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Abstract. This article aims to study the problem of fixed-time consensus for nonlinear leader—
follower multi-agent systems (MASs) with time delay. Firstly, a new fixed-time stability lemma
is derived, where the condition of inequality contains a time-delayed term. Furthermore, a more
precise estimated value of settling time (ST) including delayed parameter is obtained, which is
different from those existing fixed-time stability lemmas. Thereby, it provides some options for
designers in many practical scenarios when considering the delayed systems. Secondly, for the
purpose of explaining its applicability, fixed-time consensus of leader—follower nonlinear MASs is
investigated by designing a nonlinear control protocol including constant time delay. The designed
protocol not only guarantees fixed-time consensus but also effectively improves the convergence
rate. With the new proposed lemma, a novel consensus criterion is designed. This is the first time to
obtain the time-delayed dependent fixed-time stability criterion for MASs. Finally, the validity and
superiority of the established theoretical results are confirmed by one numerical simulation.

Keywords: multi-agent systems, fixed-time consensus, fixed-time stability, time-delayed systems.

1 Introduction

In recent decades, MASs have been getting increased attention because of their extensive
applications. With the development of MASs technology, robots [16], complex networks
[21], and unmanned aerial vehicles (UAVs) [29] have all undergone revolutionary changes.
For now though, the research of MASs is mainly divided into consensus, formation,
flocking and clustering [24], etc. As the fundament of intelligence research, consensus
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problem is one of the most popular topics on the follow-up control of MASs due to its
potential engineering applications in many fields, for example, sensor network synchro-
nization, UAVs formation control, underwater vehicles formation, and so on.

Based on the above analysis, many scholars have generated large amounts of instruc-
tive research about the consensus issue of MASs. For example, in [1], a novel event-
triggered mechanism was presented to eventually achieve the bipartite consensus of linear
MASSs; in [12], the consensus of linear MASs was researched by using a control scheme
combining adaptive control and event triggering; in [32], the problem of leader—follower
consensus for MASs was investigated by utilizing reset strategy. Note that lots of the
above-mentioned contributions deal with the asymptotic consensus problem. Neverthe-
less, these research achievements may be unprocurable in real-world applications. As
a result, some scholars [8, 15, 20] have extensively explored the finite-time consensus
of MASs. Unfortunately, the ST is heavily dependent on the initial conditions. Thus it
will severely limit its application range when the systems’ initial conditions are hard or
impossible to be measured in advance.

Fortunately, a novel concept of fixed-time stability was firstly proposed in [22], where
the ST is estimated independently on the initial conditions. Thereafter, this great idea
is introduced into the cooperative control issues of MASs. In [14], a distributed observer
and an integral sliding mode controller were proposed to study fixed-time leader—follower
consensus of heterogeneous MASs; in [18], a novel distributed observer and a sliding sur-
face were designed to investigate fixed-time consensus tracking of second-order MASs;
in [20], fixed-time consensus was investigated based on discontinuous inherent dynamics
within the framework of leader—follower MASs; paper [28] studied fixed-time tracking
consensus of first-order nonlinear MASs with general directed communication topologies.

However, none of the above-mentioned results has taken into account time delay. It
is widespread in the process of information transmission, which may result in instability
and poor performance of systems. Besides, communication delays are a common phe-
nomenon and frequently encountered in real-world systems. Thus a number of admirable
research results have been provided in MASs [9, 19, 25,30, 31]. In [9], two constructed
logical functions were used to handle communication delay to study average consensus of
homogeneous MASs; in [19], the fixed-time practical consensus control was investigated
with communication delay in MASs; in [31], the leader—follower consensus for nonlinear
MASs was explored by designing a new output feedback control approach to deal with
the infinite communication delay among agents. In [5], leader—follower formation control
of MASs with input time delays was investigated by designing an event-triggered control
strategy. The consensus tracking problem of time-delayed MASs was considered in [13,
23]. Nevertheless, to the best of our knowledge, the aforementioned research findings
mainly employ the existing fixed-time stability lemmas in [2, 3, 11,22] to study the con-
sensus of delayed MASs. Therefore, how to design a fixed-time stability lemma including
time-delayed term is challenging. This problem is still worth investigating and awaiting
breakthrough. Moreover, it is imperative to further study the fixed-time consensus issue
of time-delayed MASs in a leader—follower framework coincided with actual demands,
for example, UAV swarm, power systems, intelligent traffic control, etc., which is also the
motivation of this article.
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Under the points discussed above, the contributions of this brief mainly centers on the
fixed-time leader—follower consensus of first-order nonlinear delayed MASs. Compared
with the current results, the innovativeness is listed as follows:

(1) A new fixed-time stability lemma is established. Unlike the existing lemmas
in [3,22], the time-delayed term is introduced into the inequality condition, which
improves the traditional inequality condition

V(x(t) < —aV (z(t)) — bV (2(t)) — V" (2(t)).

(i) An optimization algorithm is used to get a better estimation of the upper bound of
ST. It is related to the coefficient of delay term. The precision of ST is enhanced
when compared with all the latest research findings that we can find, which
demonstrates the theoretical superiority of this work.

(iii) In contrast to the control protocols in [14,20, 28], a new nonlinear and discon-
tinuous control protocol is presented. It includes the state delay of the agents,
an innovative method of setting symbolic function, and two compensation terms.
Thus, it is more beneficial to investigate the consensus of delayed MASs.

(iv) Based on the new lemma and the designed control protocol, leader—follower
consensus of delayed MASs is discussed, which can improve and extend those
existing research results in [13,23]. Simultaneously, two corollaries are deduced
by the lemmas in [3,22], respectively.

The rest of this article is organized as follows. Section 2 gives a brief review of
some preliminaries and problem formulation. In Section 3, first, a new fixed-time stability
lemma involving the delay term is established, and the ST is more accurate. Second, with
a novel class of nonlinear and discontinuous control protocol, fixed-time leader—follower
consensus of nonlinear delayed MASs is investigated, and three different kinds of upper
bound of ST are obtained by different stability lemmas. In Section 4, numerical simulation
verifies the effectiveness of the obtained theoretical results. Finally, the research findings
are summarized in Section 5.

Notations. Throughout this work, some notations are listed as follows. Let R, R, R",
and R™*" represent the real field, the set of positive real numbers, the n-dimensional real
vector space, and the space of real n X n matrix, respectively. Apin(A) and Apax(A)
individually indicate the smallest and largest eigenvalues of a real symmetric matrix A.
For any ¢ > 0 and z € R, define sig®(z) = sign(x)|x|¢, where sign(-) is the standard
sign function. What is more, for any « = (1, 2, . .., x,)", define ||z| = (3, #2)'/2,
which represents the 2-norm. The symbol diag(-) means a diagonal matrix.

2 Preliminaries and model description

2.1 Graph theory

The interaction topology of N followers is symbolized as an undigraph G = (V, &, A),
of which V = {v1,v9,...,un} denotes the set of nodes, and each node represents
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a follower, £ = {(v;,v;), vi,v; € V} is the edge set, and every edge represents the
communication link between two nodes, and A = (a;;)nxn is the adjacency matrix
with nonnegative elements. Note that a;; = 1 if and only if (v;,v;) € &; otherwise
ai;; = 0,4 # j, 4,7 = 1,2,..., N. Furthermore, it is assumed that no self-loop can be
found in the graph G, that is to say, a;; = 0. Hence, A is symmetric. In the cooperative
control, each follower directly interacts with its neighbours, and the neighbor set of
v; is represented as N; = {v; € V, (v;,v;) € £}. The Laplacian matrix associated
with A is defined as L = (I;;)nxn Wwith elements {;; = Z;-V:L#i aij, lij = —aij,
i # 7,1, = 1,2,..., N, thereby L is also symmetric. In this paper, by considering
the communication interaction between N followers and one leader labelled with 0, the
diagonal matrix B = diag(b1, ba,...,by) is defined. More specifically, when the ith
follower receives information from the leader, b; = 1; otherwise, b; = 0. Consequently,
anew matrix Lp is denoted as Ly = L + B.

Assumption 1. The interaction topology of IV followers and 1 leader consists at least one
directed spanning tree, and it is also connected.

From Assumption 1 it is easy to know that the leader is globally reachable. It can
directly transmit its information to at least one follower, that is to say, there exists at least
one b; > 0,% = 1,2,..., N. Furthermore, when the topology graph is an undirected
graph, the matrix Lp is positive definite.

2.2 Basic definition and lemmas
In this paper, we consider a delayed dynamical system modelled as follows:
i(t) = f(t, z(t), z(t — 7)), ae.t>0,

(1
ze = ¢(s) € O([=, 0L, R"),

where

2(t) = (w1(t), @2 (t), ..., wn () € R™
and

2t —7) = (31(t = 7), 22t = 7), ..., a0t — 7)) € R

denote the state vector and the delayed state vector, respectively, 7 > 0 is a time-delay
parameter, which is a finite number; f : R x R™ — R" is a nonlinear and continuous
function, which is Lebesgue measurable as well as local bounded; ¢ : C[—7,0] — R™ is
the initial condition function.

In order to research the fixed-time stability of system (1), suppose that f(0) = 0, and
some necessary definition and lemmas are recalled in the following.

Definition 1. (See [4].) A function V' (z) : R” — R4 U {0} is C-regular if and only if
the conditions below are fulfilled:

(i) V(x) is regular, i.e. the derivative of V () exists everywhere on R™;
(i) V(z) >0, z #0; V(0) =0;
(iii)) V(z) = 400 when ||z|| — 4o0.

https://www.journals.vu.lt/nonlinear-analysis
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Lemma 1. (See [6].) For any real number 0 < p < landq > 1, if3; 2 0, ¢ =
1,2,...,n, then

n n p n n q
Zﬁzp><26i> ; Zﬁf}nl_q<z&-> .
i=1 i=1 i=1 i=1

Lemma 2. (See [6].) If z,y € R™ and P € R™*" is a positive definite matrix, then
22T Py < 2T Pz + yT Py.

Lemma 3. (See [7].) For any x € R™ and any symmetric matrix Q € R™*", the following
inequality holds:

Amin(@)2" 2 < 27 Q2 < Apax(Q)z T 2.

Lemma 4. (See [22].) Suppose that the function V (z(t)) : R" — R U{0} is C-regular.
If any solution x(t) of system (1) fulfills

V(w(t)) < —aV&(z(t)) — bV (2(1)), () #0, (2)

where a,b > 0, £ € (0,1), and > 1, then the zero solution of system (1) realizes
fixed-time stability, and the ST is bounded by

. 1 1

max = + N
a(l=¢§)  b(n—1)
Lemma 5. (See [3].) Suppose that the function V (z(t)) : R™ — R, U {0} is C-regular.
If any solution x(t) of system (1) fulfills

V(m(t)) < —aV(z(t)) — bV (2(t) — V' (2(t)), =(t) #0, 3)

where a,b,c > 0, £ € (0,1), and n > 1, then the zero solution of system (1) can realize
Jixed-time stability, and the ST is bounded by

2 1 a 1 a
Tmax = g 1“<1 - b) a1 1“(” )

Remark 1. In the process of proving Lemmas 4 and 5, V' (z(t)) is always bounded with 1.
Only when the relation between V' (z(t)) and 1 is determined, the method of enlarging and
reducing skillfully can be employed to make those inequalities a reality. In addition, this
technique has been used in almost all previous research achievements. In this paper, the
traditional discussions about 0 < V' < 1 and V > 1 are undesired, and a better dividing
point will be found to accurately estimate the ST.

Remark 2. Lemma 4 is the former research result on the fixed-time stability without
delay. Later, some improved results on the fixed-time stability without delay were es-
tablished; see, for example, [3, 11]. From inequalities (2) and (3) it is easy to observe
that they do not have delayed term. Therefore, when researchers consider the delayed
systems, these inequalities cannot be used theoretically in some cases. Moreover, they
cannot objectively reflect how much the time delay can influence the systems’ stability.
Hence, the inequality condition including the time-delayed term will be provided, a novel
fixed-time stability lemma will be established, a more accurate estimation of the ST,
involving the delayed parameter, will be given in the next section.
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2.3 Problem formulation

In this subsection, the considered one-dimensional nonlinear MASs, including one leader
labeled as 0 and NV followers labeled as 1,2, ..., N, is modelled as

Io(t) = f(xO(t)a xO(t - 7)7 t)v

Bi(t) = F(a(t), 2t — 1), ) +uslt), = 1,2 N, @

where 2o(t) € R and zo(t—7) € R denote the state variable and the delayed state variable
of the leader, respectively; ;(¢) € Rand z;(t—7) € R represent the state variable and the
delayed state variable of the ith follower, respectively; 7 > 0 corresponds to the commu-
nication delay; f : R x [0,+00) — R is the nonlinear and continuous inherent dynamics
for agents of the leader and the followers; u;(t) = u;(xz;(¢t), z;(t — 7), t) denotes the ith
follower’s control input, which will be designed later.

Assumption 2. For any z(t),y(t) € R, the nonlinear function f(z(t),t¢) fulfills the
inequality

b

| f((t),t) = f(y(t), t)] < la(t) —y(t)

that is to say, it is Lipschitz continuous.

Definition 2. For some given control protocols w;(t), ¢ = 1,2,..., N, MASs (4) are
called fixed-time leader—follower consensus if and only if the conditions below are ful-
filled:

where T* > 0 depends on the initial conditions, and it has an upper bound denoted as
Tinax> Which is independent of the initial values.

Before ending this subsection, the following two lemmas will be recalled to develop
the new results in the next section.

Lemma 6. (See [15].) If the graph G is undirected and ¢ = ((1, o, - -, Cn) 7T, then

1 N
CTLC =5 D aiy(¢ = G)*

ij=1
Lemma 7. (See [8].) For the undirected graph G, if D(-,-) satisfies
@(l‘i, .%‘j) = —@(.’lﬁj, Jii),

where (z1,22,...,on)T € RN, i,j = 1,2,...,N, i # j, then for any (y1,y2,. ..,
T N
yN) c RY,

N LN
> aiyd(y, ) = —3 > aij(y; — i) P(xj, a;).
i,j=1 i,5=1

https://www.journals.vu.lt/nonlinear-analysis
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3 Main results

In this section, firstly, a new fixed-time stability lemma containing time delay will be
given. Then, with a newly designed nonlinear and discontinuous control protocol includ-
ing state delay, fixed-time leader—follower consensus for delayed MASs will be investi-
gated.

3.1 A new fixed-time stability lemma

Lemma 8. Suppose that the function V(z(t)) : R — Ry U {0} is C-regular. If any
solution x(t) of system (1) fulfills

V(x(t)) < —aV(z(t— 1)) = bVE(2(t)) — V7 (x(t)) Q)

whenever V (z(t)) < V(z(t — 7)) for any t € [—7,0] along the trajectory of system (1),
a,b,c > 0, & € (0,1), and n > 1, then the origin of system (1) can realize fixed-time
stability, and the upper bound of ST is

(1-8)/(n—=¢)
1 1 alb

T3, = In|1+ (= .
ma a(n—1)+a(1—£)] { +b<c> }

Proof. Firstly, it needs to prove that system (1) is globally stable in finite time.

From inequality (5) one can draw a conclusion that V' (x(t)) decreases as ¢ increases.
Because V' (z(t)) is C-regular, one has lim;_, ;oo V(z(¢)) = 0.

According to system (1), if t € [0, 7], then z(t—7) = (<), where¢ = t—7 € [—7,0].
Therefore, when t € [0, 7], we have V(x(t — 7)) = V(p(s)), which shows that the
initial condition z(¢) = () will determine V' (z(t — 7)). Hence, combining it with the
decreasing property of V' (x(t)), it is easy to see that 0 < V(z(t)) < V(x(t — 7)) for
any t € [0, 7]. Furthermore, with mathematical deduction, one can draw a conclusion that
0 < V(z(t)) < V(z(t — 7)) for any t > 7. Therefore, V(z(t)) < V(z(t — 7)) for any
t>0.

According to inequality (5), we define

B do(t) du(t
O R e e e e Rl M e e
0

Obviously, ¥(V (z(t))) is nonnegative, and

dw(V(z(1)))

<-1, R\ {0}.
& T € \ {0}

Let T'(z,) — 7 = ¥(V(z,)) for all z, € R™\ {0}. Next, we show that z(¢;) = 0

for some real number ¢; € (0,7(z,)]. If it is not true, that is to say, z(t) # 0 for all
te (0,T(x,)].

Nonlinear Anal. Model. Control, 31(Online First):1-23, 2026
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Since

dw (V((t)))
dt
integrating it from 7 to T'(x,), it follows

<-1, te(0,T(z,)],

0 <V (2(I(2)))) UV (22) ~ (T(r) —7) =0

By using the C-regularity of V' (x(t)), we obtain that z(7'(z,)) = 0, which is a con-
tradiction.

In the following, we demonstrate that 2(¢) = 0, where ¢ € [t1, +00). If it is untrue,
namely, there exists t5 such that x(¢) # 0, where t5 > t1, we define

ts = sup{t € [t1,t2): x(t) = 0}.

Then it is evident that 1 < t3 < ta, 2(t3) = 0, z(t2) # 0 for any t € (t3,to]. It
follows that & (V (z(t3))) = 0 and

dw (v (z(t)))
dt

Integrating the above inequality from ¢35 to o, it follows

< —]., t e (tg,tg].

W(V(l‘(tg))) < —(tz — t3) < 0.

This is in contradiction with the nonnegativity of ¥ (V' (z(t))). Therefore, 2(t) = 0 for all
t € [t1, +00). Correspondingly, the origin of system (1) is globally stable in finite time.
Secondly, the upper bound of ST is estimated.
When V(z(t)) > r > 0, combining this with 0 < r < V(z(t)) < V(x(t — 7)) for
any ¢ > 0 and inequality (5), it follows that

V(w(t)) < —aV(z(t)) — bV (2(t)) — V7 (2(2)).

Let v = V(x(t)). Since V (z(t)) > r, then

v(T) +oo +oo
y B / dv < / dv < / dv
y=r av + bvé + con av + bvé + con av + con’
T T T

Letting u = v!~", then du = (1 — n)v~" dv, thus

+o0 pl=n

d 1 d 1
/ = / — = (142t (©)
av+cvm  np-—1 au+c a(n—1) c
0

r

When 0 < V(x(t)) < r, combining this with 0 < V(z(t)) < V(z(t — 7)) for any
t > 0 and the inequality (5), we obtain

V(z(t) < —aV (z(t)) — bVE(2(t)) — eV (2(t)).

https://www.journals.vu.lt/nonlinear-analysis
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Letv = V(x(t)). Since 0 < V(z(t)) < r, then

T s
Y B T T
max = WENS g+ s et ) av+ bus’
0 0
Letting u = v'~¢, then du = (1 — ¢)v~¢ dw, thus
T 1-¢

dv 1 du 1 a
= = In(1+4-r'7¢).
/aerbv£ 1-¢ / au+b a(l—=Y¢) n( +br ) ™
0

0

To sum up, based on equalities (6) and (7), the ST is estimated as

1 a
Tox < ty—r + ————In( 1+ —r17¢
o y+a(1—§)n<+br )

1 a 1 a
=—— In(1+ =r'" —  In(1+ ¢},
al—1) “< e )*ms) ( T )
Define

Calculating its derivative, one gives that
21—y p1-gr
a(n—1)(1+ %rt=n) = a(l -
/r_n T_f
— _|_ .
c+arl=m b4 arl=¢

T(r) =

Let T(r) = 0, one has (¢ + ar'~")r=¢ = (b + ar'~¢)r~". Solving this equation
ives r = (b/c)/("=€) which is a unique station oint in (0, +00).
g q ary p
Furthermore, we obtain
—nr= " e+ art=") — r~Ma(1 —n)r="
(c+ art=m)2
N —&r= b+ art =) —r~fa(l — &)r—¢

T(r)=—

(b + arl=¢)2
B ncr_”_l +ar—2 —bfr_f_l —ar—%
 (c+art-m)? (b+ art—¢)2

Therefore,

fe)")

nc(g)(—n—l)/(n—é) + a(g)—%/(n—&) B bg(g)(—f—l)/(n—é) + a(%)—%/(n—&)

(c+a(R)=m/n=0)2 (b + a(2)T-0/m-9))2

Nonlinear Anal. Model. Control, 31(Online First):1-23, 2026
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= ((n— &b p(1=26=1)/ (=) (2n=E+1)/ (=€) 1 9(py — £)qb 2/ (1=8) 21/ (1=8)

+ (n— g)a2b(*2f€*n+1)/(7775)0(2?7%*1)/(77*5))
1
(C —+ a/rl_’I) (b =+ a( )(1 &)/ (n— 5))

X

Sincen > 1,0 < £ < 1, and a,b,¢ > 0, thus T'((b/c)*/(1=8)) > 0. Hence, T(r)
has its minimum value at r = (b/c)'/(7=¢)_ Therefore, the upper bound of the ST can be
estimated as

T3, =minT(r)
r>0
p\ /(16 1 1 a /b \1—8/ (=8
=T(( - = Injl1+—(- .
6 )=l aalebi() ]
The proof is completed. O

Remark 3. The delay term is included in inequality (5), which can better account for
the effect of the systems’ delay. Furthermore, it is very easy to conclude that the upper
bound of ST is connected with the coefficient of the delay term. It indicates that the delay
term of system (1) does affect the process of the fixed-time stability. Therefore, it must be
pointed out that the result in this lemma is perfectly new. It is absolutely different from
the previous ones.

Remark 4. When a = 0, inequality (5) will reduce to inequality (2). Besides, if 7 = 0
in inequality (5), then it will become inequality (3). Thus, the result in Lemma 8§ could
extend the relative content of the fixed-time stability lemmas in [3,22].

Remark 5. Many researchers have frequently used a fixed positive constant 1 as the
cutoff value of V' (x(t)) to prove the fixed-time stability lemmas. However, in the proof
of Lemma 8, an arbitrary positive constant r is selected as the dividing line, which is
more flexible. In order to estimate the minimum upper bound of ST, firstly, a function
T(r), r > 0, is defined. Then its unique stationary point is obtained at (b/c)*/(7=%),
Precisely because of the function 7'() has a unique stationary point in (0, +00) and
T((b/c)/ (=) > 0, it achieves its minimum at this point, which corresponds to the
minimum upper bound of the ST. So the optimal dividing point of analyzing function
V(x(t)) is reached scientifically and effectively. In summary, Lemma 8 employs this
traditional optimization method to derive the least upper bound of ST.

Remark 6. Compared to the reference [10], in Lemma 8, although the time-delayed
Lyapunov—Krasovskii functional inequality condition is taken into consideration, only
its first-power term is taken into account, which might limit its practical application
to a certain extent. In addition, the time-delay parameter’s impact on the estimation of
the ST has been rigorously analyzed, while the intrinsic consequences of time delay
remain outside the scope of this study. As far as the authors know, it is still an open
and unanswered question.

https://www.journals.vu.lt/nonlinear-analysis
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Our analysis is confined to the role of the time-delay parameter in the system, leaving
the general effects of time delay unexamined.

We have solely addressed the influence of the time-delay parameter on the system, but
have not explored the broader implications of time delay itself.

Lemma9. [fb+# ¢, then To, < T2, holds.
Proof. Lett = (n—1)/(1 = &), then
T2 — T3
1 a a a b\
=—|tln| 1+ - Infl+—-)—(14+t)In{ 1+ (- .
() () e om(50) )
Define

T(t) = ﬁ {tln(l + Z) +1n<1 + Z) —(1+1) 1n(1 + Z(i)wﬂ)ﬂ.

Calculating its derivative, we obtain that

. 1 a alb 1/(t+1) 1 9(9)1/(”1)an
=———|In{l4+= ) —In{1+ (- ble c|.
() a(ﬂ—l)[n( +b) n( +b<c> )+1+t1+‘;(l£)1/(t+1):|

Furthermore, one has

T(t) _ 1 _%(%)1/(&1) ln% . —1 4 —1 . %(%)1/(t+1) ln% 1
a(n=1) | 14+¢H)V/eD (t+1)2  (E+1)2 14+ ¢(Hven 41
gV L ey (L g (D)) - ()Y - o }

(t+1)? (t+1)?

2O
[+ (DEIP
DMl

a(n=1)(t+1) [Hg(g)”(t“)}z'

Thus, if b # ¢, then 7 (t) < 0. Hence, 7 (t) is monotonically decreasing.
Moreover, the mathematical expression of 7 (t) implies that lim; , o 7(t) = 0,
hence T (t) > O for any ¢ > 0. Therefore, 7 (¢) is monotonically increasing. Thus, one

can obtain that 7°(t) > 7(0) = 0, which indicates that 7> < T2, holds if b # c.
The proof of Lemma 9 is completed. O
Remark 7. From Lemma 9 it can be observed that T3, < T if b # c. Consequently,

the result on ST established in Lemma 8 is superior than that stated in Lemma 5. On the
other hand, in the reference [3], the authors have proved that 72, < T ... Thus, T3 <
T ... Therefore, compared with Lemmas 4 and 5, Lemma 8 has more advantages because

of its more accurate estimation of the ST.
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3.2 Fixed-time leader—follower consensus analysis

In this subsection, the delayed MASs (4) will be proven to reach leader—follower con-
sensus tracking within a fixed time. The following control protocol for ith follower is
designed as

)= aisig® (ej(t) — ei(t)) — bisig® (es(t))

JEN;

+ > aisig”(e;(t) — ei(t)) — bisig” (ei(t))

JEN;
|Lpe(t )||>

. ]C]_LBieT(t) — k;nge(t) - k3LB7,6<t)( ||LB@( )H (8)

where a;; represents the elements of the adjacency matrix A, e(t) = (e1(t), e2(),.. .,
en(t)T, e;(t) = z;(t) — xo(t) represents the state tracking error, e (t) = (e1(t — 7),
ea(t—7), ..., en(t—7))T,and e;(t —7) = x;(t — 7) — w0 (t — T) represents the delayed
state tracking error, ¢ = 1,2,...,N; Lp; denotes the ith row of Lp; ky,ko,ks > 0
denote control gains. The last term in w; () is used to compensate the time-delayed term.

Theorem 1. Consider the MASs (4) with the control protocol (8). Let Assumptions 1
and 2 hold, and let positive constants k1, ko, k3, and [ satisfy the following conditions:

A2 in(LB)
2ks Zmin\EE) p 0 9
ML) T ®
2k2)\nlin(LB) — 21 — kl)\max(LB) > 0. (10)

Then the MASs can realize fixed-time leader—follower consensus, the ST can be obtained,
and its upper bound is evaluated as

2 2 A B (1_5)/(77_5)
T4 = Inl1+Z( =
max A(n1)+«4(1£)] “[ +B<C) }

where
A = 2ks i?ia)f(LB)) —ki,  B=2"DPAEVR 0L, 4 D),
C = 207D [N(N + 1)] N2 0 4 4 Dy,
Proof. Choose the Lyapunov function V' (¢) as
1.,
V() = ; e (1)

https://www.journals.vu.lt/nonlinear-analysis
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Differentiating V' (¢) along (4) yields

'MZ

V(t) =) eilt)elt) = Z ei(t) [ui(t) + f(2i(t),t) — f(wo(t), )]

et g a;j 81g e] ) —e(t

i=1

e;(t)b; s1g ei(t))

I
Mz
zMz

1=1 JEN;
N N

+ Z Z a;; sig” ej —e;i(t Zel t)b; 81g et ))
i=1 JEN: i=1

N N
— k1Y _ei(t)LpieT(t) — k2 Y ei(t)Lpie(t)
i=1 =1

N LB€ t
— k3 Z ei(t)LBie(t) ( |||LBG( )” )

i=1

N
+ Zei(t) [f(mi(t)vt) - f(-r()(t)vt)]

i=1
According to Lemma 7, we obtain

N
Zez Z a;j sigh ej —e;(t ))
i=1

jeN

- _,Zza” e;(t) = ex(t)) sig® (e (1) — (1)

i=1 j=1
R £+1
:—§ZZaij|ej(t)—ei(t)| . (11)
i=1 j=1
In addition,
N
- Zel( )bi 51g Zb ’ Hl. (12)
i=1

Combining (11) and (12) with Lemma 1, one obtains

N N
Zei(t) Z aij sigh (ej —e;(t Zez t)b; 51g ))
i=1 i=1

JEN;

1 N[N +1 £+1
=52 | Doailei(t) — e[ + 2bife()]

i=1 [ j=1
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32

i=1

l\')\»—l

N N
[Z 1]/(£+1)|eJ<t)_eZ(t)‘)£+1 + ((2bz)1/(£+1)‘ez(t)’)£+1]

= ]:1
N N (£+1)/2
[ZZaf““Wej(t)ei(t)P + (2602 eyt ﬂ L (13)

i=1 j=1 i=1

Define a new matrix A = (Gij) Nx N With @;; = a;; 2/(e+1) , where a;; represents the

elements of the adjacency matrix A, and 2/(¢ + ) represents its power. Then A can
be regarded as a nonnegative adjacency matrix of the undigraph G(A). According to
Assumption 1, G(A) is also connected. Let L 4 be the Laplacian matrix of G (A). We
can obtain from Lemma 6 that

2
Z Zcﬁ/(f“ le;(£) — ex(t)]* = 2¢T () L e(t). (14)
=1 j=1
Let
D; = diag((2b1)2/(5+1)7 (2b2)2/(f+1), s (ng)2/(£+1)>7
where b;, ¢ = 1,2,..., N, denotes the communication interaction between sth follower

and the leader. Hence, the diagonal matrix D is the matrix transformation of the diagonal
matrix B. Therefore,

N

S @60) €D |ei()|* = T (1) Dye(t). (15)

i=1

Therefore, substituting (14) and (15) into inequality (13) yields that

N
Z Z Qij sigt eJ Zez t)b; 51g ei(t ))
i=1 i=1

JEN;
1 (E+1)/2
< ~3 [2eT(t)L ze(t) + €' (t)Dye(t)] . (16)
Since 2L ; + Dj is positive definite, from the above inequality (16) it follows that
N N
Z e;(t Z aijsigh (ej(t) — ei(t)) — Z e;(t)b; sig® (ei(t))
i=1 JEN; i=1
1 (e+1)/2
< _5 [/\Hlin(QLA + Di))eT (t)e(t)]
—2(6=1/2)\EAD/2 (o, L DYV EFD2(p), (17)

In a similar way, one has

N
Z Gl(t) Z (%%] Sign (6]' — 62
i=1

JEN; i=1

Mz

e;(t)b; 51g e;(t ))
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1 —
< D) [N(N + 1)] (1-m)/2 [)\min(QLA + D(”,)@T(t)e(t)] (6+1)/2
= 20D [N(N + 1)) PPNV R (2L 5 + Dy VIR, (1)

where A = ( 2/(n+1 )) NxN can be regarded as a nonnegative adjacency matrix of the

undigraph G(A ) L ; represents the Laplacian matrix of G(A), and
D; = diag((2b1)%/ (7Y (2b9)%/ (1D (2by) 2/ (141

is the matrix transformation of the diagonal matrix B.
According to the positivity of matrix Lp and Lemmas 2 and 3, one obtains that

—k zN:ei(t)LBieT(t) — — k€T () LpeT () = =k (e(t)Lp) € (D)
< 1kleT(t)LQBe(t) + %kl (€ () e (t)
<k /\maX(LB)V(t) + ki V(t—7), (19)
N
—ky > ei(t)Lpie(t) = —kae" () Lpe(t) < —koAmin(Lp)e" (t)e(t)
- = —2koAmin(Lp)V (2). (20)

From Lemma 3 the following holds:

N LBe
et ()

(e"(t)) " LpLpe™ (1)
eT(t)LL Lpe(t)
Amin (L5 L) (e7(£) e (t)
t

= —kgeT(t)LBe(t)

< *kSAmin(LB)eT(t)e(t)

)\max(L Lp)eT(t)e(t)
3
= —2’“3;5:((@ ))V(t =) 1)
Under Assumption 2, one has

N
Z ei(t) [f(xz(t)’ t) - f(l‘o(t), t)]
=1 N N

< ei)la(t) — wolt Z t)]es(t)] < 20V (2). (22)
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Conditions (9) and (10), together with (17)-(22), lead to

Ry V)
_ 2(5*1)/2A£§$1)/2(2LA + DB)V(E+1)/2(t)
— 207 DRIN(N + )] ATEVR (L g 4 Dy VD2 ()
— (2k2Amin(LB) — 20 — ki A2y (L)) V(1)

< —AV(t — 1) = BVEFD 24y — ey (ntD/2(g),

V®<—@m

Therefore, by means of Lemma 8, MASs (4) can achieve fixed-time leader—follower
consensus, and ST is evaluated as

2 2 A B (1-8)/(n—&)
Thox = Infl+>(= :
o= [ ) 5 (2) |
The proof is completed. O

Remark 8. By using the new provided inequality condition (5) in Lemma 8, it can
be concluded that the fixed-time consensus of delayed leader—follower MASs has been
obtained in Theorem 1. From the estimation of ST 72 _ it further explains that the
time delay assuredly impacts the process of fixed-time leader—follower consensus. For
the fixed-time consensus of MASs in [13,23], those existing research achievements by

using the former fixed-time stability lemmas can be improved and extended.

Remark 9. Fixed-time leader—follower consensus of delayed MASs has many practi-
cal potential applications in cooperative control such as UAVs formation flight control,
unmanned vessel formation control, and multiple robots cooperative control. Due to the
limited communication capacity and the communication bandwidth, there is a commu-
nication delay in information transmission at some agents. The presence of communica-
tion delays may degrade consensus performance and even compromise consistency and
stability of agents. Therefore, it is important and necessary to explore the problem of
time delays in the fixed-time consensus of MASs to improve consensus performance and
maintain the stability of the formation.

Remark 10. In Theorem 1, fixed-time consensus of system (4) has been solely addressed,
while omitting the stability analysis of its solutions. The presence of time delay compli-
cates the dynamical properties of this system, rendering it analytically intractable. Certain
algebraic methods can be employed to analyze its dynamical properties [17,26], and
finite-element method [27] can be used to analyze its numerical solutions.

Corollary 1. Consider the MASs (4) with the control protocol (8). Let Assumptions 1
and 2 hold, and let positive constants k1, ko, ks, and [ satisfy the following conditions:

)‘?nin (LB)
Aax(LB)
2k Amin(LB) — 21 — k1 A2, (L) > 0.

2ks — k1 > 0,

https://www.journals.vu.lt/nonlinear-analysis
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Then the MASs can realize fixed-time leader—follower consensus, the ST can be obtained,
and its upper bound is evaluated as

2 2
Toox = + :
B(1-¢)  Cn-1)

where
_ 1)/2
B=2¢ 1)/2)\55; )/ (2L ; + DE)v

C = 20" V2NN 4 1) AR (L 4 + D).

Proof. In a similar approach, one can prove that

V(t) < —AV(t — 1) — BVETD/2 (1) — cvnHD/2(4)
< —BVERD/2(4) — ey /2,

where A = 2k3\3 . (Lp)/N2 .. (L) — k1.
By using Lemma 4, MASs (4) can achieve fixed-time leader—follower consensus. In

addition, it is very easy to compute the upper bound of ST T35, O

ax”*

In the control protocol (8), if 7 = 0, then the following control protocol, a special
case of (8), can be designed as

u;(t) = Z a;jsigh (z;(t) — (1)) — b sig® (zi(t) — zo(t))

JEN;
+ Z ai;sig” (z;(t) — zi(t)) — by sigh (2i(t) — wo(t))
JEN;
+kLpe(t), i=1,2,...,N, (23)

where k = k1 + ko + k3, and they have the same meanings with those in (8).
Therefore, according to Lemma 5, the following corollary can be derived.

Corollary 2. Consider the MASs (4) with the control protocol (23). Let Assumptions 1
and 2 hold, and let positive constants k and [ satisfy the following condition:

Qk)\min(LB) —20>0.

Then the MASs can realize fixed-time leader—follower consensus, the ST can be obtained
and its upper bound is evaluated as

6 _ 2 A 2 A
Tmax—A(lg)ln(l—i-B)-&-A(nl)ln(l-i-c),

A=2kAmin(Lp) =21,  B=2E"02\E20p 4 py

where

C = 2(U-U/2 [N(N + 1)] (1_77)/2)\(77+1)/2(2LA + DT))

min
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Proof. In a similar approach, we construct the Lyapunov function V' (¢) as

Differentiating V'(¢) along (4) yields

N N
V(t) = Zez t)éi(t) = Zei(t) [uit) + f(zi(t), t) — f(zo(t),1)]

i]:Vl i=1 N
= Zel Z a;j sigh ej Zez t)bi 51g ei(t ))
i=1 JEN; i=1
N N
+ e;(t Z a;j sig” ej Zel t)b; 51g e (t ))
i=1 JEN; i=1
N N
+k Z ei(t)Lpe(t) + Z ei(t)[f(zi(t),t) — f(zo(t),t)].
i=1 i=1

From (17), (18), (20), and (22) one can prove that

V(t) < = (2kAmin(Lp) — 21)V (t)
_ 2(5—1)/2)\@%1)/2(2[1 . +DA)V(£+1)/2( t)
_9(n-1)/2 [N(N+ 1)](1 77)/2)\(77+1)/2(2L + D: )V(n+1 /2( )

min

< —AV(t) — BVEED/2(4) — ey tD/2(p),

By means of Lemma 5, MASs (4) can reach fixed-time leader—follower consensus.

Moreover, it is very easy to calculate the upper bound of ST T, . O

4 Numerical simulation

In order to confirm the effectiveness and superiority of the corresponding results obtained
above, one numerical simulation example is provided in this section.

Example. Considering a class of first-order nonlinear isomorphic MAS with one leader,
index 0, and 4 followers labeled as 1, 2, 3, 4. Figure 1 exhibits the interaction topology. It
is a connected undigraph satisfying Assumption 1. It is evident that the adjacency matrix
A, diagonal matrix B, and matrix Lp are respectively denoted as

010 0 1 0 0 0 2 -1 0 0
1 00 1 0100 -1 3 0 -1
A=1og 00 1] B=loo1o|l" =10 0o 2 -1
01 10 00 0 1 0 -1 -1 3

https://www.journals.vu.lt/nonlinear-analysis
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Figure 2. Fixed-time leader—follower consensus with 7 = 0.1 s under controller (8).

The nonlinear dynamics of the leader and followers is expressed as (4), where the
control protocol w;(t) for ith follower is given by (8). The inherent dynamics are set as
f(zi(t),t) = 0.02sin(z;(t)), ¢ = 0,1,2,3,4. It can be easily verified that f(z;(¢),?)
satisfies Assumption 2, where the constant [ = 0.02. The leader’s and followers’ initial
conditions are randomly selected as 2(0) = 0.1, z1(0) = —2, 22(0) = 6, z3(0) = 7,
x4(0) = 0.6, respectively. For satisfying sufficient conditions (9) and (10), the maximum
and minimum eigenvalues of Ly are calculated, then k; = 0.1, k; = 1.08, and k3 =
1.05 can be selected to guarantee fixed-time leader—follower consensus. Furthermore, for
calculating the upper bound of ST, £ = 0.11 and n = 1.12 are chosen. The relevant
parameters are chosen through multiple tests conducted within a specified range. Until
now, by direct computation, all conditions in Theorem 1 are satisfied. Consequently,
the fixed-time leader—follower consensus is reached. Ulteriorly, from Theorem 1 it can
be calculated that the upper bound of ST is estimated as T1=. . = 11.0548 s. In the
simulations, let 7 = 0.1 s, 0.5 s, and 1 s, respectively. The profiles of all agents are
exhibited in Figs. 2-3. It can be found that the 4 followers eventually not only achieve
consensus tracking in a fixed time but also converge to the same value, which is the value
of the leader. Those simulation results demonstrate that the fixed-time leader—follower
consensus of this MAS is reached. Thereby, we verify the effectiveness of the established
theoretical results.

Moreover, according to Corollaries 1 and 2, using the same parameters £, 7, k2, and k3
as in the above example and setting k; = 0.1, the upper bounds of the ST are estimated as
T3, = 11.0975 s and TS, = 11.0722 s, respectively, based on primitive computation.

max max
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Figure 3. Fixed-time leader—follower consensus under controller (8): (a) 7 = 0.5s; (b) 7 = 1 s.

Table 1. Comparisons for STs.

Ref. k1 =0.1 k‘l =0.2 kl =0.5 k1 =1.5
[3] 11.0722 5.9943 5.9182 6.0613
[22] 11.0975 6.2086 6.2086 6.2086

Theorem 1 11.0548 4.0355 4.0161 4.0521

They are all larger than 7% = 11.0548 s, which implies that the estimation of the upper
bound of ST in our research is more precise in a sense than those in [3,22]. This result
is in accord with Remark 7. Furthermore, when the parameter k; takes different values,
& =0.1,n = 2.9, ko, and k3 satisfy the conditions of Theorem 1, the estimation values
of ST are shown in Table 1. It is apparent that the improved lemma is more effective and
superior than the existing lemmas in [3,22]. Furthermore, it clearly shows that the ST is
relevant to the coefficient of the time-delayed term. Consequently, the influences of the
delay on the fixed-time consensus tracking process can be further examined.

Based on the above analysis, the new fixed-time stability lemma can not only be used
to reach the fixed-time leader—follower consensus of MASs but also provide a smaller
upper bound of ST than those existing lemmas. Hence, some former fixed-time stability
lemmas, such as [2,3,22], are improved, and some consensus analysis of MASs by using
those former lemmas, such as [19, 20, 28], can also be extended. It is believed that the
new lemma can provide some guidance for the fixed-time control in the complex network
systems.

Especially worth pointing out is that an interesting phenomenon is found in the simu-
lations. When we take 7 = 0.1's, 0.5 s, 1 s, with the same &, 7, k1, k2, and ks, the trajec-
tories of the leader and followers reach consensus within 7™ = 2.12s, 7.33 s, and 9.41 s
under the control protocol (8), respectively. Those practical STs in all cases are smaller
than 722 ..., and they are different, which indicates that time delay may affect the consensus
of delayed MASs. This is a problem that will be a research direction in the future.
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5 Conclusions

This article has studied the fixed-time consensus problem of delayed nonlinear first-
order leader—follower MASs under undirected interaction topology. A novel fixed-time
stability lemma is presented, where the delay term is considered. Then a new class of
nonlinear and discontinuous control protocol is proposed. Based on it, the followers
achieve the agreement with the leader in a fixed time. Simultaneously, the estimated upper
bound of ST is directly calculated with the determined system parameters. One numerical
simulation is presented, and its results indicate that the followers with time delay can
keep up with the leader within a fixed time. In addition, when the delay parameter 7 takes
different values, the actual STs are much smaller than the theoretical upper bound. In
the future, efforts will be made to implement the presented lemma into the time-delayed
nonlinear MASs with general directed and switching topology, even second-order and
higher-order nonlinear time-delayed MASs. Furthermore, the influence of time delay on
systems will also be a future research direction.
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