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Abstract. By sequential techniques and mixed monotone operator, the uniqueness of positive
solution for singular p-Laplacian fractional differential system with infinite-point boundary
conditions is obtained. Green’s function is derived, and some useful properties of Green’ function
are obtained. Based on these new properties, the existence of unique positive solutions is
established, moreover, an iterative sequence and a convergence rate are given, which are important
for practical application, and an example is given to demonstrate the validity of our main results.
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1 Introduction

Boundary value problems for nonlinear fractional differential equations arise from the
studies of complex problems in many disciplinary areas such as aerodynamics, fluid flows,
electrodynamics of complex medium, electrical networks, rheology, polymer rheology,
economics, biology chemical physics, control theory, signal and image processing, blood
flow phenomena, and so on. There has been a significant development in the study of
fractional differential equations in recent years. For an extensive collection of such litera-
ture, readers can refer to [1,3,4,7,11-17] and the references therein. Multi-point boundary
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value problems are a significant development for fractional differential equation, and
the system in this paper is infinite-points boundary value problem, and about values
at infinite-points are involved in the boundary conditions that we refer the reader to
[3,4,11] and the references therein. For p-Laplacian fractional differential equation, we
refer the reader to [9, 12]. In this paper, we consider the following singular infinite-point
p-Laplacian nonlinear fractional differential equation system:

5 (0py (Dgw)) (8) + AV 0=V f (¢ u(t), DEtu(t), D2 u(t), .. .,
Dyi~2u(t),v(t)) =0, 0<t<1,

Dy, (0p, (D53 0)) (8) + p!/ @2 Dg (¢, u(t), DR ult), DE u(t), ...,
Dyr?u(t)) =0, 0<t<l,

u(0) = Diiu(0) =0, DJ,u(0)=0, i=12,...,n—2,

~ (1)
D (1) = 3 om Dy ),
j=1

v(0) = DIiv(0) =0, Dj.v(0)=0, i=1,2,...,m—2,
Dy (1) = Y m; D R E),
j=1

where o, 8,7,6, 1w, m, € RL (k = 1,2,...,n =2, 0= 1,2,...,m—2),n,m € N
(natural number set), n,m > 2,and 1/2 < a,f < L,n—1<y<n,m—-1<J<m,
p1,P; € [2,n — 2]. p-Laplacian operator ¢, is defined as ¢y, (s) = |s|Pi~2s, p;, q; > 1,
1/pi+1/gi=1G=1,2),n—1—Kk <y—pg <n—K,m—1—p < d—n, <m—o(k=
1,2,...,n—2;0=1,2,....m—2),m < phn2G=1,2,...,m—2),and 0 < 1,9 < 1.
A, i, X, ¢ > 0 are parameters, f € C((0,1)x (0, +00)™, RL ) and f(¢, 21, z2, ..., x,) has
singularity at z; = 0 (i = 1,2,...,n)and t = 0,1, g € C((0,1) X R:’f—l,Ri), h,a €
C(0,1) with [/ xt?~Fn=2=1h(t)dA(t) < 1, foﬁ Ltéfﬂm—rlaﬁ(t) dB(t) < 1. A, B
are functions of bounded variation, [’ h(t)Dy7u(t) dA(t), [y a(t)Dyr>v(t) dB(t)
denote the Riemann—Stieltjes integral with respect to A and B. D, u, Dy, v, Dg+u,
D§ v, D!, Dy w are the standard Riemann—Liouville derivative.

Motivated by the results above, we utilize fixed point theorem to investigate the
existence results of positive solution of BVP (1). Compared with our paper [6], p1 # po
in p-Laplacian system of (1), but p; = ps in p-Laplacian system in [6]. Compared with
our papers [5, 6], values at infinite points are involved in the boundary conditions of the
boundary value problem (1), and the method that we used in this paper is sequential
techniques. Compared with [3,4,11], the method, which we used is sequential techniques,
and the positive solution, which we obtained, is iterative solution. Compared with [16,17],
fractional derivatives are involved in the nonlinear terms, and the solution we obtained is
iterative solution, the result is accurate.

Next we list the following assumptions for convenience.

(Sl) f(t»xla T2,... 7xn) = d)(taxlvx% cee ,:L'n) +1/)(t,$17$2, cee »xn)’ where ¢ :
(0,1)x [0, +00)™ = R% and ¢ : (0,1) x (0, +o00)™ — R are continuous, and
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for any fixed ¢t € [0,1], ¢(t,x1,x2,...,2,) is nondecreasing and ) (t,x1,
Z9,...,Z,) is nonincreasing on z; > 0 (i = 1,2,...,n), respectively.

(S2) There exists o € (0,1) such that, for z; > 0 (i = 1,2,...,n) and for any
1e€(0,1),te(0,1),

1/(q1—1)

¢(t, lxy,lzo, ..., lxn) >1[°

Yt 0wy T T ) 20

(b(t,xl,xQ, SN ,In),

1/(Q1_1)w(t7 L1, T2, 7xn)~

(S3) g € C([0,1] x RT‘l,REF) is nondecreasingon z; > 0 (G = 1,2,...,m — 1),
and g(t,1,...,1) # 0. Moreover, for t € (0, 1), there exists ¢ € [0, 1] such that

1/(a2—1)

g(t,ll‘l,ll‘g, .. -7lxm71) P N g(taxhx??' . ,$m,1)7 le (071>

(SH 0 < [y > (1, 1,1,...,1)dr < 400, 0 < [y 7 2000y
...,1)dT<—|—OO,O<f01g2(7',1,1,...,1)d7'<+00.

Remark 1. According to (S2) and (S3), forallz; > 00 =1,2,...,n),t € (0,1),1 > 1,
we have

1/(q2—1)
g(tv lxlv l.’bg, ey lwmfl) X lg g(t7l'1,$2, cee axmfl)»
1/(q1—1)
ot lxy, leg, ... la,) < 1° d(t, 1,22, ..y Tn),
1 1/(a1—1)

1/)(75, [V R e SR xn) <U° Y(t, 1,22, ., Tn).

2 Preliminaries and lemmas

For the convenience of the reader, we first present some basic definitions and lemmas,
which are useful for the following research and can be found in the recent literature such
as [8,10].

In what follows, we will give the expression of the linear problems.

Lemma 1. Lety,5 € L'(0,1) N C(0, 1), then the equation of the BVPs

—Dj " Pu(t) =y(t), 0<t<l1,

" . )
u(0) =0,  Dgtu(l) = 0Dyt u(&),
j=1
—Dy () = g(t), 0<t<l,
v(0)=0,  Dgiu(1) = 7;Dg3u(E;)
j=1
has integral representation
1 1
u(t) = /G(t,s)y(s) ds, v(t) = /H(t, s)y(s)ds, 3)
0 0

http://www.journals.vu.lt/nonlinear-analysis
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respectively, where

G(t,s) =

H(t,s) =

in which

1
AT(7y = pn—2)
P(fy —_ /'Ln72)t'77/'bn72flp(s)(1 — S)’Y*an7277’171
X —A(t — s)YHn—2— L 0<s<t<l, 4
Py — - 2)0 2 Ps)(1 = s 72 0<i<s <1,
.
ZF(J — T]m,Q)
D(5 = f_o)t0=m-21P(s)(1 — 5)3=m 2711
X —A(t — 5)07m—2m1 0<s<t<1, (5
(6 — Npg)t®m=2"1P(s)(1 — s)0~mm—2"T1-1 " <t <5< 1,
1
P(s) =
(s) T(y = ptn—2 —11)
1 fj _s Y—Hn—2—T2—1 ~
— 2L 1 _ T1—T2
F('Y,L“L—QT?)ZUJ(I‘S) ( ) 7
s<§;
— 1
P(s) =
(s) (6~ Nm—2 _Fl)
Ve O—Nm—2—T1—1
1 j — S T —T
- F(5 — ) 77]<§1] ) (1_8)T1_T27
—Mm—-2—T — - S
Nm—2 2 o<E,
(Y — pn—2) L(y = pn—2) y—p r 1
A= _ n—2—T2—
L(y—ttn—2—71) T(y—pin2—r2) ng
A F(6 - nm72) . (5 — Nm— 2 i *5 Nm—2—T2—1
F(5 — Nm—-2 — F1) (5 Thm—2 —

Proof. We only need to prove (4), the proof of (5) is similar with the proof of (4).
By means of the definition of fractional differential integral, we can reduce (2) to an
equivalent integral equation

ult) = =L "R y(t) + Crtd 2Tl o CotTHn e

for C1Cs € R. From u(0) = 0 we have Cy = 0. Consequently, we get

u(t) = Cyt7~Hn=2mt - [Ty ().
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By some properties of the fractional integrals and fractional derivatives, we have

F(’y - /’I”I’I*Q) — — —1 — _o—7T
DI u(t) = Y "Hn—2—r1=1 _ [Y=Hn-2"T1, 4
0+’LL( ) Ch F(’Y s — Tl) o+ y( )7 ©

I (’7 /~Ln72) _ 1 o —T
Dr2 u(t) = C t'y Hn—2—T2 Y—Hn—-2 2 ).
o+ ul?) "T(y — fin_2 —12) — Loy y(t)

On the other hand, combining D} u(1) = ZJ 1 ;D3 u(€;) with (6), we get

1
1 7“"2r11 g_S’Yan'f’zl

s)ds — J d
/ (7 Hon— 277"1 Ay 8 an/ 7 Mo — 2*T2)Ay(8) 8

(1 — s)'v—#n—z—h—lp(s)
A

y(s)ds,

Il
O\H =)

where P(s), A are as (4). Hence,

u(t) = Oyt ~Hn—2mt — IRy ()

t 1

B A(t_s)')’ﬂn21 _S’Y Hn—2=T1=1p7— unzlp()

S e LA b a v ds
0

=jGw@mwm

Therefore, (4) holds, similarly, (5) holds. O]

Lemma 2. Let A, A > 0 for s € [0, 1], then the Green functions defined by (3) satisfies:
(i) G,H :[0,1] x [0,1] — R, are continuous, and G(t,s), H(t,s) > 0 for all

t,s € (0,1);
1
(11) 7t7_ﬁbn*2_1j s g G t,s < a*try—un72_17 (7)
= () < &t.5)
1 5 L B ~
" (s) < H(t,s) <@ttt (8)
T — hm_s) J(s) < H(t,s)
where
_j(s) = (1 — s)’Y—lJ«n—z—Tl—l [1 _ (1 _ S)rl]7
3(8) = (1 _ 8)5—"%1—2—‘7'1—1 [1 _ (1 _ S)Fl],
* 1 Cx 1
a® = , ot = 7
AT e 1) pTCEm——

A, A are defined as in Lemma 1.

http://www.journals.vu.lt/nonlinear-analysis
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Proof. Let
1
Go(t,s) = ——
F('Y - .“n—2)
t'y_.un—2_1(1 —_ 8)’7_.“‘71,72_7"1_1 — (t — S)V_Hn—2_17 O < S < t g 1’
t’Y—#n—z—l(l _ S)’Y_;U'n—Q_Tl—17 0<t<s< 1.
From [7], for r1 € [2,n — 2], we have
0< t’y—unfz—l( s)"/ Hn—2—r1—1 [1 _ (1 _ S)Tl]
< F(7 Py — 2)G0(t7 5) < t’Y*#n—zfl(l _ S)W*#n—thfl' (9)
By direct calculation, we get P'(s) > 0, s € [0, 1], and so P(s) is nondecreasing with
respect to s. For 7y < 11, 71,72 € [27n 2], s € [0, 1], we get

(7 Hn— 2)
L(y = ptn—2 —11)

n—2—T2—1
F(’y_ﬂn 2 Z (é-] - S)’y Hnmamrem (1 _ 8)7'1—7'2
1—s5

_F(7 Mo — 2—7’2 o

> T(y — pn—2)P(0)

F(’Y - ,un—2) F('Y — Mn— 2 Y—pn—2—r2—1
B Dy = pn—2—71) T(y— pn—2—12) Z%f
= A.

F<7 - ,un72)P(S) =

By (4) and (9), we have

AF(’Y - ,UTL—Q)G( ) P AF(’Y - ,un—Q)GO(ta 3)
> At’Y—anz—l(l _ S)W—anz—ﬁ—l [1 _ (1 _ S)Tl].

Clearly, AT (7 — pin—2)G(t, 8) < (7 — pp_2)t? " Hn=271P(s)(1 — s)7"Hn-2""1~1 G§o
the proof of (7) is completed. Similarly, (8) also holds. L]

To study the PFDE (1), in what follows, we consider the associated linear PFDE
D (on (D" 22))(0) + plt) =0, 0 <t <1,
. > o (10)
2(0)=0, Dy x(0)=0,  Dgiz(l)=>Y n;Dz(),
and
S —TNm— _
Dg+ (‘PPQ <D0+7] zy))(t) + P(t) =0, 0<t<l,

7 e E (1)
y(0)=0,  DJ,y(0)=0,  Diiy(l)=> m,Diy(E;)
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Lemma 3. The PFDE (10), (11) has the following unique positive solution:

S

q1—1
Gt (/ (s —7)"" 1p(7>df> ds, teo1], 2)

o-for
i)

q2—1
H(t (/ (s—7)"" 1p(f)df> ds, te[0,1], (13)

respectively, in which@ = 1/T'(a), b = 1/T(B).
Proof. Leth = D) ""*x,k = ¢, (h), then the solution of the initial value problem
Dgvk(t) +p(t) =0, 0<t<l, k(0)=0

is given by k(t) = C1t*~ !t — I, p(t), t € [0,1]. By the relations k(0) = 0, we have
C1 = 0, and hence
k(t) = —Ig p(t), te0,1]. (14)

By D0+x =hh= gp;ll(k), we have from (14) that the solution of (10) satisfies
Dyt 2a(t) = ¢, (<15 p(t), 0<t<1,

s 15
20 =0,  Da(t) =S nDRal). >
j=1

By (3), the solution of Eq. (15) can be written as

1
/Gt s <pp1 =154 p(s s))ds, te][0,1].
0

Since p(s) > 0, s € [0, 1], we have o, ' (=1 p(s)) = — (15, p(s))? ', s € [0, 1], which
implies that the solution of Eq.(10) is (12). Similarly, the solution of Eq.(11) is (13). [

Let u(t) = I)7*x(t), v(t) = I *y(t), problem (1) can turn into the following
modified problem of the PFDE (16):

DG (s, (D37 72)) (1) + NV (2, 172 (e), 1577 ae(1),
L2 (t), o(t), Ijr 2y(t) =0, 0<t<1,
SN — _ i iy —
D?+(¢P2(D0+n : ))( )+'U“1/(q2 1)g(t716+ 2 ()716+ 2 nlx(t)a'--a

Hn—2—"Tm—2
I z(t)) =0, 0<t<l, (16)

2(0) =0, Dge(0)=0,  Dgia(l) =3 nDia(),

y(0)=0, Di.y(0)=0,  Diiy(l)=> 7D

http://www.journals.vu.lt/nonlinear-analysis
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Lemma 4. Ler u(t) = 1)/ *x(t), v(t) = 17 *y(t), z(t), y(t) € C[0,1]. Then (1) can
be transformed into (16). Moreover, if (x,y) € C[0,1] x C[0, 1] is a positive solution of
problem (16), then (Igf’zx, Ig;"’zy) is a positive solution of problem (1).

Proof. The proof is similar with Lemma 2.5 in [5], we omit it here. O

In order to establish the existence of positive solution for system (1), we shall consider
the following problem:

_ _ . 1o 1
D (0 (D3 2)) () 42V @ 1’f(t,15‘+ ot I T

_ 1 1 1
Igr2mr s (t) + ?fr(t) + I 2y (t) + k) =0, 0<t<1,

6_ m—2 — n—2 Un —2—11
Dy, (ep, (Do " ~2y) ) (8) + !V g (¢, T2 (t), I " (), . ..,
i) =0, 0<t<1, (17

2(0)=0, Dy.x(0)=0,  Dgta(l)=> nDia(¢)),
j=1

y(0) =0, Diy(0)=0,  Dgiy(l)=> n;D52y(E)),
j=1

where ¢ € (0,1),k € {2,3,...}. Assume that f : [0,1] x (R!\ {0})" — R} is
continuous, then (z, y) is a solution of system (17) if and only if (x, y) € C[0, 1] x C0, 1
is a solution of the following nonlinear integral equation system (18):

1 s
x(t) = )\/G(t, s)(/a(s — T)ailf(T, Igf721'(7') + %,Igf’z_mx(ﬂ + %, ey
0 0
—1
ot 1 1 s N\
I $(7)+E,$(T)+E,IO+ y(T)—i—E dr ds, te€]0,1],

1 s (18)
y(r) = M/H(ﬂ 8)</b(s —w) g (w, [P a(w), [T M a(w),
0 0

q2—1
Igrfz—nmf%c(w)) dw) ds, te][0,1].

Easily, we get the following integral equation:

1 s

x(t) = )\/G(t, s) </a(s — 7))y (T, Igf_Qx(T) + %, Igf‘r“lx(ﬂ + %, ey
0 0

Hn—2—Hn—3 1 1

Io+ x(T)+E>x(7—)+E>

Nonlinear Anal. Model. Control, 25(5):786-805
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1 s
1 lu [ ( B(s — w) g, .., L2 2aw), 17 a(w),
0 0
q2—1 q1—1
Hn—2—"Nm—2 1
Iy} z(w)) dw ds| + : dr ds, te]0,1]. (19)

Let P be a normal cone of a Banach space E, and e € P with |le|| < 1,e # 6 (0 is
a zero element of ). Define Q. = {u € P: there exist constants ¢, C' > 0 such that ce <
u < Ce}. Assume A : Q. X Qe — Q.. Ais said to be mixed monotone if A(u,y) is non-
decreasing in v and nonincreasing in y, i.e., u1 < ug (u1,us € Q) implies A(u1,y) <

A(ug,y) forany y € Q., and y1 < y2 (y1,y2 € Q.) implies A(u,y1) = A(u, y2) for any
u € Q.. The element u* € @, is called a fixed point of A if A(u*,u*) = u*. Now we
give the following lemma.

Lemma 5. (See [2].) Suppose that A : Q. X Q. — Q. is a mixed monotone operator
and there exists a constant o satisfying 0 < o < 1 such that

1
A<Zx, ly) 2 17A(x,y), z,y€ Qe 0<I<, (20)

then A has a unique fixed point x* € Q., and for any o, yo € Qe, we have
lim z, = lim y, = 2%,

n— oo n—oo

where

Tn = A@n-1,Yn-1); Yo =AWn-1,2n-1), n=12,...,
and convergence rate
lzn — 2| =o0(1=77"),  |lyn — 2| =o(1—r""),
ris a constant, 0 < r < 1, and dependent on xg, 1.
Let e(t) = t7~#n-1~1 we define a normal cone of C|0, 1] by

P={zeC[0,1]: z(t) 20, 0<t <1},

also define
1
Q. = {x € P: there exists D > 1, Be(t) < z(t) < De(t), t €0, 1]}

Remark 2. Let s = 7¢, by simple calculation, we have

t

_ 1 1 o~y - Ly — ptn—2)
I e(t :7/ t— g)in—2—lgr—mn—2-lgqg = 2T~ Hn=2)yy—1 (59,
ot "ell) L(pn—2) J (=) I'(7)

http://www.journals.vu.lt/nonlinear-analysis
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Similarly, we have

Igi‘”t‘s_”m*? _ F(6 — nm72)t6—1

() ’
N DY = fin—2) .y —
JHn—2 “"e(t) =~ ey —pe—2 k=1,2,....n—3 (22)
o+ F(’Y—Mﬁ) ) 9 4 ) ’
I“m’z_nge(t) _ Mﬂ*%*l =1.,2 m—2 (23)
" R ST

3 Main results

Theorem 1. Suppose that (S1)-(S4) hold. Then the PFDE (1) has a unique positive
solution (u*,v*) for all t € [0, 1], which satisfies

Iy = pn—2) 1 <u(t) < MtW*l
DI'(v) I'(v)
L@‘”l[{ < T(8 — f_s)@ put® =152 7" . o
1_‘(5) 10 X F(a)(zﬁ_l)(‘lz’—l)/Q 25
where
I'( N\ [ "
_ Y n—2 — ( _1)§1/(q271) B—1
T e ) ¥ — 1,...,1)d d
1 ( DF(’}/) ) J J(S) [/w (S w) g(w7 ’ ) ) ’LU‘| S’
1 1/27q2—-1
DT ¢
Kz—( (Y—in— 2 )/ (26-1)/2 /g (w,1,1,...,1)dw ds.
L(y = Nm-2) ) J

Moreover, for any ug € Qe, constructing successively sequences

1
U1 () = I)'7 2{)\/Gt s
0

DIy (1), up(7), Au,(;" 2(1)) + 9 (r,up(7), DEug(7), . ..,

S

/ — 7)Y (@ (7, ur(r), Dhtuw(r), ...,

q1—1
Dgfzuk(T),uk(T),Auff"2)(7)))d71 ds}, telo,1],

Vg1 (%) fI"m 2{ /HTS

q2—1
Dliug(w), ..., Dyt ug(w)) dw} ds}, t €0,1],

e

Nonlinear Anal. Model. Control, 25(5):786-805
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k=0,1,2,..., and we have Hkuk —u*|| = 0, |Jlop —v*|| = 0as k — oo, the convergence
rate is ||ug, — u*|| = o(1 — r?" ), where r is a constant, 0 < r < 1, and dependent on uy.

Proof. We first consider the existence of a positive solution to problem (17). From the
discussion in Section 2 we only need to consider the existence of a positive solution to
BVP (19). In order to realize this purpose, let

Ax(r) = Ig;”{u / H(r,s) [ / Bs — w)P g (w, 17 o(w),
0 0

q2—1
Igf’rmx(w), ol Igf’rn"”’zx(w)) dw} ds}, Te€0,1, (24

and define the operator T, : Q. x Q. — P by

/6(3 — )t (q’) <T, Iy —2a(r) + %, e

0

1
Ti(z,2)(t) = )\/G(t,s)

Iyt e(r) + %, z(T) + %, Az(r) + ]t)

(R B e TS
a-1

2(7) + %,Az(r) + ;)) dT] ds, telo,1].

Now we prove that T}, : Q. X Q. — P is well defined. For any z, z € Q., by (24), (S3),
(21), (23) and Remark 1, for all 7 € [0, 1], we have

1 s
/L/H(T, s) l/b(s - w)ﬁ_lg(w, Igf’zx(w), Igf’z_mx(w), o
0 0

g2—1
=272 g (w)) dw] ds

1 s

- DI'(y —
< ‘ua*Téfnm,271/ [/b(sw)ﬁlg<w, (’;1( ,;l' 2)wy717
Y
0o Lo et
—DF(’Y _ un*Z)w“’*”lfl ... —DI‘('y ~ fin—2) w"’"’"21> dw ds
L(y —m) T T(Y = m—2)

_ _ _17q—1
gua*,r(; Nm-—2—1F

L Y g2—1
M ) _ Bl
% ( T(y — Nm_2) “) 0/|~0/(S w) g(w,l,l,...,l)dw] ds, (25)
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/ T,$ [/b s —w) " g(w, I z(w), I " w(w),. . .,

g2—1
1272 (w)) dw] ds

K 5 m—2— 1/ /7 ( F(’Y — ,U/n72) ~—1
> n ] b S — w, w )
TG — na) L DI'(v)
T ) I )
YT HBn=2) ~N_p—1 Y~ Bn—2 'Y_nm,—Z_l) d d
w S w w s
DI'(y —m) DU(y = 1n—2)
_ H 5= nm—2—1p927 1 <F(’Y - Hn—z))g
I'(0 — Nm—2) DI'(v)
1 s q2—1
x /3(5) l/wﬁlk”(”‘”(sw)ﬁlg(w,1,1,...,1)dw] ds.  (26)
0 0

Hence, by (24), (25), (26) and Holder inequality, we have

Au(r) Im(/H[/ — w)P g (w, 15 (w),

g2—1
I M a(w), .. 1T (w)) dw] ds)

N N—2)@ 0" DT(y — p—s) w1)
S T(6)(28 - 1)@-D/2 (Y = Nim—2)

1 s 1/2
x/ls(%_l)m(/ g (w,1,1,... 1)dw>
0

S

1
Ax(T) —I"’"2<M/H7's[/bs— )P tg(w, I (w),
0

q2—1
M a(w), . LT e (w) dw] ds)

1 s

P () ol oo

q2—1
X g(w,l,l,...,l)dw] ds, 7€]0,1].

q2—1

ds, 7€[0,1, 7
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By (S4), we get that Az(7) is well defined. From (21), (22), (27), (S1), and Remark 1 we
have

. 1 - 1 oo 1
¢(T, I —2x(r) + %,Igf” Ma(r) + PARE ST () + o
1 1
LGRS SEURY)
<¢(r,Db+1,Db+1,...,D%b+1)
<or /T pe M T (e 11, 1), T e (0,1), (28)

where D > 1, b are two positive constants. By (21), (22), (27), (S1), (S2), we also have

1 _ 1 _ 1
1/J<7‘, Igf’zm(r) + E,Igf’z Ma(r) + POE .,Igf’2 Er=sp(r) + e
1 1
c 1 ¢ 1 c 1
< B e s L
\¢(T’DT “¥DT TR DT +k>
<M T (11,1, e (0,1), (29)

where c is a positive constant. Noting (¢/D)77~! < 1 and by (21), (22), (27), (S1), (S2),
we have

1 _ 1 _ 1
() 4 o )+ e B () 4

x(1) + l, Ax(T) + 1)

k k

c 1 ¢ 1 c 1
> B B e e e A )
/¢<T’DT R T 1 +k:)

1 —0
(5 1) Camn

=T e T e T 1 1), re(0,1). (30)
By (21), (22), (27), (S1), and Remark 1, we also get

Hn—2 1 Hn—2—H1 1 Hn—2—Hn—-3 1
1# TaI()+ x(T)_FEvIoJr x(T)_FEw-wIOJr l‘(T)—‘r%,

x(r) + %71456(7') + 1)

k
> (7, Dbr? "t 4+ 1, Dby 1, Db Hr2 T 41 Db 4 1)
> 9ot/ Ty T poot T 0 1 1,1, T e (0,1). 31)
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For any z, z € @, it follows from (28), (29) that

T (w, 2)(t)

1
Y —tn—2—1poza—1

< Aa't D°a Za — D@72

1

s 1/2
x / [2"”““%"”(“1)</¢2(T,1,1,...,1)d7>
0

0
s 1/29q1—-1
gty (/7'2("’1>01/(Q1_1)¢2(7’71,1,...,1)d7> ] ds
0
< too, te0,1]. (32)

By (S4), (32), we have that T}, : Q. X Q. — P is well defined. Next, we will prove Ty, : Qe X Qe —
Q.. Formula (32) implies that

Ti(x,2)(t) < D *=2"1 = De(t), te[0,1].

At the same time, by (30) and (31), we have

Tie(z, 2)(t)
1 s
— o— n-— 1 n—27 1
= A/G(t,s)[/a(s—ﬂ 1<¢<T,I:+ *x(7) + E’Iél 2T (1) + FREREE

0 0
JHn—2=kn_3 1 Ly 1 = 1
o+ x(T)"'EwT(T)J’_E» $(7)+E + (7 o+ Z(T)'f'E:

q1—1
Hn—2=H1 1 Pn—2—ln—3 1 1 1
I ,2'(7')4—%,...7[04r Z(T)—I—E,Z(T)—FE,AZ(T)—%E dr ds
> A tw—unfz—lD—vatn—l
L(y = pin—2)
1 s

X /j(s) {/(3 — et (cal/(ql71)T<771)”1/(QI71>¢(T, 1,1,...,1)

0 0

1/( 1) 1/( 1) ot
w2 Ty T (1,1, 1)) dr ds, telo0,1]. (33)
Formula (33) implies that
Th(z, 2)(t) >~ 2=t = Loy teo,1]
) = D D 7 7 -

Hence, Tk : Qe X Qe — Q. Itis easy to prove that T, : Qe X Qe — Q. is a mixed monotone
operator.
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Finally, we show that the operator T}, satisfies (20). For any z, z € Q. and I € (0, 1), by (S2)
and Remark 1, for all ¢ € [0, 1], we have

/G (t,s) [/ (s—1)* 71(¢<7‘,I§$’_2lw(7)+ ;,Igf 2T g (r )—i—%..,,
Hn—2—Hn—3 1 1 1
I lz(r) + E,lm(r) + o Alz(T) + Z

gee ey

51 1 1
o (n I ) + BT s

e

q1—1
Ig£72_ﬂ7173%z(7—)+ %7%2}(7‘)4» %,A%Z(T)+ %)) dT} ds

l/\/Gts[/ (s =) Ho(r LT a(r), 11> a(r),. ..,
0
Ig_fiziuni‘q'.’f(’r),CC(T),A$(T))+1/J(T,Ig_r 22(r ),Igj 2T (),
q1—1
Ing_“"32(7),2’(7—),Az(7—)))d7} ds. (34)
Formula (34) implies that

Ty (la:, %z) > 1°Tk(z,2), =,z € Q.. (35)

Hence, Lemma 5 assumes that there exists a unique positive solution x;, € Q. such that
Tk (z}, x}) = xj. Consequently, z7, is a unique positive solution of (17) for every k € {2,3,...}.
Since z}, € Qe, 30 x}, has uniform lower and upper bounds. Thus, in order to pass the solution z}
of (17) to that of (16), we need that the fact that {x} }r>2 is an equiconuous family on [0, 1]. In
fact, by (28), (29), z; € Q., we have

f( I:U'n 25%( ) ;71511 2— Hlx*( )

1
k'
Iﬂn 2= Hn-—3 *( )+ Afrk +%>

S1/(a1-1)

<2 b7 D° (1, 1,1,...,1)

c_gl/(cn*l) Dgl/(cnfl) T(W_l)gl/(ﬂ*l)

1/(q1—1) 1/(a1—1)

P(r1,1,...,1), 7€(0,1),

and let

1/(a1—1) , 51/(qa1—1) 1/(q1—1)

D° o(r,1,1,...,1)

1/(611*1)7_@,1)01/(01*1)

p(r)=2° b’
_ol/(a1—1)

+c D° P(r,1,1,...,1), 7€(0,1),
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by (S4), we easily get that (s) € L'[0, 1]. Hence, for 0 < t1 < t2 < 1, we have

| (k) (t2) — (k) (1)

1

" 1
[ (Gtta9) = Gtor.9) (/ s (R0 () 4 )
0

0

q1—1
1 noa—hn_g Lo Lo 1
+%,...,Ig+ 2mH Sxk(T)+E7xk(T)+E7Axk(T)+%> dT> dS

/ G1 (t2, 8) + Ga2(t2, 8) — G1(t1,s) — Gz(tl,s)) </a(s — 7—)"‘*180(7—) d7'> ds

0

a” 1||‘PHL Y—Hn-—2-1 Y—Hn_2—1
< ) Hn = _ Y
AQa — D)@ =D/2T(y — piyy—o — 71) ( 2 ! )

=q1—1
P {(m—mwzl

A(Qa — 1)(q1—1)/2

t1

+ / ((tz — 5)77“"‘271 — (t1 — s)“’f“"'”*l) ds:| . (36)
0

Since (t — s)?7#n=271 is uniformly continuous on [0, 1] x [0, 1] and #*"#n=2"" is uniformly

continuous on [0, 1], so any ¢ > 0, there exists § > 0 such that for 0 < ¢1 < t2 < 1,2 —t1 <9,
0<s <t

—in_2—1 —fin—2—1

g Hnm2Tt gyl

(t2 — S)'Y_.un72_1 —(t — 5)7_“"*2_1 < e.

Consequently, forallz € D, 0 < 1 < t2 < land t2 — t1 < min{d, "~#n—27{/c}, the inequality

@) (1) — (@)(0)] <€ o (24 T = s =)

holds. Hence, by Arzela—Ascoli theorem, we get that {x}, }r>2 is an equiconuous family on [0, 1].
Hence, {z} } k> is relatively compact in P, then the sequence {x;, } has a subsequence converge to
x* C P. Without loss of generality, we still assume that {x},} itself uniformly converges to =™, that
islimp o0  — 2™, then (2™, y*) is the solution of (19), which can be easily get by the Lebesgue
dominated convergence theorem.

Moreover, for any uo(t) = I gf”zxo € Qe, by Lemma 5, constructing a successively sequence

S

Tm41(t) = )\/G(t, s) |:/a(s - T)o‘fl(gzﬁ(r, Igf T (1),

0
Igf_Q_“"’_%:m(T),mm(T),Amm(r)) + (7 ,Igl' 2T (T), -,

q1—1

L2 (1), @ (1), Az (1)) d7 ds, te[0,1], m=1,2,...,
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by tmy1(t) = 17> 2y (), then

E]

1

Um1(t) = [Hn—2 {)\/G(t, s) [/a(s — et (¢(7, um (7), Dt (), D2 um (7). .,

0 0
Dgﬁ’Qum(T), ADgf”um(T)) + 1/1(7’, U (), Dt (7), DiZ um(T) . . .,

q1—1
Dg_fZUm(T),ADg$2um(T)))dT:| ds}, te[0,1], m=1,2,...,

and we have ||u, — u*|| = ||Igf’2:vm - Igj”zx*ﬂ — 0 as m — oo, convergence rate

*

= 0(1 — 7"‘7m)7

ot — | = I — 15
r is a constant, 0 < r < 1, and dependent on uo. Hence, for t € [0,1], by Lemma 4, u*(t) =
INT 2@ (t), v* (t) = 17 ~*y*(t) is the unique positive solution of system (1), where

1 s
y" (t) :/H(t,s)(/b(s—w)ﬁ_lg(w,lgf2x*(w),lgf2mx*(w),...,
0 0

q2—1
Igrfz—nm—2x* (w)) dw) ds. (37)

By (25), (26), (35), (36), and z* € Q., we get (u™, v™), which satisfies ().
Moreover, by (37), we have

1 s

v (t) = Igf2{,u/H(T, s) [/b(s—w)ﬁ1g(w,u*(w),Dgiu*(w),,..,

0 0
q2—1
DT (w)) dw:| ds}
and

Vg1 = Igf[“? (,u/H(T, s) [/b(s — w)ﬂ_lg(w,uk(w),
0 0

g2—1
DI, ...,D)" % (w)) dw] ds)

N Hm—2)@ ur® 5™ ( DU(y = pn—2) 1)
ST - D@2 T = s

1 s 1/27q2—1
></|:s(2ﬁ_1)/2</92(w,1,1,...,1)dw> } ds < 4o00.

0 0

By Lebesgue control convergence theorem, we have ||vy, — v*|| — 0(k — +400). Therefore, the
proof of Theorem 1 is completed. O
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4 An example

Consider the following boundary value problem:

DY (o3 (DR2~u) ) (8) + A2 f (8, u(t), DolPult), v(t)) =0, 0<t<1,

DY (2 (DY20)) () + 12 (t,u(t)) =0, 0<t<1,

u(0) =0, Dg, u(0) =0, anDoJru (38)
v(0)=0, D v(0)=0,  Diio(l)=> m;Dp2u(E;),
j=1

where v =5/2,0 =3/2,a=08=3/4,r =r, =1/2,71 =Ty =1/2,n; = n; =
1/(25°),& =€, =1/4%.p1 =3, q1 = 3/2,p2 = 2, g2 = 1/2, and

o(t,x1, 9, 23) = (t’1/4 +cost)x}/9 + 2txq 1/8 + 2x 1/16

w@’xl’x%m) _ t—1/16m; /8 +x—1/16 n (2 t)x3 1/15

)

g(t,u) = (3t + tz)u3/5 + (tsint + t)u?/3,

Hence, by simple calcution, we have (T'(7)/T'(y — p2)) 372, njgg P2l — 05412 <
Py—1

L(y)/T(y = p1) = T(5/2)/T(3/2), (T(8)/T(6 = P2)) 32721 ;8 = 0.5412 <
I'(6)/T(5 —p,) = T'(3/2)/T(1/2). Moreover, for any (¢, z1, z2,x3) € (0,1) x (0,00)3
and 0 < [ < 1, we have

oty lxy, log, las) = (t 14 4 cos t) (la:;l)l/9 + 2t(lm2)1/8 +2(lxs )1/16
> 1Y ((t_1/4 + cos t)x}/g + thl/g + 2x1/16)

= 1Y8¢(t, @1, g, 13) = ot 1)¢(t,x1,x2,x3),

(8 1wy, N, 1 ) = 10 (170 ) T () T 2 ) ()Y
> l1/8(t71/16x;1/8 +x;1/16 + (2 o t)xgl/w)
= ll/sw(t,xl,xg, x3) = l”l/(ql_l)i/i(t, X1, T2,T3),
g(t,lu) = (3t + %) (lu)*/® + (tsint + t)(lu)?/?
> /3((3t+t2) 35 4 (tsint + t)u?/?)
= 123g(t,u) = lgwqrng(t, u).
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Noting 0 = 1/(2v/2) < 1, ¢ = 2/3, ¢(7,1,1,1) = 7= Y/16 £ 3 — 7, ¢(,1,1,1) =
Y4 4 cosT + 21 + 2, g(7,1) = 37 + 7% + 7sinT + 7, we have

1 1
0</¢(Tl,1,1 / 1/4+COST+2T+T)2dT
0 0
16
<1948+ - < +o0,
772(771)”1/(%1)1&2(7, 1,1,1)dr =

0< 7'73/8(7'71/16+377')2d7

o _
o _

96
=2+ 5 +9 < +oo,

1 1
O</gz7'1,1,1 /(37’+T2+Tsinr+7')2dr
0 0
<17><1+6 +1+12+16<+
S 37°275 o

Thus, assumptions (S1)—-(S4) of Theorem 1 hold. Then Theorem 1 implies that prob-
lem (38) has a unique solution.
In addition, for any initial uy € Q)., we construct a successively sequence

wpir (1) = / MGt 5) [ / a(s — 1) (6t u(t), DY un(t), Auj ()

0 0
qa1—1

+ O (t ug(t), Dour(t), Aujy())) dr | ds, te[0,1], k=1,2,...,

and we have ||u;, —u*|| — 0 as k — oo, the convergence rate is ||uy — u*|| = o(1 — r"k),
where r is a constant, 0 < r < 1, and dependent on uy.

Acknowledgment. The authors would like to thank the referee for his/her valuable
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