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Abstract. By sequential techniques and mixed monotone operator, the uniqueness of positive
solution for singular p-Laplacian fractional differential system with infinite-point boundary
conditions is obtained. Green’s function is derived, and some useful properties of Green’ function
are obtained. Based on these new properties, the existence of unique positive solutions is
established, moreover, an iterative sequence and a convergence rate are given, which are important
for practical application, and an example is given to demonstrate the validity of our main results.
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1 Introduction

Boundary value problems for nonlinear fractional differential equations arise from the
studies of complex problems in many disciplinary areas such as aerodynamics, fluid flows,
electrodynamics of complex medium, electrical networks, rheology, polymer rheology,
economics, biology chemical physics, control theory, signal and image processing, blood
flow phenomena, and so on. There has been a significant development in the study of
fractional differential equations in recent years. For an extensive collection of such litera-
ture, readers can refer to [1,3,4,7,11–17] and the references therein. Multi-point boundary
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value problems are a significant development for fractional differential equation, and
the system in this paper is infinite-points boundary value problem, and about values
at infinite-points are involved in the boundary conditions that we refer the reader to
[3, 4, 11] and the references therein. For p-Laplacian fractional differential equation, we
refer the reader to [9, 12]. In this paper, we consider the following singular infinite-point
p-Laplacian nonlinear fractional differential equation system:

Dα
0+

(
ϕp1
(
Dγ

0+u
))

(t) + λ1/(q1−1)f
(
t, u(t), Dµ1

0+u(t), Dµ2

0+u(t), . . . ,

D
µn−2

0+ u(t), v(t)
)

= 0, 0 < t < 1,

Dβ
0+

(
ϕp2
(
Dδ

0+v
))

(t) + µ1/(q2−1)g
(
t, u(t), Dη1

0+u(t), Dη2
0+u(t), . . . ,

D
ηm−2

0+ u(t)
)

= 0, 0 < t < 1,

u(0) = Dµi
0+u(0) = 0, Dγ

0+u(0) = 0, i = 1, 2, . . . , n− 2,

D
µn−2+r1
0+ u(1) =

∞∑
j=1

ηjD
µn−2+r2
0+ u(ξj),

v(0) = Dηi
0+v(0) = 0, Dδ

0+v(0) = 0, i = 1, 2, . . . ,m− 2,

D
ηm−2+r1
0+ v(1) =

∞∑
j=1

ηjD
ηm−2+r2
0+ v(ξj),

(1)

where α, β, γ, δ, µκ, η% ∈ R1
+ (κ = 1, 2, . . . , n − 2; % = 1, 2, . . . ,m − 2), n,m ∈ N

(natural number set), n,m > 2, and 1/2 < α, β 6 1, n − 1 < γ 6 n, m − 1 < δ 6 m,
p1, p1 ∈ [2, n− 2]. p-Laplacian operator ϕpi is defined as ϕpi(s) = |s|pi−2s, pi, qi > 1,
1/pi+1/qi = 1 (i = 1, 2), n−1−κ < γ−µκ 6 n−κ,m−1−% < δ−η% 6 m−% (κ =
1, 2, . . . , n−2; % = 1, 2, . . . ,m−2), ηi 6 µn−2 (i = 1, 2, . . . ,m−2), and 0 < η, ϑ 6 1.
λ, µ, χ, ι > 0 are parameters, f ∈ C((0, 1)×(0,+∞)n,R1

+) and f(t, x1, x2, . . . , xn) has
singularity at xi = 0 (i = 1, 2, . . . , n) and t = 0, 1, g ∈ C((0, 1) × Rm−1+ ,R1

+), h, a ∈
C(0, 1) with

∫ η
0
χtγ−µn−2−1h(t) dA(t) < 1,

∫ ϑ
0
ιtδ−ηm−2−1a(t) dB(t) < 1. A, B

are functions of bounded variation,
∫ η
0
h(t)D

µn−2

0+ u(t) dA(t),
∫ ϑ
0
a(t)D

ηm−2

0+ v(t) dB(t)
denote the Riemann–Stieltjes integral with respect to A and B. Dα

0+u, Dβ
0+v, Dγ

0+u,
Dδ

0+v, Dµκ
0+u, Dη%

0+u are the standard Riemann–Liouville derivative.
Motivated by the results above, we utilize fixed point theorem to investigate the

existence results of positive solution of BVP (1). Compared with our paper [6], p1 6= p2
in p-Laplacian system of (1), but p1 = p2 in p-Laplacian system in [6]. Compared with
our papers [5, 6], values at infinite points are involved in the boundary conditions of the
boundary value problem (1), and the method that we used in this paper is sequential
techniques. Compared with [3,4,11], the method, which we used is sequential techniques,
and the positive solution, which we obtained, is iterative solution. Compared with [16,17],
fractional derivatives are involved in the nonlinear terms, and the solution we obtained is
iterative solution, the result is accurate.

Next we list the following assumptions for convenience.

(S1) f(t, x1, x2, . . . , xn) = φ(t, x1, x2, . . . , xn) +ψ(t, x1, x2, . . . , xn), where φ :
(0, 1)× [0,+∞)n→R1

+ and ψ : (0, 1)× (0,+∞)n→R1
+ are continuous, and
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for any fixed t ∈ [0, 1], φ(t, x1, x2, . . . , xn) is nondecreasing and ψ(t, x1,
x2, . . . , xn) is nonincreasing on xi > 0 (i = 1, 2, . . . , n), respectively.

(S2) There exists σ ∈ (0, 1) such that, for xi > 0 (i = 1, 2, . . . , n) and for any
l ∈ (0, 1), t ∈ (0, 1),

φ(t, lx1, lx2, . . . , lxn) > lσ
1/(q1−1)

φ(t, x1, x2, . . . , xn),

ψ
(
t, l−1x1, l

−1x2, . . . , l
−1xn

)
> lσ

1/(q1−1)

ψ(t, x1, x2, . . . , xn).

(S3) g ∈ C([0, 1] × Rm−1+ ,R1
+) is nondecreasing on xi > 0 (i = 1, 2, . . . ,m − 1),

and g(t, 1, . . . , 1) 6= 0. Moreover, for t ∈ (0, 1), there exists ς ∈ [0, 1] such that

g(t, lx1, lx2, . . . , lxm−1) > lς
1/(q2−1)

g(t, x1, x2, . . . , xm−1), l ∈ (0, 1).

(S4) 0 <
∫ 1

0
φ2(τ, 1, 1, . . . , 1) dτ < +∞, 0 <

∫ 1

0
τ−2(γ−1)σ

1/(q1−1)

ψ2(τ, 1, 1,

. . . , 1) dτ < +∞, 0 <
∫ 1

0
g2
(
τ, 1, 1, . . . , 1

)
dτ < +∞.

Remark 1. According to (S2) and (S3), for all xi > 0 (i = 1, 2, . . . , n), t ∈ (0, 1), l > 1,
we have

g(t, lx1, lx2, . . . , lxm−1) 6 lς
1/(q2−1)

g(t, x1, x2, . . . , xm−1),

φ(t, lx1, lx2, . . . , lxn) 6 lσ
1/(q1−1)

φ(t, x1, x2, . . . , xn),

ψ
(
t, l−1x1, l

−1x2, . . . , l
−1xn

)
6 lσ

1/(q1−1)

ψ(t, x1, x2, . . . , xn).

2 Preliminaries and lemmas

For the convenience of the reader, we first present some basic definitions and lemmas,
which are useful for the following research and can be found in the recent literature such
as [8, 10].

In what follows, we will give the expression of the linear problems.

Lemma 1. Let y, y ∈ L1(0, 1) ∩ C(0, 1), then the equation of the BVPs

−Dγ−µn−2

0+ u(t) = y(t), 0 < t < 1,

u(0) = 0, Dr1
0+u(1) =

∞∑
j=1

ηjD
r2
0+u(ξj),

(2)

−Dδ−ηm−2

0+ v(t) = y(t), 0 < t < 1,

v(0) = 0, Dr1
0+v(1) =

∞∑
j=1

ηjD
r2
0+v(ξj)

has integral representation

u(t) =

1∫
0

G(t, s)y(s) ds, v(t) =

1∫
0

H(t, s)y(s) ds, (3)
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respectively, where

G(t, s) =
1

∆Γ(γ − µn−2)

×


Γ(γ − µn−2)tγ−µn−2−1P (s)(1− s)γ−µn−2−r1−1

−∆(t− s)γ−µn−2−1, 0 6 s 6 t 6 1,

Γ(γ − µn−2)tγ−µn−2−1P (s)(1− s)γ−µn−2−r1−1, 0 6 t 6 s 6 1,

(4)

H(t, s) =
1

∆Γ(δ − ηm−2)

×


Γ(δ − ηm−2)tδ−ηm−2−1P (s)(1− s)δ−ηm−2−r1−1

−∆(t− s)δ−ηm−2−1, 0 6 s 6 t 6 1,

Γ(δ − ηm−2)tδ−ηm−2−1P (s)(1− s)δ−ηm−2−r1−1, 0 6 t 6 s 6 1,

(5)

in which

P (s) =
1

Γ(γ − µn−2 − r1)

− 1

Γ(γ − µn−2 − r2)

∑
s6ξj

ηj

(
ξj − s
1− s

)γ−µn−2−r2−1

(1− s)r1−r2 ,

P (s) =
1

Γ(δ − ηm−2 − r1)

− 1

Γ(δ − ηm−2 − r2)

∑
s6ξj

ηj

(
ξj − s
1− s

)δ−ηm−2−r1−1

(1− s)r1−r2 ,

∆ =
Γ(γ − µn−2)

Γ(γ − µn−2 − r1)
− Γ(γ − µn−2)

Γ(γ − µn−2 − r2)

∞∑
j=1

ηjξ
γ−µn−2−r2−1
j ,

∆ =
Γ(δ − ηm−2)

Γ(δ − ηm−2 − r1)
− Γ(δ − ηm−2)

Γ(δ − ηm−2 − r2)

∞∑
j=1

ηjξ
δ−ηm−2−r2−1
j .

Proof. We only need to prove (4), the proof of (5) is similar with the proof of (4).
By means of the definition of fractional differential integral, we can reduce (2) to an
equivalent integral equation

u(t) = −Iγ−µn−2

0+ y(t) + C1t
γ−µn−2−1 + C2t

γ−µn−2−2

for C1C2 ∈ R. From u(0) = 0 we have C2 = 0. Consequently, we get

u(t) = C1t
γ−µn−2−1 − Iγ−µn−2

0+ y(t).

Nonlinear Anal. Model. Control, 25(5):786–805
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By some properties of the fractional integrals and fractional derivatives, we have

Dr1
0+u(t) = C1

Γ(γ − µn−2)

Γ(γ − µn−2 − r1)
tγ−µn−2−r1−1 − Iγ−µn−2−r1

0+ y(t),

Dr2
0+u(t) = C1

Γ(γ − µn−2)

Γ(γ − µn−2 − r2)
tγ−µn−2−r2−1 − Iγ−µn−2−r2

0+ y(t).

(6)

On the other hand, combining Dr1
0+u(1) =

∑∞
j=1 ηjD

r2
0+u(ξj) with (6), we get

C1 =

1∫
0

(1− s)γ−µn−2−r1−1

Γ(γ − µn−2 − r1)∆
y(s) ds−

∞∑
j=1

ηj

ξj∫
0

(ξj − s)γ−µn−2−r2−1

Γ(γ − µn−2 − r2)∆
y(s) ds

=

1∫
0

(1− s)γ−µn−2−r1−1P (s)

∆
y(s) ds,

where P (s), ∆ are as (4). Hence,

u(t) = C1t
γ−µn−2−1 − Iγ−µn−2

0+ y(t)

= −
t∫

0

∆(t− s)γ−µn−2−1

Γ(γ−µn−2)∆
y(s) ds+

1∫
0

(1−s)γ−µn−2−r1−1tγ−µn−2−1P (s)

∆
y(s) ds

=

1∫
0

G(t, s)y(s) ds.

Therefore, (4) holds, similarly, (5) holds.

Lemma 2. Let ∆,∆ > 0 for s ∈ [0, 1], then the Green functions defined by (3) satisfies:

(i) G,H : [0, 1] × [0, 1] → R+ are continuous, and G(t, s), H(t, s) > 0 for all
t, s ∈ (0, 1);

(ii)
1

Γ(γ − µn−2)
tγ−µn−2−1j(s) 6 G(t, s) 6 a∗tγ−µn−2−1, (7)

1

Γ(δ − ηm−2)
tδ−ηm−2−1j(s) 6 H(t, s) 6 a∗tδ−ηm−2−1, (8)

where

j(s) = (1− s)γ−µn−2−r1−1
[
1− (1− s)r1

]
,

j(s) = (1− s)δ−ηm−2−r1−1
[
1− (1− s)r1

]
,

a∗ =
1

∆Γ(γ − µn−2 − r1)
, a∗ =

1

∆Γ(δ − ηm−2 − r1)
,

∆, ∆ are defined as in Lemma 1.

http://www.journals.vu.lt/nonlinear-analysis
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Proof. Let

G0(t, s) =
1

Γ(γ − µn−2)

×

{
tγ−µn−2−1(1− s)γ−µn−2−r1−1 − (t− s)γ−µn−2−1, 0 6 s 6 t 6 1,

tγ−µn−2−1(1− s)γ−µn−2−r1−1, 0 6 t 6 s 6 1.

From [7], for r1 ∈ [2, n− 2], we have

0 6 tγ−µn−2−1(1− s)γ−µn−2−r1−1
[
1− (1− s)r1

]
6 Γ(γ − µn−2)G0(t, s) 6 tγ−µn−2−1(1− s)γ−µn−2−r1−1. (9)

By direct calculation, we get P ′(s) > 0, s ∈ [0, 1], and so P (s) is nondecreasing with
respect to s. For r2 6 r1, r1, r2 ∈ [2, n− 2], s ∈ [0, 1], we get

Γ(γ − µn−2)P (s) =
Γ(γ − µn−2)

Γ(γ − µn−2 − r1)

− Γ(γ − µn−2)

Γ(γ − µn−2 − r2)

∑
s6ξj

ηj

(
ξj − s
1− s

)γ−µn−2−r2−1

(1− s)r1−r2

> Γ(γ − µn−2)P (0)

=
Γ(γ − µn−2)

Γ(γ − µn−2 − r1)
− Γ(γ − µn−2)

Γ(γ − µn−2 − r2)

∑
ηjξ

γ−µn−2−r2−1
j

= ∆.

By (4) and (9), we have

∆Γ(γ − µn−2)G(t, s) > ∆Γ(γ − µn−2)G0(t, s)

> ∆tγ−µn−2−1(1− s)γ−µn−2−r1−1
[
1− (1− s)r1

]
.

Clearly, ∆Γ(γ − µn−2)G(t, s) 6 Γ(γ − µn−2)tγ−µn−2−1P (s)(1− s)γ−µn−2−r1−1. So
the proof of (7) is completed. Similarly, (8) also holds.

To study the PFDE (1), in what follows, we consider the associated linear PFDE

Dα
0+

(
ϕp1
(
D
γ−µn−2

0+ x
))

(t) + ρ(t) = 0, 0 < t < 1,

x(0) = 0, Dγ
0+x(0) = 0, Dr1

0+x(1) =

∞∑
j=1

ηjD
r2
0+x(ξj),

(10)

and

Dβ
0+

(
ϕp2
(
D
δ−ηm−2

0+ y
))

(t) + ρ(t) = 0, 0 < t < 1,

y(0) = 0, Dδ
0+y(0) = 0, Dr1

0+y(1) =

∞∑
j=1

ηjD
r2
0+y(ξj).

(11)
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Lemma 3. The PFDE (10), (11) has the following unique positive solution:

x(t) =

1∫
0

G(t, s)

( s∫
0

a(s− τ)α−1ρ(τ) dτ

)q1−1
ds, t ∈ [0, 1], (12)

y(t) =

1∫
0

H(t, s)

( s∫
0

b(s− τ)β−1ρ(τ) dτ

)q2−1
ds, t ∈ [0, 1], (13)

respectively, in which a = 1/Γ(α), b = 1/Γ(β).

Proof. Let h = D
γ−µn−2

0+ x, k = ϕp1(h), then the solution of the initial value problem

Dα
0+k(t) + ρ(t) = 0, 0 < t < 1, k(0) = 0

is given by k(t) = C1t
α−1 − Iα0+ρ(t), t ∈ [0, 1]. By the relations k(0) = 0, we have

C1 = 0, and hence
k(t) = −Iα0+ρ(t), t ∈ [0, 1]. (14)

By Dγ
0+x = h, h = ϕ−1p1 (k), we have from (14) that the solution of (10) satisfies

D
γ−µn−2

0+ x(t) = ϕ−1p1
(
−Iα0+ρ(t)

)
, 0 < t < 1,

x(0) = 0, Dr1
0+x(1) =

∞∑
j=1

ηjD
r2
0+x(ξj).

(15)

By (3), the solution of Eq. (15) can be written as

x(t) = −
1∫

0

G(t, s)ϕ−1p1
(
−Iα

0+
ρ(s)

)
ds, t ∈ [0, 1].

Since ρ(s) > 0, s ∈ [0, 1], we have ϕ−1p1 (−Iα0+ρ(s)) = −(Iα0+ρ(s))q1−1, s ∈ [0, 1], which
implies that the solution of Eq.(10) is (12). Similarly, the solution of Eq.(11) is (13).

Let u(t) = I
µn−2

0+ x(t), v(t) = I
ηm−2

0+ y(t), problem (1) can turn into the following
modified problem of the PFDE (16):

Dα
0+

(
ϕp1
(
D
γ−µn−2

0+ x
))

(t) + λ1/(q1−1)f
(
t, I

µn−2

0+ x(t), I
µn−2−µ1

0+ x(t), . . . ,

I
µn−2−µn−3

0+ x(t), x(t), I
ηm−2

0+ y(t)
)

= 0, 0 < t < 1,

Dβ
0+

(
ϕp2
(
D
δ−ηm−2

0+ y
))

(t) + µ1/(q2−1)g
(
t, I

µn−2

0+ x(t), I
µn−2−η1
0+ x(t), . . . ,

I
µn−2−ηm−2

0+ x(t)
)

= 0, 0 < t < 1,

x(0) = 0, Dγ
0+x(0) = 0, Dr1

0+x(1) =

∞∑
j=1

ηjD
r2
0+x(ξj),

y(0) = 0, Dδ
0+y(0) = 0, Dr1

0+y(1) =

∞∑
j=1

ηjD
r2
0+y(ξj).

(16)
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Lemma 4. Let u(t) = I
µn−2

0+ x(t), v(t) = I
ηm−2

0+ y(t), x(t), y(t) ∈ C[0, 1]. Then (1) can
be transformed into (16). Moreover, if (x, y) ∈ C[0, 1]× C[0, 1] is a positive solution of
problem (16), then (I

µn−2

0+
x, I

ηm−2

0+ y) is a positive solution of problem (1).

Proof. The proof is similar with Lemma 2.5 in [5], we omit it here.

In order to establish the existence of positive solution for system (1), we shall consider
the following problem:

Dα
0+

(
ϕp1
(
D
γ−µn−2

0+ x
))

(t)+λ1/(q1−1)f

(
t, I

µn−2

0+ x(t)+
1

k
, I
µn−2−µ1

0+ x(t)+
1

k
, . . . ,

I
µn−2−µn−3

0+ x(t) +
1

k
, x(t) +

1

k
, I
ηm−2

0+ y(t) +
1

k

)
= 0, 0 < t < 1,

Dβ
0+

(
ϕp2
(
D
δ−ηm−2

0+ y
))

(t) + µ1/(q2−1)g
(
t, I

µn−2

0+ x(t), I
µn−2−η1
0+ x(t), . . . ,

I
µn−2−ηm−2

0+ x(t)
)

= 0, 0 < t < 1,

x(0) = 0, Dγ
0+x(0) = 0, Dr1

0+x(1) =

∞∑
j=1

ηjD
r2
0+x(ξj),

y(0) = 0, Dδ
0+y(0) = 0, Dr1

0+y(1) =

∞∑
j=1

ηjD
r2
0+y(ξj),

(17)

where t ∈ (0, 1), k ∈ {2, 3, . . . }. Assume that f : [0, 1] × (R1 \ {0})n → R1
+ is

continuous, then (x, y) is a solution of system (17) if and only if (x, y) ∈ C[0, 1]×C[0, 1]
is a solution of the following nonlinear integral equation system (18):

x(t) = λ

1∫
0

G(t, s)

( s∫
0

a(s− τ)α−1f

(
τ, I

µn−2

0+
x(τ) +

1

k
, I
µn−2−µ1

0+
x(τ) +

1

k
, . . . ,

I
µn−2−µn−3

0+
x(τ) +

1

k
, x(τ) +

1

k
, I
ηm−2

0+
y(τ) +

1

k

)
dτ

)q1−1

ds, t ∈ [0, 1],

y(τ) = µ

1∫
0

H(τ, s)

( s∫
0

b(s− w)β−1g
(
w, I

µn−2

0+
x(w), I

µn−2−η1
0+

x(w), . . . ,

I
µn−2−ηm−2

0+
x(w)

)
dw

)q2−1

ds, t ∈ [0, 1].

(18)

Easily, we get the following integral equation:

x(t) = λ

1∫
0

G(t, s)

( s∫
0

a(s− τ)α−1f

(
τ, I

µn−2

0+ x(τ) +
1

k
, I
µn−2−µ1

0+ x(τ) +
1

k
, . . . ,

I
µn−2−µn−3

0+ x(τ) +
1

k
, x(τ) +

1

k
,
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I
ηm−2

0+

[
µ

1∫
0

H(τ, s)

( s∫
0

b(s− w)β−1g
(
w, . . . , I

µn−2

0+ x(w), I
µn−2−η1
0+ x(w),

I
µn−2−ηm−2

0+ x(w)
)

dw

)q2−1
ds

]
+

1

k

)
dτ

)q1−1
ds, t ∈ [0, 1]. (19)

Let P be a normal cone of a Banach space E, and e ∈ P with ‖e‖ 6 1, e 6= θ (θ is
a zero element of E). Define Qe = {u ∈ P : there exist constants c, C > 0 such that ce 6
u 6 Ce}. AssumeA : Qe×Qe → Qe. A is said to be mixed monotone ifA(u, y) is non-
decreasing in u and nonincreasing in y, i.e., u1 6 u2 (u1, u2 ∈ Qe) implies A(u1, y) 6
A(u2, y) for any y ∈ Qe, and y1 6 y2 (y1, y2 ∈ Qe) implies A(u, y1) > A(u, y2) for any
u ∈ Qe. The element u∗ ∈ Qe is called a fixed point of A if A(u∗, u∗) = u∗. Now we
give the following lemma.

Lemma 5. (See [2].) Suppose that A : Qe × Qe → Qe is a mixed monotone operator
and there exists a constant σ satisfying 0 < σ < 1 such that

A

(
lx,

1

l
y

)
> lσA(x, y), x, y ∈ Qe, 0 < l < 1, (20)

then A has a unique fixed point x∗ ∈ Qe, and for any x0, y0 ∈ Qe, we have

lim
n→∞

xn = lim
n→∞

yn = x∗,

where

xn = A(xn−1, yn−1), yn = A(yn−1, xn−1), n = 1, 2, . . . ,

and convergence rate

‖xn − x∗‖ = o
(
1− rσ

n)
, ‖yn − x∗‖ = o

(
1− rσ

n)
,

r is a constant, 0 < r < 1, and dependent on x0, y0.

Let e(t) = tγ−µn−1−1, we define a normal cone of C[0, 1] by

P =
{
x ∈ C[0, 1]: x(t) > 0, 0 6 t 6 1

}
,

also define

Qe =

{
x ∈ P : there exists D > 1,

1

D
e(t) 6 x(t) 6 De(t), t ∈ [0, 1]

}
.

Remark 2. Let s = τt, by simple calculation, we have

I
µn−2

0+ e(t) =
1

Γ(µn−2)

t∫
0

(t− s)µn−2−1sγ−µn−2−1 ds =
Γ(γ − µn−2)

Γ(γ)
tγ−1. (21)
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Similarly, we have

I
ηm−2

0+ tδ−ηm−2 =
Γ(δ − ηm−2)

Γ(δ)
tδ−1,

I
µn−2−µκ
0+ e(t) =

Γ(γ − µn−2)

Γ(γ − µκ)
tγ−µκ−2, κ = 1, 2, . . . , n− 3, (22)

I
µm−2−η%
0+ e(t) =

Γ(γ − µm−2)

Γ(γ − η%)
tγ−η%−1, % = 1, 2, . . . ,m− 2. (23)

3 Main results

Theorem 1. Suppose that (S1)–(S4) hold. Then the PFDE (1) has a unique positive
solution (u∗, v∗) for all t ∈ [0, 1], which satisfies

Γ(γ − µn−2)

DΓ(γ)
tγ−1 6 u∗(t) 6

DΓ(γ − µn−2)

Γ(γ)
tγ−1,

µtδ−1b
q2−1

Γ(δ)
K1 6 v∗(t) 6

Γ(δ − ηm−2)a∗µtδ−1b
q2−1

Γ(δ)(2β − 1)(q2−1)/2
K2, (∗)

where

K1 =

(
Γ(γ−µn−2)

DΓ(γ)

)ς 1∫
0

j(s)

[ s∫
0

w(γ−1)ς1/(q2−1)

(s−w)β−1g(w, 1, . . . , 1) dw

]q2−1
ds,

K2 =

(
DΓ(γ−µn−2)

Γ(γ − ηm−2)
+ 1

)ς 1∫
0

[
s(2β−1)/2

( s∫
0

g2(w, 1, 1, . . . , 1) dw

)1/2 ]q2−1
ds.

Moreover, for any u0 ∈ Qe, constructing successively sequences

uk+1(t) = I
µn−2

0+

{
λ

1∫
0

G(t, s)

[ s∫
0

a(s− τ)α−1
(
φ
(
τ, uk(τ), Dµ1

0+uk(τ), . . . ,

D
µn−2

0+ uk(τ), uk(τ), Au
(µn−2)
k (τ)

)
+ ψ

(
τ, uk(τ), Dµ1

0+uk(τ), . . . ,

D
µn−2

0+ uk(τ), uk(τ), Au
(µn−2)
k (τ)

))
dτ

]q1−1
ds

}
, t ∈ [0, 1],

vk+1(t) = I
ηm−2

0+

{
µ

1∫
0

H(τ, s)

[ s∫
0

b(s− w)β−1g
(
w, uk(w),

Dη1
0+uk(w), . . . , D

ηm−2

0+ uk(w)
)

dw

]q2−1
ds

}
, t ∈ [0, 1],
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k = 0, 1, 2, . . . , and we have ‖uk−u∗‖ → 0, ‖vk−v∗‖ → 0 as k →∞, the convergence
rate is ‖uk − u∗‖ = o(1− rσk), where r is a constant, 0 < r < 1, and dependent on u0.

Proof. We first consider the existence of a positive solution to problem (17). From the
discussion in Section 2 we only need to consider the existence of a positive solution to
BVP (19). In order to realize this purpose, let

Ax(τ) = I
ηm−2

0+

{
µ

1∫
0

H(τ, s)

[ s∫
0

b(s− w)β−1g
(
w, I

µn−2

0+ x(w),

I
µn−2−η1
0+ x(w), . . . , I

µn−2−ηm−2

0+ x(w)
)

dw

]q2−1
ds

}
, τ ∈ [0, 1], (24)

and define the operator Tk : Qe ×Qe → P by

Tk(x, z)(t) = λ

1∫
0

G(t, s)

[ s∫
0

a(s− τ)α−1
(
φ

(
τ, I

µn−2

0+ x(τ) +
1

k
, . . . ,

I
µn−2−µn−3

0+ x(τ) +
1

k
, x(τ) +

1

k
,Ax(τ) +

1

k

)
+ ψ

(
τ, I

µn−2

0+ z(τ) +
1

k
, . . . , I

µn−2−µn−3

0+ z(τ) +
1

k
,

z(τ) +
1

k
,Az(τ) +

1

k

))
dτ

]q1−1
ds, t ∈ [0, 1].

Now we prove that Tk : Qe ×Qe → P is well defined. For any x, z ∈ Qe, by (24), (S3),
(21), (23) and Remark 1, for all τ ∈ [0, 1], we have

µ

1∫
0

H(τ, s)

[ s∫
0

b(s− w)β−1g
(
w, I

µn−2

0+ x(w), I
µn−2−η1
0+ x(w), . . . ,

I
µn−2−ηm−2

0+ x(w)
)

dw

]q2−1
ds

6 µa∗τ δ−ηm−2−1
1∫

0

[ s∫
0

b(s− w)β−1g

(
w,

DΓ(γ − µn−2)

Γ(γ)
wγ−1,

DΓ(γ − µn−2)

Γ(γ − η1)
wγ−η1−1, . . . ,

DΓ(γ − µn−2)

Γ(γ − ηm−2)
wγ−ηm−2−1

)
dw

]q2−1
ds

6 µa∗τ δ−ηm−2−1b
q−1

×
(
DΓ(γ − µn−2)

Γ(γ − ηm−2)
+ 1

)ς 1∫
0

[ s∫
0

(s− w)β−1g(w, 1, 1, . . . , 1) dw

]q2−1
ds, (25)
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µ

1∫
0

H(τ, s)

[ s∫
0

b(s− w)β−1g
(
w, I

µn−2

0+ x(w), I
µn−2−η1
0+ x(w), . . . ,

I
µn−2−ηm−2

0+ x(w)
)

dw

]q2−1
ds

>
µ

Γ(δ − ηm−2)
τ δ−ηm−2−1

1∫
0

j(s)

[ s∫
0

b(s− w)β−1g

(
w,

Γ(γ − µn−2)

DΓ(γ)
wγ−1,

Γ(γ − µn−2)

DΓ(γ − η1)
wγ−η1−1, . . . ,

Γ(γ − µn−2)

DΓ(γ − ηm−2)
wγ−ηm−2−1

)
dw

]q2−1
ds

=
µ

Γ(δ − ηm−2)
τ δ−ηm−2−1b

q2−1
(

Γ(γ − µn−2)

DΓ(γ)

)ς

×
1∫

0

j(s)

[ s∫
0

w(γ−1)ς1/(q2−1)

(s− w)β−1g
(
w, 1, 1, . . . , 1

)
dw

]q2−1
ds. (26)

Hence, by (24), (25), (26) and Hölder inequality, we have

Ax(τ) = I
ηm−2

0+

(
µ

1∫
0

H(τ, s)

[ s∫
0

b(s− w)β−1g
(
w, I

µn−2

0+ x(w),

I
µn−2−η1
0+ x(w), . . . , I

µn−2−ηm−2

0+ x(w)
)

dw

]q2−1
ds

)

6
Γ(δ − ηm−2)a∗µτ δ−1b

q2−1

Γ(δ)(2β − 1)(q2−1)/2

(
DΓ(γ − µn−2)

Γ(γ − ηm−2)
+ 1

)ς

×
1∫

0

[
s(2β−1)/2

( s∫
0

g2(w, 1, 1, . . . , 1) dw

)1/2]q2−1
ds, τ ∈ [0, 1], (27)

Ax(τ) = I
ηm−2

0+

(
µ

1∫
0

H(τ, s)

[ s∫
0

b(s− w)β−1g
(
w, I

µn−2

0+ x(w),

I
µn−2−η1
0+ x(w), . . . , I

µn−2−ηm−2

0+ x(w)
)

dw

]q2−1
ds

)

>
µτ δ−1b

q2−1

Γ(δ)

(
Γ(γ − µn−2)

DΓ(γ)

)ς 1∫
0

j(s)

[ s∫
0

w(γ−1)ς1/(q2−1)

(s− w)β−1

× g(w, 1, 1, . . . , 1) dw

]q2−1
ds, τ ∈ [0, 1].
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By (S4), we get that Ax(τ) is well defined. From (21), (22), (27), (S1), and Remark 1 we
have

φ

(
τ, I

µn−2

0+ x(τ) +
1

k
, I
µn−2−µ1

0+ x(τ) +
1

k
, . . . , I

µn−2−µn−3

0+ x(τ) +
1

k
,

x(τ) +
1

k
,Ax(τ) +

1

k

)
6 φ

(
τ,Db+ 1, Db+ 1, . . . , Dςb+ 1

)
6 2σ

1/(q1−1)

bσ
1/(q1−1)

Dσ1/(q1−1)

φ(τ, 1, 1, . . . , 1), τ ∈ (0, 1), (28)

where D > 1, b are two positive constants. By (21), (22), (27), (S1), (S2), we also have

ψ

(
τ, I

µn−2

0+ x(τ) +
1

k
, I
µn−2−µ1

0+ x(τ) +
1

k
, . . . , I

µn−2−µn−3

0+ x(τ) +
1

k
,

x(τ) +
1

k
,Ax(τ) +

1

k

)
6 ψ

(
τ,
c

D
τγ−1 +

1

k
,
c

D
τγ−1 +

1

k
, . . . ,

c

D
τγ−1 +

1

k

)
6 c−σ

1/(q1−1)

Dσ1/(q1−1)

τ (γ−1)σ
1/(q1−1)

ψ(τ, 1, 1, . . . , 1), τ ∈ (0, 1), (29)

where c is a positive constant. Noting (c/D)τγ−1 < 1 and by (21), (22), (27), (S1), (S2),
we have

φ

(
τ, I

µn−2

0+ x(τ) +
1

k
, I
µn−2−µ1

0+ x(τ) +
1

k
, . . . , I

µn−2−µn−3

0+ x(τ) +
1

k
,

x(τ) +
1

k
,Ax(τ) +

1

k

)
> φ

(
τ,
c

D
τγ−1 +

1

k
,
c

D
τγ−1 +

1

k
, . . . ,

c

D
τγ−1 +

1

k

)
>

(
c

D
τγ−1 +

1

k

)−σ
φ(τ, 1, 1, . . . , 1)

= cσ
1/(q1−1)

D−σ
1/(q1−1)

τ (γ−1)σ
1/(q1−1)

φ(τ, 1, 1, . . . , 1), τ ∈ (0, 1). (30)

By (21), (22), (27), (S1), and Remark 1, we also get

ψ

(
τ, I

µn−2

0+ x(τ) +
1

k
, I
µn−2−µ1

0+ x(τ) +
1

k
, . . . , I

µn−2−µn−3

0+ x(τ) +
1

k
,

x(τ) +
1

k
,Ax(τ) +

1

k

)
> ψ

(
τ,Dbτγ−1 + 1, Dbτγ−µ1−1 + 1, . . . , Dbτγ−µn−2−1 + 1, Dbτ δ−1 + 1

)
> 2−σ

1/(q1−1)

b−σ
1/(q1−1)

D−σ
1/(q1−1)

ψ(τ, 1, 1, . . . , 1), τ ∈ (0, 1). (31)
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For any x, z ∈ Qe, it follows from (28), (29) that

Tk(x, z)(t)

6 λa∗tγ−µn−2−1Dσaq1−1 1

(2α− 1)(q1−1)/2

×
1∫

0

[
2σ

1/(q1−1)

bσ
1/(q1−1)

( s∫
0

φ2(τ, 1, 1, . . . , 1) dτ

)1/2

+ c−σ
1/(q1−1)

( s∫
0

τ−2(γ−1)σ1/(q1−1)

ψ2(τ, 1, 1, . . . , 1) dτ

)1/2]q1−1

ds

< +∞, t ∈ [0, 1]. (32)

By (S4), (32), we have that Tk : Qe×Qe → P is well defined. Next, we will prove Tk : Qe×Qe →
Qe. Formula (32) implies that

Tk(x, z)(t) 6 Dtγ−µn−2−1 = De(t), t ∈ [0, 1].

At the same time, by (30) and (31), we have

Tk(x, z)(t)

= λ

1∫
0

G(t, s)

[ s∫
0

a(s− τ)α−1

(
φ

(
τ, I

µn−2

0+
x(τ) +

1

k
, I
µn−2−µ1

0+
x(τ) +

1

k
, . . . ,

I
µn−2−µn−3

0+
x(τ) +

1

k
, x(τ) +

1

k
,Ax(τ) +

1

k

)
+ ψ

(
τ, I

µn−2

0+
z(τ) +

1

k
,

I
µn−2−µ1

0+
z(τ) +

1

k
, . . . , I

µn−2−µn−3

0+
z(τ) +

1

k
, z(τ) +

1

k
,Az(τ) +

1

k

))
dτ

]q1−1

ds

>
λ

Γ(γ − µn−2)
tγ−µn−2−1D−σaq1−1

×
1∫

0

j(s)

[ s∫
0

(s− τ)α−1(cσ1/(q1−1)

τ (γ−1)σ1/(q1−1)

φ(τ, 1, 1, . . . , 1)

+ 2−σ
1/(q1−1)

b−σ
1/(q1−1)

ψ(τ, 1, 1, . . . , 1)
)

dτ

]q1−1

ds, t ∈ [0, 1]. (33)

Formula (33) implies that

Tk(x, z)(t) >
1

D
tγ−µn−2−1 =

1

D
e(t), t ∈ [0, 1].

Hence, Tk : Qe × Qe → Qe. It is easy to prove that Tk : Qe × Qe → Qe is a mixed monotone
operator.
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Finally, we show that the operator Tk satisfies (20). For any x, z ∈ Qe and l ∈ (0, 1), by (S2)
and Remark 1, for all t ∈ [0, 1], we have

λ

1∫
0

G(t, s)

[ s∫
0

a(s− τ)α−1

(
φ

(
τ, I

µn−2

0+
lx(τ) +

1

k
, I
µn−2−µ1

0+
lx(τ) +

1

k
, . . . ,

I
µn−2−µn−3

0+
lx(τ) +

1

k
, lx(τ) +

1

k
,Alx(τ) +

1

k

)
+ ψ

(
τ, I

µn−2

0+

1

l
z(τ) +

1

k
, I
µn−2−µ1

0+

1

l
z(τ) +

1

k
, . . . ,

I
µn−2−µn−3

0+

1

l
z(τ) +

1

k
,

1

l
z(τ) +

1

k
,A

1

l
z(τ) +

1

k

))
dτ

]q1−1

ds

> lσλ

1∫
0

G(t, s)

[ s∫
0

a(s− τ)α−1(φ(τ, Iµn−2

0+
x(τ), I

µn−2−µ1

0+
x(τ), . . . ,

I
µn−2−µn−3

0+
x(τ), x(τ), Ax(τ)

)
+ ψ

(
τ, I

µn−2

0+
z(τ), I

µn−2−µ1

0+
z(τ), . . . ,

I
µn−2−µn−3

0+
z(τ), z(τ), Az(τ)

))
dτ

]q1−1

ds. (34)

Formula (34) implies that

Tk

(
lx,

1

l
z

)
> lσTk(x, z), x, z ∈ Qe. (35)

Hence, Lemma 5 assumes that there exists a unique positive solution x∗k ∈ Qe such that
Tk(x∗k, x

∗
k) = x∗k. Consequently, x∗k is a unique positive solution of (17) for every k ∈ {2, 3, . . .}.

Since x∗k ∈ Qe, so x∗k has uniform lower and upper bounds. Thus, in order to pass the solution x∗k
of (17) to that of (16), we need that the fact that {x∗k}k>2 is an equiconuous family on [0, 1]. In
fact, by (28), (29), x∗k ∈ Qe, we have

f

(
τ, I

µn−2

0+
x∗k(τ) +

1

k
, I
µn−2−µ1

0+
x∗k(τ) +

1

k
, . . . ,

I
µn−2−µn−3

0+
x∗k(τ) +

1

k
,Ax∗k(τ) +

1

k

)
6 2σ

1/(q1−1)

bσ
1/(q1−1)

Dσ1/(q1−1)

φ(τ, 1, 1, . . . , 1)

+ c−σ
1/(q1−1)

Dσ1/(q1−1)

τ (γ−1)σ1/(q1−1)

ψ(τ, 1, 1, . . . , 1), τ ∈ (0, 1),

and let

ϕ(τ) = 2σ
1/(q1−1)

bσ
1/(q1−1)

Dσ1/(q1−1)

φ(τ, 1, 1, . . . , 1)

+ c−σ
1/(q1−1)

Dσ1/(q1−1)

τ (γ−1)σ1/(q1−1)

ψ(τ, 1, 1, . . . , 1), τ ∈ (0, 1),
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by (S4), we easily get that ϕ(s) ∈ L1[0, 1]. Hence, for 0 6 t1 6 t2 6 1, we have∣∣(x∗k)(t2)− (x∗k)(t1)
∣∣

=

∣∣∣∣∣
1∫

0

(
G(t2, s)−G(t1, s)

)( s∫
0

a(s− τ)α−1f

(
τ, I

µn−2

0+
x∗(τ) +

1

k
, I
µn−2−µ1

0+
x∗k(τ)

+
1

k
, . . . , I

µn−2−µn−3

0+
x∗k(τ) +

1

k
, x∗k(τ) +

1

k
,Ax∗k(τ) +

1

k

)
dτ

)q1−1

ds

6

∣∣∣∣∣
1∫

0

(
G1(t2, s) +G2(t2, s)−G1(t1, s)−G2(t1, s)

)( s∫
0

a(s− τ)α−1ϕ(τ) dτ

)q1−1

ds

∣∣∣∣∣
6

aq1−1‖ϕ‖L
∆(2α− 1)(q1−1)/2Γ(γ − µn−2 − r1)

(
t
γ−µn−2−1
2 − tγ−µn−2−1

1

)
+

aq1−1‖ϕ‖L
∆(2α− 1)(q1−1)/2

[
(t2 − t1)γ−µn−2−1

+

t1∫
0

(
(t2 − s)γ−µn−2−1 − (t1 − s)γ−µn−2−1)ds

]
. (36)

Since (t − s)γ−µn−2−1 is uniformly continuous on [0, 1] × [0, 1] and tγ−µn−2−1 is uniformly
continuous on [0, 1], so any ε > 0, there exists δ > 0 such that for 0 6 t1 6 t2 6 1, t2 − t1 < δ,
0 < s 6 t1,

t
γ−µn−2−1
2 − tγ−µn−2−1

1 < ε,

(t2 − s)γ−µn−2−1 − (t1 − s)γ−µn−2−1 < ε.

Consequently, for all x ∈ D, 0 6 t1 6 t2 6 1 and t2 − t1 < min{δ, γ−µn−2−1
√
ε}, the inequality

∣∣(x∗k)(t2)− (x∗k)(t1)
∣∣ 6 aq1−1‖ϕ‖L

∆(2α− 1)(q1−1)/2

(
2 + Γ(γ − µn−2 − r1)

)
ε

holds. Hence, by Arzela–Ascoli theorem, we get that {x∗k}k>2 is an equiconuous family on [0, 1].
Hence, {x∗k}k>2 is relatively compact in P , then the sequence {x∗k} has a subsequence converge to
x∗ ⊂ P . Without loss of generality, we still assume that {x∗k} itself uniformly converges to x∗, that
is limk→∞ x

∗
k → x∗, then (x∗, y∗) is the solution of (19), which can be easily get by the Lebesgue

dominated convergence theorem.
Moreover, for any u0(t) = I

µn−2

0+
x0 ∈ Qe, by Lemma 5, constructing a successively sequence

xm+1(t) = λ

1∫
0

G(t, s)

[ s∫
0

a(s− τ)α−1(φ(τ, I
µn−2

0+
xm(τ), . . . ,

I
µn−2−µn−3

0+
xm(τ), xm(τ), Axm(τ)

)
+ ψ

(
τ, I

µn−2

0+
xm(τ), . . . ,

I
µn−2−µn−3

0+
xm(τ), xm(τ), Axm(τ)

))
dτ

]q1−1

ds, t ∈ [0, 1], m = 1, 2, . . . ,
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by um+1(t) = I
µn−2

0+
xm+1(t), then

um+1(t) = Iµn−2

{
λ

1∫
0

G(t, s)

[ s∫
0

a(s− τ)α−1(φ(τ, um(τ), Dµ1

0+
um(τ), Dµ2

0+
um(τ) . . . ,

D
µn−2

0+
um(τ), AD

µn−2

0+
um(τ)

)
+ ψ

(
τ, um(τ), Dµ1

0+
um(τ), Dµ2

0+
um(τ) . . . ,

D
µn−2

0+
um(τ), AD

µn−2

0+
um(τ)

))
dτ

]q1−1

ds

}
, t ∈ [0, 1], m = 1, 2, . . . ,

and we have ‖um − u∗‖ = ‖Iµn−2

0+
xm − I

µn−2

0+
x∗‖ → 0 as m→∞, convergence rate

‖um − u∗‖ =
∥∥Iµn−2

0+
xm − I

µn−2

0+
x∗
∥∥ = o

(
1− rσ

m)
,

r is a constant, 0 < r < 1, and dependent on u0. Hence, for t ∈ [0, 1], by Lemma 4, u∗(t) =
I
µn−2

0+
x∗(t), v∗(t) = I

ηm−2

0+
y∗(t) is the unique positive solution of system (1), where

y∗(t) =

1∫
0

H(t, s)

( s∫
0

b(s− w)β−1g
(
w, I

µn−2

0+
x∗(w), I

µn−2−η1
0+

x∗(w), . . . ,

I
µn−2−ηm−2

0+
x∗(w)

)
dw

)q2−1

ds. (37)

By (25), (26), (35), (36), and x∗ ∈ Qe, we get (u∗, v∗), which satisfies (∗).
Moreover, by (37), we have

v∗(t) = I
ηm−2

0+

{
µ

1∫
0

H(τ, s)

[ s∫
0

b(s− w)β−1g
(
w, u∗(w), Dη1

0+
u∗(w), . . . ,

D
ηm−2

0+
(w)
)

dw

]q2−1

ds

}
and

vk+1 = I
ηm−2

0+

(
µ

1∫
0

H(τ, s)

[ s∫
0

b(s− w)β−1g
(
w, uk(ω),

Dη1
0+
, . . . , D

ηm−2

0+
(w)
)

dw

]q2−1

ds

)

6
Γ(δ − ηm−2)a∗µτ δ−1b

q2−1

Γ(δ)(2β − 1)(q2−1)/2

(
DΓ(γ − µn−2)

Γ(γ − ηm−2)
+ 1

)ς

×
1∫

0

[
s(2β−1)/2

( s∫
0

g2(w, 1, 1, . . . , 1) dw

)1/2]q2−1

ds < +∞.

By Lebesgue control convergence theorem, we have ‖vk − v∗‖ → 0(k → +∞). Therefore, the
proof of Theorem 1 is completed.
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4 An example

Consider the following boundary value problem:

D
3/4
0+

(
ϕ3

(
D

5/2−
0+ u

))
(t) + λ2f

(
t, u(t), D

1/2
0+ u(t), v(t)

)
= 0, 0 < t < 1,

D
3/4
0+

(
ϕ2

(
D

3/2
0+ v

))
(t) + µ2g

(
t, u(t)

)
= 0, 0 < t < 1,

u(0) = 0, Dγ
0+u(0) = 0, Dr1

0+u(1) =

∞∑
j=1

ηjD
r2
0+u(ξj),

v(0) = 0, Dδ
0+v(0) = 0, Dr1

0+v(1) =

∞∑
j=1

ηjD
r2
0+u(ξj),

(38)

where γ = 5/2, δ = 3/2, α = β = 3/4, r1 = r2 = 1/2, r1 = r2 = 1/2, ηj = ηj =

1/(2j5), ξj = ξj = 1/j2, p1 = 3, q1 = 3/2, p2 = 2, q2 = 1/2, and

φ(t, x1, x2, x3) =
(
t−1/4 + cos t

)
x
1/9
1 + 2tx

1/8
2 + 2x

1/16
3 ,

ψ(t, x1, x2, x3) = t−1/16x
−1/8
1 + x

−1/16
2 + (2− t)x−1/153 ,

g(t, u) =
(
3t+ t2

)
u3/5 + (t sin t+ t)u2/3.

Hence, by simple calcution, we have (Γ(γ)/Γ(γ − p2))
∑∞
j=1 ηjξ

γ−p2−1
j = 0.5412 6

Γ(γ)/Γ(γ − p1) = Γ(5/2)/Γ(3/2), (Γ(δ)/Γ(δ − p2))
∑∞
j=1 ηjξ

α−p2−1
j = 0.5412 6

Γ(δ)/Γ(δ − p1) = Γ(3/2)/Γ(1/2). Moreover, for any (t, x1, x2, x3) ∈ (0, 1)× (0,∞)3

and 0 < l < 1, we have

φ(t, lx1, lx2, lx3) =
(
t−1/4 + cos t

)
(lx1)1/9 + 2t(lx2)1/8 + 2(lx3)1/16

> l1/8
((
t−1/4 + cos t

)
x
1/9
1 + 2tx

1/8
2 + 2x

1/16
3

)
= l1/8φ(t, x1, x2, x3) = lσ

1/(q−1)

φ(t, x1, x2, x3),

ψ
(
t, l−1x1, l

−1x2, l
−1x3

)
= t−1/16

(
l−1x1

)−1/8
+
(
l−1x2

)−1/16
+ (2− t)

(
l−1x3

)−1/15
> l1/8

(
t−1/16x

−1/8
1 + x

−1/16
2 + (2− t)x−1/153

)
= l1/8ψ(t, x1, x2, x3) = lσ

1/(q1−1)

ψ(t, x1, x2, x3),

g(t, lu) =
(
3t+ t2

)
(lu)3/5 + (t sin t+ t)(lu)2/3

> l2/3
((

3t+ t2
)
u3/5 + (t sin t+ t)u2/3

)
= l2/3g(t, u) = lς

1/(q2−1)

g(t, u).
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Noting σ = 1/(2
√

2) < 1, ς = 2/3, ψ(τ, 1, 1, 1) = τ−1/16 + 3 − τ , φ(τ, 1, 1, 1) =
τ−1/4 + cos τ + 2τ + 2, g(τ, 1) = 3τ + τ2 + τ sin τ + τ , we have

0 <

1∫
0

φ2(τ, 1, 1, 1) dτ =

1∫
0

(
τ−1/4 + cos τ + 2τ + τ

)2
dτ

6 19 + 8 +
16

7
< +∞,

0 <

1∫
0

τ−2(γ−1)σ
1/(q−1)

ψ2(τ, 1, 1, 1) dτ =

1∫
0

τ−3/8
(
τ−1/16 + 3− τ

)2
dτ

= 2 +
96

9
+ 9 < +∞,

0 <

1∫
0

g2(τ, 1, 1, 1) dτ 6

1∫
0

(
3τ + τ2 + τ sin τ + τ

)2
dτ

6 17× 1

3
+ 6

1

4
+

1

5
+ 12 + 16 < +∞.

Thus, assumptions (S1)–(S4) of Theorem 1 hold. Then Theorem 1 implies that prob-
lem (38) has a unique solution.

In addition, for any initial u0 ∈ Qe, we construct a successively sequence

uk+1(t) =

1∫
0

λG(t, s)

[ s∫
0

a(s− τ)α−1
(
φ
(
t, uk(t), D

1/2
0+ uk(t), Au′k(t)

)

+ ψ
(
t, uk(t), D

1/2
0+ uk(t), Au′k(t)

))
dτ

]q1−1
ds, t ∈ [0, 1], k = 1, 2, . . . ,

and we have ‖uk−u∗‖ → 0 as k →∞, the convergence rate is ‖uk−u∗‖ = o(1− rσk),
where r is a constant, 0 < r < 1, and dependent on u0.

Acknowledgment. The authors would like to thank the referee for his/her valuable
comments and suggestions.

References

1. A. Cabada, Z. Hamdi, Nonlinear fractional differential equations with integral boundary value
conditions, Appl. Math. Comput., 228(2012):251–257, 2014.

2. D. Guo, Y. Cho, J. Zhu, Partial Ordering Methods in Nonlinear Problems, Nova Science, New
York, 2004.

http://www.journals.vu.lt/nonlinear-analysis

http://www.journals.vu.lt/nonlinear-analysis


Iterative positive solutions for p-Laplacian fractional differential system 805

3. L. Guo, L. Liu, Y. Wu, Existence of positive solutions for singular fractional differential
equations with infinite-point boundary conditions, Nonlinear Anal. Model. Control, 21(5):635–
650, 2016.

4. L. Guo, L. Liu, Y. Wu, Existence of positive solutions for singular higher-order fractional
differential equations with infinite-point boundary conditions, Bound. Value Probl., 2016:114,
2016.

5. L. Guo, L. Liu, Y. Wu, Uniqueness of iterative positive solutions for the singular fractional
differential equations with integral boundary conditions, Bound. Value Probl., 2016:147, 2016.

6. L. Guo, L. Liu, Y. Wu, Iterative unique positive solutions for singular p-Laplacian fractional
differential equation system with several parameters, Nonlinear Anal. Model. Control, 23(2):
182–203, 2018.

7. M. Jleli, B. Samet, Existence of positive solutions to an arbitrary order fractional differential
equation via a mixed monotone operator method, Nonlinear Anal. Model. Control, 20(3):367–
376, 2015.

8. A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and Applications of Fractional Differential
Equations, Elsevier, Amsterdam, 2006.

9. H. Lu, Z. Han, C. Zhang, Y. Zhao, Positive solutions for boundary value problem of nonlinear
fractional differential equation with p-Laplacian operator, in I. Dimov, I. Faragó, L. Vulkov
(Eds.), Finite Difference Methods, Theory and Applications, 6th International Conference,
FDM 2014, Lozenetz, Bulgaria, June 18–23, 2014, Revised Selected Papers, Theoretical
Computer Science and General Issues, Vol. 9045, Springer, 2014, pp. 274–281.

10. I Podlubny, Fractional Differential Equations: An Introduction to Fractional Derivatives,
Fractional Differential Equations, to Methods of Their Solution and Some of Their Applica-
tions, Math. Sci. Eng., Vol. 198, Academic Press, San Diego, CA, 1999.

11. X. Zhang, Positive solutions for a class of singular fractional differential equation with infinite-
point boundary value conditions, Appl. Math. Lett., 39:22–27, 2015.

12. X. Zhang, L. Liu, B. Wiwatanapataphee, Y. Wu, The eigenvalue for a class of singular p-La-
placian fractional differential equations involving the Riemann–Stieltjes integral boundary
condition, Appl. Math. Comput., 235(4):412–422, 2014.

13. X. Zhang, L. Liu, Y. Wu, B. Wiwatanapataphee, The spectral analysis for a singular fractional
differential equation with a signed measure, Appl. Math. Comput., 257:252–263, 2015.

14. X. Zhang, Z. Shao, Q. Zhong, Positive solutions for semipositone (k, n − k) conjugate
boundary value roblems with singularities on space variables, Appl. Math. Lett., 217(16):50–
57, 2017.

15. X. Zhang, L. Wang, Q. Sun, Existence of positive solutions for a class of nonlinear fractional
differential equations with integral boundary conditions and a parameter, Appl. Math. Comput.,
226:708–718, 2014.

16. X. Zhang, Q. Zhong, Uniqueness of solution for higher-order fractional differential equations
with conjugate type integral conditions, Fract. Calc. Appl. Anal., 20(6):1471–1484, 2017.

17. X. Zhang, Q. Zhong, Triple positive solutions for nonlocal fractional differential equations
with singularities both on time and space variables, Appl. Math. Lett., 80:12–19, 2018.

Nonlinear Anal. Model. Control, 25(5):786–805

https://doi.org/10.15388/namc.2020.25.19277

	Introduction
	Preliminaries and lemmas
	Main results
	An example

