see that there exists a large enough ¢ > 0 such that

t

r -1 1 / n—1 1
/R (tnl s"Th(s)ds | dt < 5
To

0

o] t
—1 1 n—1 1
R sl i h(s)ds | dt < 5

T0 0

Thus, by Lemma 1 and (A6), for r > rg > 0, one has

y(r) = y(ro) + / R (tfl JE Ot ds> at

0

y(ro) /R <t" 1/ "p(s Alza(s)—l—ul)ds) dt
70

t

- 1
< y(ro) + / (A2z%(t) +p1 + 1)1/(p Dr-1 (t”—l /s”flb(s) ds) dt

T0 0

<y(ro) + (/\12’()+/\2y()+m+u +1)1/(p—1)

/R (tn 1/ "h(s )ds> dt.

z(r) < z(ro) + (Alz(HAzy()wlwzH)
/R <tn 1/ ne 1h()ds>dt.

Nonlinear Anal. Model. Control, 25(5):846-859
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Thus,

y(r) + 2(r) < ylro) + 2(ro) + (\z®(r) + Ay (r) + ur + pz + 1)/ 7Y

T t
X {/’R1<tnl_1 /snflb(s) ds) d¢
T0 0
T 1 "
+/R*1 tn_l/ s""1h(s)ds | dt
0

< y(ro) + 2(ro) + (Az™(r) + Ay’ (r) + pu + p2 + 1

Since 0 < a/(p—1) < land 0 < B/(p—1) < 1, we can see that y(r) and z(r) are
bounded, which is obviously contradictory to the assumption. Hence problem (1) has no
positive entire blow-up radial solution.

The proof is completed. O

)1/(1)—1).

4 Examples

Example 1. Consider the following nonlinear Schrodinger elliptic system:
div(G(IVy[*) Vy) = b(lz])v(2), x€RY,
div(G(|V2*)Vz) = h(|z])o(y), z€R?,

where b(s) = s3/5, h(s) = 52 + e, ¥(s) = s17/(2s* + 1)* and p(s) = arctan s. ¥(s)
and (s) are increasing on [0, 00), which satisfies (AS5). Note G(s) = s3, p = 5, then
G € 6. After a simple calculation, one has

¢ 1/10
/R /"1b()d dt = /1/5353ds d¢
tn—1 t3 )

[ 1 1/10 1
S
— [ = = [ ¥/53t =
/<t3/5 ) = [0t
0 0

t 00 t 1/10
R‘1<tn11/ nIh(s )ds> dt = /(;/53(3 +e )d) dt
0 0
t 1/10 00 1/10
(5 [t tae) e /(g [ v)
0

1 OO310
= 1\O/g/t/ dt = oo
0

(12)

http://www.journals.vu.lt/nonlinear-analysis
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which means that (A3) is satisfied.

oo

ds
) = = T
) a/%//(S)JrS@(s)le / ﬁ+arc‘cans+l

oo

>/ ds
= = 00,
25 +1

a

which means that (A1) is satisfied. Thus, by Theorem 3 one can see that the Schrodinger
system (12) has infinitely many positive blow-up radial solutions.

Example 2. Consider the following nonlinear Schrodinger elliptic system:

div(G(|Vy|°)Vy) = % In(z+1), ze€R>
div(G(|Vz|°)Vz) = (|z|° + 1) arctany, =z € R°.

Note G(s) = s°, p = 7, b(s) = s/6, h(s) = s® + 1, 9(s) = In(s + 1) and p(s) =
arctan s, then G € O. We see that ¢(s) and ¢(s) are increasing on [0, c0), which
satisfies (AS5). After a simple calculation, one has

. ¢ %7 t 1/26
B(oo)= | R™ 1<t” T /s” Yb(s )dt /(154/542d5> dt
0 0

13)

t 1/26 00
1 [ 1
= —_— —_— /13 =
(i [ga) = frma-
0 0
and
) ) 1 t 1/26
/R1<tn1/”1h()d>dt /<t4/s4s+1)d> dt
0 0 0

t6 t 1/26 tG 1/26
() e ()
10 5 10
0 0

which means that (A3) is satisfied. Obviously, 0 < ¥(z), ¢((z)) < z for all z € [0, c0),
where A\ = Ao =1, u1 = p2 = 0, @ = B = 1. So, (A6) is satisfied. Thus, by Theorem 4
one can see that the Schrodinger system (13) has infinitely many positive entire blow-up
radial solutions.
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