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Abstract. This paper deals with time-fractional stochastic Navier–Stokes equations, which are
characterized by the coexistence of stochastic noise and a fractional power of the Laplacian.
We establish sufficient conditions for the existence and approximate controllability of a unique
mild solution to time-fractional stochastic Navier–Stokes equations. Using a fixed point technique,
we first demonstrate the existence and uniqueness of a mild solution to the equation under
consideration. We then establish approximate controllability results by using the concepts of
fractional calculus, semigroup theory, functional analysis, and stochastic analysis.

Keywords: approximate controllability, time-fractional Navier–Stokes equations, stochastic
analysis, semigroup theory, fixed point technique.

1 Introduction

The origin of the theory of stochastic Navier–Stokes equations (SNSEs, for short)
dates back to the work of Landau and Lifshitz [20] in their 1959 book entitled “Fluid
Mechanics”. Later on, after the pioneering work of Bensoussan and Temam [2] on the

1Corresponding author.
2The author was supported by the Israel Science Foundation (grant No. 820/17), the Fund for the Promotion

of Research at the Technion (grant No. 2001893), and the Technion General Research Fund (grant No. 2016723).
3The author was supported by the Agencia Estatal de Investigación (Spain) under grant PID2020-113275GB-

I00, funded by MCIN/AEI/10.13039/501100011033, and by the European Regional Development Fund (ERDF
“A way of making Europe”), as well as by the Xunta de Galicia under grant ED431C 2019/02 (Competitive
Reference Research Groups, 2019–2022).

© 2026 The Author(s). Published by Vilnius University Press
This is an Open Access article distributed under the terms of the Creative Commons Attribution Licence, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original author and source
are credited.

https://orcid.org/0000-0003-3721-3395
https://orcid.org/0000-0001-8202-6578
mailto:renu.chaudhary@thws.de
https://www.vu.lt/leidyba/en/
https://creativecommons.org/licenses/by/4.0/


2 R. Chaudhary et al.

mathematical viewpoint of SNSEs, these equations have been widely studied and applied
to characterize several phenomena in various domains, especially in the fields of fluid
dynamics, gas dynamics, nonlinear acoustics, and traffic flow. The stochasticity intro-
duced in the well-known Navier–Stokes equation might help us comprehend physical
processes and the mechanisms of fluid turbulence in a more sophisticated manner. The
SNSEs provide a relatively simple method for investigating turbulence, distortion caused
by laminar momentum transport, and the decay of dissipation layers formed as a result. In
the last few years, significant progress has been made in the mathematical and numerical
analysis of SNSEs. In particular, Da Prato and Debussche [6] and Brzeźniak [3] studied
two-dimensional SNSEs. Kim [17] established the existence of strong solutions to SNSEs
in R3. Recently, Hofmanova [13] has derived global existence and non-uniqueness results
for three-dimensional SNSEs.

It is well known that fractional derivatives (rather than integer-order derivatives) have
proven to be highly useful in analyzing many real-world problems because of their ability
to represent long memory processes; see [16, 22, 24]. Experiments show that fractional
derivatives are among of the top tools for modeling anomalous diffusion processes and
viscoelasticity; see, for instance, [4, 10, 11, 26]. Consequently, fractional-order Navier–
Stokes equations (FNSEs, for short) can be used to model more precisely anomalous
diffusion in fractal media. As a result, numerous researchers have conducted in-depth
studies regarding FNSEs. For example, de Carvalho-Neto and Planas [8] established the
existence of mild solution to FNSEs in Rn; Momani and Odibat [23] studied analytical
solutions of FNSEs using different methods; Zhou and Peng [29] established the existence
and uniqueness of local and global mild solutions to FNSEs. Xu et al. [28] and Zou
et al. [31] have analyzed FNSEs driven by fractional Brownian motion. Recently, Han
[12] studied Lp-solvability for stochastic time fractional Burgers’ equations driven by
multiplicative space-time white noise. The author established conditions for the existence
and uniqueness and Hölder regularity of the local and global solution.

Controllability plays an essential role in the design and analysis of control systems.
Starting from the seminal work of Kalman [14] in 1963, the notion of controllability
helps one to understand whether a particular dynamical control system can be controlled
or not, and if it can, what the optimum control should be in order to obtain the intended
outcome. Our understanding of the controllability of fractional control systems has greatly
increased in recent years as more scientists have become interested in the topic of con-
trollability and its applications in biological science, economics, aerospace engineering,
and electrical engineering; see, for instance, Barnett [1], Curtain and Zwart [5], Dauer
and Mahmudov [7], Karthikeyan et al. [15], Sakthivel et al. [25], and references therein.
In spite of its being an important topic, only a few papers deal with the controllability of
FNSEs. Xi et al. [27] established approximate controllability results for time-fractional
Navier–Stokes equations involving time delay, and Liao et al. [21] have recently pre-
sented global controllability results for Navier–Stokes equations. However, the existing
literature does not address the question of existence and approximate controllability of
FNSEs involving randomness and fractional powers of the Laplacian. Therefore it is quite
natural and interesting to establish existence and controllability results for time-fractional
SNSEs.
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This paper makes significant contributions to this unexplored domain by investigating
the existence and approximate controllability of solutions to time-fractional SNSEs. We
develop an innovative application of fixed point theorems tailored to handle the intrica-
cies of fractional stochastic systems, establishing the existence and uniqueness of mild
solutions under conditions not previously addressed. By examining the approximate con-
trollability within this complex setting, we provide new theoretical results that expand on
existing controllability concepts, accounting for both fractional and random influences.
Our results have practical implications for modeling and controlling fluid dynamics phe-
nomena where anomalous diffusion and random effects are prevalent, such as pollutant
dispersion in atmospheric sciences and intricately controlled flows in biotechnology. We
mainly focus on the following time-fractional SNSE. This SNSE is the simplest repre-
sentative equation of the tri-interaction between wave steepening, small dissipation and
random perturbations, which are represented as the nonlinearity, the fractional power of
the Laplacian and the stochastic process, respectively, in a bounded domain O ⊂ Rd
(1 6 d 6 3) with a smooth boundary ∂O:

∂ηt z(t, x) + ν(−∆)α/2z(t, x)−
(
z(t, x) · ∇

)
z(t, x)−∇ρ(t, x)

= Cv(t, x) + ~
(
t, z(t, x)

)dW (t)

dt
, (1)

where (t, x) ∈ (0, T ]×O, with the incompressibility condition

∇ · z(t, x) = 0, (t, x) ∈ (0, T ]×O, (2)

the Dirichlet boundary condition

z(t, x) = 0, (t, x) ∈ (0, T ]× ∂O, (3)

and the initial conditions

z(0, x) = z0(x), x ∈ O. (4)

Here η ∈ (0, 1), z(t, x) denotes the velocity field at a point x ∈ Rd, ν > 0 is
the viscosity coefficient, ρ denotes the associated pressure field, C represents a linear
operator, v denotes the control function, ~ is a nonlinear function, which represents the
external force, W (t) denotes a Wiener process, and the operator (−∆)α/2, α ∈ (1, 2),
denotes a fractional power of the Laplacian; see [9, 19].

The time-fractional stochastic Navier–Stokes equations formulated in this work serve
as a robust framework for modeling fluid behavior in scenarios where classical assump-
tions of instantaneous response and deterministic evolution no longer hold. The fractional
time derivative effectively captures memory-dependent dynamics, which are character-
istic of viscoelastic or anomalously diffusing fluids, while the stochastic perturbations
reflect uncertainties and fluctuations inherent in many natural and engineered systems.
Such a model becomes particularly relevant in applications ranging from subsurface con-
taminant transport and atmospheric dispersion of pollutants to microfluidic flows in bio-
medical devices. In these settings, the combination of long-range temporal correlations
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Figure 1. Logical structure of the paper: lemmas, definitions, assumptions, and theorems with explicit depen-
dencies.

and random influences plays a crucial role, and understanding the controllability of such
systems can significantly inform the design of efficient monitoring, control, and optimiza-
tion strategies.

2 Notations and preliminaries

For 1 < p < ∞, Lp(O) denotes the Lebesgue space, and W k,p(O) denotes the Sobolev
spaces withHk(O) := W k,2(O). For p = 2, L2(O) =: H denotes the Hilbert space with
inner product 〈·, ·〉. Let C∞(O) denote the space of all infinitely differentiable functions
and C∞0 (O) := {z ∈ (C∞(O))d: ∇ · z = 0, z has compact support inO}. Let H1

0 (O)
denote the closure of C∞0 (O) in (Lp(O))d.

Let (Σ, µ, {µt}t>0,P) be a filtered complete probability space with normal filtration
{µt}t>0. The Wiener process {W (t), t > 0} possesses a linear, bounded covariance
operator Q > 0 of finite trace, with Tr(Q) =

∑∞
m=1 νm = ν < ∞ and Qcm =

νmcm, where {cm, m ∈ N} denotes a complete orthonormal basis for H . If {ωm}m∈N is
a sequence of one-dimensional Wiener processes, then

W (t) =

∞∑
m=1

√
νm ωm(t)cm, t > 0.

L2
0 = L2(Q1/2(U), H) denotes the Hilbert space of Hilbert–Schmidt operators from

Q1/2(U) to H endowed with the norm

‖ψ‖L2
0

=

( ∞∑
m=1

‖ψνm‖2
)1/2

, ψ ∈ L2
0.

Furthermore, let Lp(Σ;H) be the Hilbert space of H-valued random variables with norm∥∥z(·)∥∥
Lp(Σ;H)

=
(
E
∥∥z(·)∥∥p

H

)1/p
,
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where E represents the expectation with respect to the measure P defined by

E
∥∥z(·)∥∥p

H
:=

∫
Σ

∥∥z(ω)
∥∥p
H

dP(ω) <∞, ω ∈ Σ.

Let P be the Helmholtz projection operator defined on (Lp(O))d with range H1
0 (O).

Let A = −νP∆ denote the Stokes operator in H1
0 (O) with domain D(A) = {z ∈

H1
0 (O) ∩H2(O): z(t, x) = 0 ∀(t, x) ∈ (0, T ] × ∂O}. Since O is bounded, the inverse

A−1 exists and is a compact operator on H . Furthermore, the fractional powers of A, that
is, Aα/2 = Aα = νP (−∆)α/2, can be defined by

Aα/2vm = eα/2m vm

with domain

Hα = D
(
Aα/2

)
=

{
z ∈ H: ‖z‖2Hα =

∞∑
m=1

eα/2m u2
m <∞

}
,

where um = 〈z, vm〉. We set ‖z‖Hα := ‖Aα/2z‖ and consider the associated dual
space H−α with the inverse operator A−α/2. The operator −Aα generates an analytic
semigroup Sα(t) = e−tAα of operators, which are compact for t > 0. The control
function v ∈ Lpµ([0, T ], U), where U is the separable Hilbert space. For simplicity
of notation, the set of admissible controls is denoted by Uad = Lpµ([0, T ], U). The
mapping C : U → H is a bounded linear operator. We also consider the bilinear operator
G(z, w) := −P (z · ∇)w with D(G) = H1

0 (O). In a slight abuse of notation, we write
G(z) := G(z, z).

Applying the Helmholtz–Hodge projection operator P to the time-fractional SNSE (1)
subject to conditions (2)–(4), we obtain the following abstract equation:

CDηz(t) = −Aαz(t) +G
(
z(t)

)
+ Cv(t) + ~

(
t, z(t)

)dW (t)

dt
, t ∈ (0, T ],

z(0) = z0,
(5)

where CDη denotes the Caputo fractional derivative of order η ∈ (0, 1). Here −Aα is
the infinitesimal generator of an analytic semigroup {Sα(t), t > 0}. The initial value z0

is an Hα-valued µ0-measurable random variable, which is independent of W . Instead of
Pv(t) and P~(t, z(t)), we will use the notation v(t) and ~(t, z(t)), respectively.

Definition 1. (See [24].) The Caputo fractional derivative of z ∈ Cm([0, T ]) of order η,
m− 1 < η 6 m, is defined by

CDη
0+z(t) :=

1

Γ(m− η)

t∫
0

(t− r)m−η−1 dm

dsm
z(r) dr,

where z(m−1) is absolutely continuous in every compact interval [0, T ], T > 0.
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Lemma 1. (See [30].) For any α > 0, the operator−Aα generates an analytic semigroup
Sα(t) = e−tAα , t > 0, on Lp. Moreover, we have∥∥AβSα(t)

∥∥
L(Lp)

6 Cα,βt
−β/α, t > 0,

where β > 0, the constant Cα,β > 0 depends on α and β, and L(Lp) denotes the Banach
space of all bounded linear operators from Lp into itself.

Lemma 2. (See [18].) For any p > 2, 0 6 s1 < s2 6 T , and predictable stochastic
process χ : [0, T ]× Σ→ L2

0 such that

E

( T∫
0

∥∥χ(s)
∥∥2

L2
0

ds

)p/2
<∞,

we have

E

∥∥∥∥∥
s2∫
s1

χ(s) dW (s)

∥∥∥∥∥
p

6 κ(p)E

( s2∫
s1

∥∥χ(s)
∥∥2

L2
0

ds

)p/2
.

Here the constant

κ(p) =

(
p

2
(p− 1)

)p/2(
p

p− 1

)p(p/2−1)

.

Definition 2. (See [30].) A µt-adapted stochastic process {z(t)}t∈[0,T ] is said to be a mild
solution of (5) if for each v ∈ Uad, {z(t)}t∈[0,T ] ∈ C([0, T ],Hα) P-a.s. and

z(t) = Mη(t)z0 +

t∫
0

(t− r)η−1Mη,η(t− r)
[
G
(
z(r)

)
+ Cv(r)

]
dr

+

t∫
0

(t− r)η−1Mη,η(t− r)~
(
r, z(r)

)
dW (r). (6)

Here Mη(t) and Mη,η(t) denote the generalized Mittag-Leffler operators given by

Mη(t) =

∞∫
0

Kη(s)Sα
(
tηs
)

ds and Mη,η(t) =

∞∫
0

ηsKη(s)Sα
(
tηs
)

ds,

where Kη : C→ C is the Mainardi function, which is defined by

Kη(z) :=

∞∑
m=0

(−1)m(z)m

m!Γ(−ηm+ 1− η)

for each η ∈ (0, 1).
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Next, we recall some properties of Mη(t) and Mη,η(t), which are demonstrated in
[30].

Lemma 3. (See [30].) The operators Mη(t) and Mη,η(t), t > 0, are linear bounded
operators such that for 0 6 β < α < 2, we have∥∥Mη(t)z

∥∥
Hβ 6 Cαt

−ηβ/α‖z‖ and
∥∥Mη,η(t)z

∥∥
Hβ 6 Cηt

−ηβ/α‖z‖,

where

Cα =
Cα,βΓ(1− β

α )

Γ(1− ηβ
α )

and Cη =
ηCα,βΓ(2− β

α )

Γ(1 + η(1− β
α ))

.

Lemma 4. (See [30].) The operatorsMη(t) andMη,η(t), t > 0, are strongly continuous,
and for any 0 < T0 6 τ1 < τ2 6 T and 0 6 β < α < 2, we have∥∥(Mη(τ2)−Mη(τ1)

)
z
∥∥
Hβ 6 Cαβ(τ2 − τ1)ηβ/α‖z‖

and ∥∥(Mη,η(τ2)−Mη,η(τ1))z
∥∥
Hβ 6 Cηβ(τ2 − τ1)ηβ/α‖z‖,

where

Cαβ =
αCα,βΓ(1− β

α )

βT
2ηβ/α
0 Γ(1− ηβ

α )
and Cηβ =

αηCα,βΓ(2− β
α )

βT
2ηβ/α
0 Γ(1 + η(1− β

α ))
.

Now we define the stochastic controllability operator LT ∈ L(Uad, L
p(Σ, H)) by

LT v :=

T∫
0

(T − s)η−1Mη,η(T − s)Cv(s) ds

and the corresponding adjoint operator L∗T : Lp(Σ, H)→ Uad by

L∗T z = C∗M∗η,η(T − s)E{z | µt}.

Similarly to the Grammian matrix, we have the stochastic Grammian operator

ΥT0 := LT (L∗T )z

=

T∫
0

(T − s)η−1Mη,η(T − s)CC∗M∗η,η(T − s)E{z | µs} ds.

Next, we define the reachable set K(T ) := {z(T, z0, v): v(·) ∈ Uad} of (5), which is
the set of all final states z with initial state z0 and control v at the terminal time T .

Definition 3. The time-fractional SNSE (5) is called approximately controllable on [0, T ]
if K(T ) = Lp(Σ, H).

Lemma 5. (See [7].) For any zT ∈ Lp(Σ, H), there exists ϕ ∈ Lpµ(Σ, Lp((0, T ), Lp0))

such that zT = EzT +
∫ T

0
ϕ(s) dW (s).
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3 Existence and controllability results

Assume the following conditions:

(i) The bounded bilinear operator G : H → H−1(O) satisfies the conditions∥∥G(z)
∥∥
H−1 6 C1‖z‖2

and ∥∥G(z)−G(w)
∥∥
H−1 6 C2

(
‖z‖+ ‖w‖

)
‖z − w‖,

where C1 and C2 are positive constants.
(ii) ~ : [0, T ]×H → L2

0 is a measurable function, which satisfies the conditions∥∥~(t, z(t))∥∥
L2

0
6 L1

(
1 + ‖z‖

)
and ∥∥~(t, z(t))− ~

(
t, w(t)

)∥∥
L2

0
6 L2

(
‖z − w‖

)
,

where L1 and L2 are positive constants.
(iii) The linear deterministic system corresponding to (5),

CDηz(t) = −Aαz(t) +G
(
z(t)

)
+ Cv(t), t ∈ (0, T ],

z(0) = z0,

is approximately controllable on [t, T ], that is, for each t ∈ [0, T ), the operator
λ(λI + ΥT0 )→ 0 as λ→ 0+ in the strong operator topology.

For any zT ∈ Lp(Σ, Hβ), we define the control function

vλ(t, z) = C∗M∗η,η(T − t)

[(
λI + ΥT0

)−1(
EzT −Mη(T )z0

)
+

t∫
0

(
λI + ΥT0

)−1
ϕ(r) dW (r)−

t∫
0

(
λI + ΥT0

)−1
Mη,η(T − r)G

(
z(r)

)
dr

−
t∫

0

(
λI + ΥT0

)−1
Mη,η(T − r)~

(
r, z(r)

)
dW (r)

]
.

Lemma 6. For p > 2, 0 6 β < α < 2, and for all z, w ∈ Lp(Σ, Hβ), we have

E
∥∥vλ(t, z)− vλ(t, w)

∥∥p 6 Cv
λp

t∫
0

E
∥∥z(r)− w(r)

∥∥p dr,

E‖vλ(t, z)‖p 6 Cv
λp

(
1 +

t∫
0

E
∥∥z(r)∥∥p dr

)
, (7)

where Cv denotes a constant.
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Proof. For z, w ∈ Lp(Σ, Hβ), using the bounds of the linear operatorMη,η from Lemma 3,
Hölder’s inequality, and conditions (i)–(ii), we obtain

E
∥∥vλ(t, z)− vλ(t, w)

∥∥p
6 2p−1

[
E

∥∥∥∥∥C∗M∗η,η(T−t)
t∫

0

(
λI+ΥT0

)−1
Mη,η(T−r)

[
G
(
z(r)

)
−G

(
w(r)

)]
dr

∥∥∥∥∥
p

+ E

∥∥∥∥∥C∗M∗η,η(T−t)
t∫

0

(
λI+ΥT0

)−1
Mη,η(T−r)

×
[
~
(
r, z(r)

)
− ~
(
r, w(r)

)]
dW (r)

∥∥∥∥∥
p]

6 2p−1‖C∗‖p
∥∥M∗η,η(T−t)

∥∥p
×

[
E

∥∥∥∥∥
t∫

0

(
λI + ΥT0

)−1
A1Mη,η(T−r)A−1

[
G
(
z(r)

)
−G

(
w(r)

)]
dr

∥∥∥∥∥
p

+ E

∥∥∥∥∥
t∫

0

(
λI+ΥT0

)−1
Mη,η(T−r)

[
~
(
r, z(r)

)
− ~
(
r, w(r)

)]
dW (r)

∥∥∥∥∥
p]

6 2p−1 ‖C∗‖p

λp
Cpη

[
E

∥∥∥∥∥
t∫

0

A1Mη,η(T−r)A−1

[
G
(
z(r)

)
−G

(
w(r)

)]
dr

∥∥∥∥∥
p

+ E

∥∥∥∥∥
t∫

0

Mη,η(T−r)
[
~
(
r, z(r)

)
− ~
(
r, w(r)

)]
dW (r)

∥∥∥∥∥
p]

6 2p−1 ‖C∗‖p

λp
Cpη [I1 + I2], (8)

where

I1 = E

∥∥∥∥∥
t∫

0

A1Mη,η(T − r)A−1

[
G
(
z(r)

)
−G

(
w(r)

)]
dr

∥∥∥∥∥
p

and

I2 = E

∥∥∥∥∥
t∫

0

Mη,η(T − r)
[
~
(
r, z(r)

)
− ~
(
r, w(r)

)]
dW (r)

∥∥∥∥∥
p

.

Using Hölder’s inequality, we obtain

I1 6

( t∫
0

‖Mη,η(T−r)‖p/(p−1)
H1 dr

)p−1 t∫
0

E
∥∥G(z(r))−G(w(r)

)∥∥p
H−1 dr
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6

( t∫
0

Cp/(p−1)
η (T−r)−ηp/(α(p−1)) dr

)p−1

×
t∫

0

Cp2

(
max
t∈[0,T ]

E
∥∥z(t)∥∥p + max

t∈[0,T ]
E
∥∥w(t)

∥∥p)E∥∥z(r)− w(r)
∥∥p dr

6 CpηC
p
2

(
max
t∈[0,T ]

E
∥∥z(t)∥∥p + max

t∈[0,T ]
E
∥∥w(t)

∥∥p)
×

( t∫
0

(T−r)−ηp/(α(p−1)) dr

)p−1 t∫
0

E
∥∥z(r)− w(r)

∥∥p dr

6 CpηC
p
2

(
max
t∈[0,T ]

E
∥∥z(t)∥∥p + max

t∈[0,T ]
E
∥∥w(t)

∥∥p)
× T p(1−η/α)−1

[
p− 1

p(1− η
α )− 1

]p−1
t∫

0

E
∥∥z(r)− w(r)

∥∥p dr. (9)

Using the Burkholder–Davis–Gundy inequality from Lemma 2, we find that

I2 6 κ(p)E

[( t∫
0

∥∥Mη,η(T − r)
[
~
(
r, z(r)

)
− ~
(
r, w(r)

)]
‖2L2

0
dr

)p/2]

6 κ(p)

( t∫
0

∥∥Mη,η(T − r)
∥∥2p/(p−2)

dr

)(p−2)/2

×
t∫

0

E
∥∥~(r, z(r))− ~

(
r, w(r)

)∥∥p
L2

0
dr

6 κ(p)CpηL
p
2

t∫
0

E
∥∥z(r)− w(r)

∥∥p dr. (10)

Using (9) and (10) in (8), we infer that

E
∥∥vλ(t, z)− vλ(t, w)

∥∥p 6 Cv
λp

t∫
0

E
∥∥z(r)− w(r)

∥∥p dr,

where

Cv = 2p−1‖C∗‖pC2p
η

{
Cp2

(
max
t∈[0,T ]

E
∥∥z(t)∥∥p + max

t∈[0,T ]
E
∥∥w(t)

∥∥p)T p[1−η/α]−1

×
[

p− 1

p[1− η
α ]− 1

]p−1

+ κ(p)Lp2

}
.

Since inequality (7) can be obtained in a similar manner, we omit its proof here.
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For any λ > 0, we define the operator Fλ(z(t)) : Lp(Σ, Hβ)→ Lp(Σ, Hβ) by

Fλ(z(t)) := Mη(t)z0 +

t∫
0

(t− r)η−1Mη,η(t− r)
[
G
(
z(r)

)
+ Cvλ(r, z)

]
dr

+

t∫
0

(t− r)η−1Mη,η(t− r)~(r, z(r)) dW (r).

Theorem 1. If conditions (i) and (ii) are satisfied, then the time-fractional SNSE (5) has a
unique mild solution (z(t))t∈[0,T ] in Lp(Σ, Hβ) for p > 2, ηp 6= 1, and 0 6 β < α < 2.

To prove this result, we use the Banach contraction principle to demonstrate that the
operator Fλ(z(t)) has a fixed point, which is a mild solution to (5). To this end, we first
prove the following lemma.

Lemma 7. For p > 2, 0 6 β < α < 2, and for any z ∈ Lp(Σ, Hβ), the operator
Fλ(z(t)) is continuous on [0, T ] in the Lp sense.

Proof. For 0 6 τ1 < τ2 6 T and a fixed z ∈ Lp(Σ, Hβ), we have

E
∥∥Fλ(z(τ2)

)
−Fλ

(
z(τ1)

)∥∥p
Hβ

6 4p−1

[
E
∥∥(Mη(τ2)−Mη(τ1)

)
z0

∥∥p
Hβ

+E

∥∥∥∥∥
τ2∫

0

(τ2−r)η−1Mη,η(τ2−r)G
(
z(r)

)
dr−

τ1∫
0

(τ1−r)η−1Mη,η(τ1−r)G
(
z(r)

)
dr

∥∥∥∥∥
p

Hβ

+E

∥∥∥∥∥
τ2∫

0

(τ2−r)η−1Mη,η(τ2−r)Cvλ(r, z)dr−
τ1∫

0

(τ1−r)η−1Mη,η(τ1−r)Cvλ(r, z)dr

∥∥∥∥∥
p

Hβ

+E

∥∥∥∥∥
τ2∫

0

(τ2−r)η−1Mη,η(τ2−r)~
(
r, z(r)

)
dW (r)

−
τ1∫

0

(τ1−r)η−1Mη,η(τ1−r)~
(
r, z(r)

)
dW (r)

∥∥∥∥∥
p

Hβ

]

6 4p−1
4∑
j=1

Jj , (11)

where

J1 = E
∥∥(Mη(τ2)−Mη(τ1)

)
z0

∥∥p
Hβ
,
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J2 = E

∥∥∥∥∥
τ2∫

0

(τ2 − r)η−1Mη,η(τ2 − r)G
(
z(r)

)
dr

−
τ1∫

0

(τ1 − r)η−1Mη,η(τ1 − r)G
(
z(r)

)
dr

∥∥∥∥∥
p

Hβ

6 3p−1

[
E

∥∥∥∥∥
τ1∫

0

(τ1 − r)η−1
(
Mη,η(τ2 − r)−Mη,η(τ1 − r)

)
G
(
z(r)

)
dr

∥∥∥∥∥
p

Hβ

+ E

∥∥∥∥∥
τ1∫

0

[
(τ2 − r)η−1 − (τ1 − r)η−1

]
Mη,η(τ2 − r)G

(
z(r)

)
dr

∥∥∥∥∥
p

Hβ

+ E

∥∥∥∥∥
τ2∫
τ1

(τ2 − r)η−1Mη,η(τ2 − r)G
(
z(r)

)
dr

∥∥∥∥∥
p

Hβ

]
= 3p−1(J21 + J22 + J23),

J3 = E

∥∥∥∥∥
τ2∫

0

(τ2 − r)η−1Mη,η(τ2 − r)Cvλ(r, z) dr

−
τ1∫

0

(τ1 − r)η−1Mη,η(τ1 − r)Cvλ(r, z) dr

∥∥∥∥∥
p

Hβ

6 3p−1

[
E

∥∥∥∥∥
τ1∫

0

(τ1 − r)η−1
(
Mη,η(τ2 − r)−Mη,η(τ1 − r)

)
Cvλ(r, z) dr

∥∥∥∥∥
p

Hβ

+ E

∥∥∥∥∥
τ1∫

0

[
(τ2 − r)η−1 − (τ1 − r)η−1

]
Mη,η(τ2 − r)Cvλ(r, z) dr

∥∥∥∥∥
p

Hβ

+ E

∥∥∥∥∥
τ2∫
τ1

(τ2 − r)η−1Mη,η(τ2 − r)Cvλ(r, z) dr

∥∥∥∥∥
p

Hβ

]
= 3p−1(J31 + J32 + J33),

and

J4 = E

∥∥∥∥∥
τ2∫

0

(τ2 − r)η−1Mη,η(τ2 − r)~
(
r, z(r)

)
dW (r)

−
τ1∫

0

(τ1 − r)η−1Mη,η(τ1 − r)~
(
r, z(r)

)
dW (r)

∥∥∥∥∥
p

Hβ
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6 3p−1

[
E

∥∥∥∥∥
τ1∫

0

(τ1 − r)η−1
(
Mη,η(τ2 − r)−Mη,η(τ1 − r)

)
~
(
r, z(r)

)
dW (r)

∥∥∥∥∥
p

Hβ

+ E

∥∥∥∥∥
τ1∫

0

[
(τ2 − r)η−1 − (τ1 − r)η−1

]
Mη,η(τ2 − r)~

(
r, z(r)

)
dW (r)

∥∥∥∥∥
p

Hβ

+ E

∥∥∥∥∥
τ2∫
τ1

(τ2 − r)η−1Mη,η(τ2 − r)~
(
r, z(r)

)
dW (r)

∥∥∥∥∥
p

Hβ

]

= 3p−1(J41 + J42 + J43).

Using Lemma 4, we see that

J1 6 Cpαβ(τ2 − τ1)pηβ/αE‖z0‖p.

Next, using Lemmas 3 and 4, condition (i), and Hölder’s inequality, we find that

J21 = E

∥∥∥∥∥
τ1∫

0

(τ1 − r)η−1Aβ [Mη,η(τ2 − r)−Mη,η(τ1 − r)]G
(
z(r)

)
dr

∥∥∥∥∥
p

6 Cpηβ(τ2 − τ1)pη(β+1)α

( τ1∫
0

(τ1 − r)(η−1)p/(p−1) dr

)p−1

×
τ1∫

0

E
∥∥G(z(r))∥∥p

H−1 dr

6 CpηβC
p
1T

ηp

[
p− 1

ηp− 1

]p−1

sup
t∈[0,T ]

E
∥∥z(t)∥∥2p

(τ2 − τ1)pη(β+1)α,

J22 = E

∥∥∥∥∥
τ1∫

0

[
(τ2 − r)η−1 − (τ1 − r)η−1

]
AβMη,η(τ2 − r)G

(
z(r)

)
dr

∥∥∥∥∥
p

6 Cpη

( τ1∫
0

{[
(τ2 − r)η−1 − (τ1 − r)η−1

]
(τ2 − r)(β+1)η/α

}p/(p−1)
dr

)p−1

×
τ1∫

0

E
∥∥G(z(r))∥∥p

H−1 dr

6 2CpηC
p
1T

{
p− 1

p
(
η − η(β+1)

α

)
− 1

}p−1

sup
t∈[0,T ]

E
∥∥z(t)∥∥2p

(τ2 − τ1)pη(α−β−1)−α/α,
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and

J23 = E

∥∥∥∥∥
τ2∫
τ1

(τ2 − r)η−1Mη,η(τ2 − r)G
(
z(r)

)
dr

∥∥∥∥∥
p

Hβ

6 Cpη

( τ2∫
τ1

[
(τ2 − r)η−1−η(β+1)/α

]p/(p−1)
dr

)p−1 τ2∫
τ1

E
∥∥G(z(r))∥∥p

H−1 dr

6 CpηC
p
1

{
p− 1

p[η − η(β+1)
α ]− 1

}p−1

sup
t∈[0,T ]

E
∥∥z(t)∥∥2p

(τ2 − τ1)pη(α−β−1)/α.

Next, using Lemmas 3, 4, and 6, we obtain

J31 = E

[∥∥∥∥∥
r1∫

0

(τ1 − r)η−1
[
Mη,η(τ2 − r)−Mη,η(τ1 − r)

]
Cvλ(r, z) dr

∥∥∥∥∥
p

Hβ

6 Cpηβ(τ2 − τ1)pηβ/α

( τ1∫
0

(τ1 − r)(η−1)p/(p−1) dr

)p−1 τ1∫
0

E
∥∥Cvλ(r, z)

∥∥p dr

6 Cpηβ‖C‖
pCv
λp
T ηp

[
p− 1

ηp− 1

]p−1
[

1 +

t∫
0

E
∥∥z(r)∥∥p dr

]
(τ2 − τ1)pηβ/α,

J32 = E

∥∥∥∥∥
τ1∫

0

[
(τ2 − r)η−1 − (τ1 − r)η−1

]
Mη,η(τ2 − r)Cvλ(r, z) dr

∥∥∥∥∥
p

Hβ

6 Cpη

( τ1∫
0

{[
(τ2 − r)η−1 − (τ1 − r)η−1

]
(τ2 − r)(β+1)η/α

}p/(p−1)
dr

)p−1

×
τ1∫

0

E
∥∥Cvλ(r, z)

∥∥p dr

6 Cpη‖C‖p
Cv
λp
T

{
p− 1

p[η − η(β+1)
α ]− 1

}p−1
[

1 +

t∫
0

E
∥∥z(r)∥∥p dr

]

× (τ2 − τ1)pη(α−β−1)−α/α,

and

J33 = E

∥∥∥∥∥
τ2∫
τ1

(τ2 − r)η−1Mη,η(τ2 − r)Cvλ(r, z) dr

∥∥∥∥∥
p

Hβ
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6 Cpη

( τ2∫
τ1

[
(τ2 − r)η−1−η(β+1)/α

]p/(p−1)
dr

)p−1 τ2∫
τ1

E
∥∥Cvλ(r, z)

∥∥p dr

6 Cpη‖C‖p
Cv
λp

{
p− 1

p[η − η(β+1)
α ]− 1

}p−1
[

1 +

t∫
0

E
∥∥z(r)∥∥p dc

]

× (τ2 − τ1)pη(α−β−1)/α.

Using Lemma 2 and condition (ii), we get

J41 = E

∥∥∥∥∥
τ1∫

0

(τ1−r)η−1
[
Mη,η(τ2−r)−Mη,η(τ1−r)

]
~
(
r, z(r)

)
dW (r)

∥∥∥∥∥
p

Hβ

6 κ(p)E

( τ1∫
0

∥∥(τ1−r)η−1Aβ
[
Mη,η(τ2−r)−Mη,η(τ1−r)

]∥∥2∥∥~(r, z(r))∥∥2

L2
0

dr

)p/2

6 κ(p)Cpηβ(τ2−τ1)pηβ/α

( τ1∫
0

(τ1−r)2p(η−1)/(p−2) dr

)(p−2)/2 τ1∫
0

E
∥∥~(r, z(r))∥∥p

L2
0

dr

6 κ(p)CpηβL
p
1T

(2pη−p−1)/2

[
p−1

2pη−p−2

]p−1[
1 + sup

t∈[0,T ]

E
∥∥z(t)∥∥p](τ2−τ1)pηβ/α,

J42 = E

∥∥∥∥∥
τ1∫

0

[
(τ2−r)η−1− (τ1−r)η−1

]
Mη,η(τ2−r)~

(
r, z(r)

)
dW (r)

∥∥∥∥∥
p

Hβ

6 κ(p)E

( τ1∫
0

∥∥[(τ2−r)η−1− (τ1−r)η−1
]
AβMη,η(τ2−r)

∥∥2∥∥~(r, z(r))∥∥2

L2
0

dr

)p/2

6 κ(p)Cpη

( τ1∫
0

{[
(τ2−r)η−1− (τ1−r)η−1

]
(τ2 − r)−ηβ/α}2p/(p−2) dr

)(p−2)/2

×
τ1∫

0

E
∥∥~(r, z(r))∥∥p

L2
0

dr

6 κ(p)CpηL
p
1T

[
α(p−2)

2pη(α−β)− (p+2)α

](p−2)/2[
1 + sup

t∈[0,T ]

E
∥∥z(t)∥∥p]

× (τ2 − τ1)(2pη(α−β)−(p+2)α)/(2α),
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and

J43 = E

∥∥∥∥∥
τ2∫
τ1

(τ2 − r)η−1Mη,η(τ2 − r)~
(
r, z(r)

)
dW (r)

∥∥∥∥∥
p

Hβ

6 κ(p)E

( τ2∫
τ1

∥∥(τ2 − r)η−1AβMη,η(τ2 − r)
∥∥2∥∥~(r, z(r))∥∥2

L2
0

dr

)p/2

6 κ(p)Cpη

( τ2∫
τ1

[
(τ2 − r)η−1−ηβ/α]2p/(p−2)

dr

)(p−2)/2 τ2∫
τ1

E
∥∥~(r, z(r))∥∥p

L2
0

dr

6 κ(p)CpηL
p
1

[
α(p− 2)

2pη(α− β)− (p+ 2)α

](p−2)/2[
1 + sup

t∈[0,T ]

E
∥∥z(t)∥∥p]

× (τ2 − τ1)(2pη(α−β)−pα)/(2α).

Combining the above inequalities and plugging them into (11), we see that

E
∥∥Fλ(z(τ2)

)
−Fλ

(
z(τ1)

)∥∥p
Hβ
→ 0 as τ2 − τ1 → 0.

Hence Fλ(z(t)) is continuous on [0, T ].

Proof of Theorem 1. We first show thatFλ maps Lp(Σ, Hβ) into Lp(Σ, Hβ). Indeed, for
z ∈ Lp(Σ, Hβ), we have

E
∥∥Fλ(z(t))∥∥pHβ 6 4p−1

[
sup
t∈[0,T ]

E
∥∥Mη(t)z0

∥∥p
Hβ

+ sup
t∈[0,T ]

3∑
i=1

E
∥∥Θzi (t)

∥∥p
Hβ

]
,

where
sup
t∈[0,T ]

E
∥∥Mη(t)z0

∥∥p
Hβ

6 CpαT
−pηβ/αE‖z0‖p,

sup
t∈[0,T ]

E
∥∥Θz1(t)

∥∥p
Hβ

6 sup
t∈[0,T ]

E

∥∥∥∥∥
t∫

0

(t− r)η−1Mη,η(t− r)Gz(r) dr

∥∥∥∥∥
p

Hβ

6 sup
t∈[0,T ]

E

∥∥∥∥∥
t∫

0

(t− r)η−1Aβ+1Mη,η(t− r)A−1Gz(r) dr

∥∥∥∥∥
p

6 sup
t∈[0,T ]

Cpη

( t∫
0

(t− r)p[η−1−η(β+1)/α]/(p−1) dr

)p−1 t∫
0

E
∥∥A−1G

(
z(r)

)∥∥p dr

6 CpηC
p
1

{
p− 1

p[η − η(β+1)
α ]− 1

}p−1

T p[η−η(β+1)/α]−1 max
t∈[0,T ]

E
∥∥z(t)∥∥2

,
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sup
t∈[0,T ]

E
∥∥Θz2(t)

∥∥p
Hβ

6 sup
t∈[0,T ]

E

∥∥∥∥∥
t∫

0

(t− r)η−1Mη,η(t− r)Cvλ
(
r, z(r)

)
dr

∥∥∥∥∥
p

Hβ

6 sup
t∈[0,T ]

E

∥∥∥∥∥
t∫

0

(t− r)η−1AβMη,η(t− r)Cvλ
(
r, z(r)

)
dr

∥∥∥∥∥
p

6 sup
t∈[0,T ]

Cpη

( t∫
0

(t− r)p[η−1−ηβ/α]/(p−1) dr

)p−1 t∫
0

E
∥∥Cvλ(r, z(r))∥∥p dr

6 Cpη‖C‖p
Cv
λp

{
p−1

p[η− ηβ
α ]−1

}p−1

T p[η−ηβ/α]

[
1+ max

t∈[0,T ]

t∫
0

E
∥∥z(r)∥∥p dr

]
,

and

sup
t∈[0,T ]

E
∥∥Θz3(t)

∥∥p
Hβ

6 sup
t∈[0,T ]

E

∥∥∥∥∥
t∫

0

(t− r)η−1Mη,η(t− r)~
(
r, z(r)

)
dW (r)

∥∥∥∥∥
p

Hβ

6 κ(p) sup
t∈[0,T ]

E

( t∫
0

‖(t− r)η−1AβMη,η(t− r)‖2
∥∥~(r, z(r))∥∥2

L2
0

dr

)p/2

6 κ(p)Cpη

( t∫
0

(t− r)2p[η−1−ηβ/α]/(p−2) dr

)(p−2)/2 t∫
0

E
∥∥~(r, z(r))∥∥p

L2
0

dr

6 κ(p)CpηL
p
1

[
p−2

p(2β−1− ηβ
α )−2

](p−2)/2

T (p(2β−1−ηβ/α)−2)/2
[
1+ sup

t∈[0,T ]

E
∥∥z(t)∥∥p].

Hence E‖Fλ(z(t))‖p
Hβ

6 ∞. Using the continuity of the operator Fλ, we get that
Fλz ∈Hβ . Hence for each λ > 0, Fλ indeed maps Lp(Σ, Hβ) into itself, as asserted.
Next, for z, w ∈ Lp(Σ, Hβ), we have

E
∥∥(Fλz)(t)− (Fλw)(t)

∥∥p
Hβ

6 3p−1

{
E

∥∥∥∥∥
t∫

0

(t− r)η−1Mη,η(t− r)
[
Gz(r)−Gw(r)

]
dr

∥∥∥∥∥
p

Hβ

+ E

∥∥∥∥∥
t∫

0

(t− r)η−1Mη,η(t− r)
[
Cvλ

(
r, z(r)

)
− Cvλ

(
r, w(r)

)]
dr

∥∥∥∥∥
p

Hβ
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+ E

∥∥∥∥∥
t∫

0

(t− r)η−1Mη,η(t− r)
[
~
(
r, z(r)− ~

(
r, w(r)

))]
dW (r)

∥∥∥∥∥
p

Hβ

}
= J1 + J2 + J3,

where

J1 = E

∥∥∥∥∥
t∫

0

(t− r)η−1Mη,η(t− r)
[
Gz(r)−Gw(r)

]
dr

∥∥∥∥∥
p

Hβ

6 E

∥∥∥∥∥
t∫

0

(t− r)η−1A1Mη,η(t− r)Aβ−1

[
Gz(r)−Gw(r)

]
dr

∥∥∥∥∥
p

6 CpηE

( t∫
0

(t− r)(η−1−η/α)p/(p−1) dr

)p−1 t∫
0

E
∥∥Aβ[Gz(r)−Gw(r)

]
dr
∥∥p
H−1 dr

6 CpηC
p
2

(
max
t∈[0,T ]

E
∥∥z(t)∥∥p

Hβ
+ max
t∈[0,T ]

E
∥∥w(t)

∥∥p
Hβ

)[T (η−1−η/α)p/(p−1)

(η − 1− η
α ) p

p−1

]p−1

×
t∫

0

E
∥∥z(r)− w(r)

∥∥p
Hβ

dr

6 CpηC
p
2

(
max
t∈[0,T ]

E
∥∥z(t)∥∥p

Hβ
+ max
t∈[0,T ]

E
∥∥w(t)

∥∥p
Hβ

)[ p− 1

pη[1− 1
α ]− 1

]p−1

× T pη[1−1/α]−1

t∫
0

E
∥∥z(r)− w(r)

∥∥p
Hβ

dr,

J2 = E

∥∥∥∥∥
t∫

0

(t− r)η−1Mη,η(t− r)
[
Cvλ

(
r, z(r)

)
− Cvλ

(
r, w(r)

)]
dr

∥∥∥∥∥
p

Hβ

6 E

∥∥∥∥∥
t∫

0

(t− r)η−1Mη,η(t− r)Aβ
[
Cvλ

(
r, z(r)

)
− Cvλ

(
r, w(r)

)]
dr

∥∥∥∥∥
p

6 Cpη‖C‖p
( t∫

0

(t− r)(η−1)p/(p−1) dr

)p−1 t∫
0

E
∥∥vλ(r, z(r))− vλ(r, w(r)

)∥∥p
Hβ

6 Cpη‖C‖pT (pη−1)

[
p− 1

ηp− 1

]p−1
t∫

0

E
∥∥vλ(r, z(r))− vλ(r, w(r)

)∥∥p
Hβ

6 Cpη‖C‖p
Cv
λp
T (pη)

[
p− 1

ηp− 1

]p−1
t∫

0

E
∥∥z(r)− w(r)

∥∥p
Hβ

dr,
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and

J3 = E

∥∥∥∥∥
t∫

0

(t− r)η−1Mη,η(t− r)
[
~
(
r, z(r)

)
− ~
(
r, w(r)

)]
dW (r)

∥∥∥∥∥
p

Hβ

6κ(p)CpηE

( t∫
0

∥∥(t− r)η−1Mη,η(t− r)Aβ
[
~
(
r, z(r)

)
− ~
(
r, w(r)

)]∥∥2

L2
0

dr

)p/2

6κ(p)Cpη

( t∫
0

(t−r)(η−1)2p/(p−2)dr

)(p−2)/2 t∫
0

E
∥∥Aβ[~(r, z(r))−~(r, w(r)

)]∥∥p
L2

0
dr

6κ(p)CpηL
p
2T

(2pη−p−2)/2

[
p− 2

2ηp− p− 2

](p−2)/2
t∫

0

E
∥∥z(r)− w(r)

∥∥p
Hβ

dr.

Hence

E
∥∥(Fλz)(t)− (Fλw)(t)

∥∥p
Hβ

6 3p−1

[
CpηC

p
2

(
max
t∈[0,T ]

E
∥∥z(t)∥∥p

Hβ
+ max
t∈[0,T ]

E
∥∥w(t)

∥∥p
Hβ

)
×
[

p− 1

pη[1− 1
α ]− 1

]p−1

T pη[1−1/α]−1 + Cpη‖C‖p
Cv
λp
T (pη)

[
p− 1

ηp− 1

]p−1

+ κ(p)CpηL
p
2T

(2pη−p−2)/2

[
p− 2

2ηp− p− 2

](p−2)/2] t∫
0

E
∥∥z(r)− w(r)

∥∥p
Hβ

dr.

As a result, there is a positive number Φ(λ) such that

E
∥∥(Fλz)(t)− (Fλw)(t)

∥∥p
Hβ

6 Φ(λ)

t∫
0

E
∥∥z(r)− w(r)

∥∥p
Hβ

dr.

Iterating, we see that, for any natural number n > 1,

E
∥∥(Fnλ z)(t)− (Fnλw)(t)∥∥pHβ 6

(TΦ(λ))n

n!

t∫
0

E
∥∥z(r)− w(r)

∥∥p
Hβ

dr

for any λ > 0. When n is sufficiently large (so that (TΦ(λ))n/n! < 1), using Banach’s
fixed point theorem, we obtain that the operator Fnλ has a unique fixed point uλ ∈
Lp(Σ, Hβ). Since

Fnλ
(
Fλ(uλ)

)
= Fλ

(
Fnλ (uλ)

)
= Fλ(uλ)

and Fnλ has a unique fixed point, it follows that Fλ(uλ) is the unique fixed point of Fnλ ,
that is, Fλ(uλ) = uλ, which is a mild solution to (5).
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Remark 1. Theorem 1 proves that under assumptions (i) and (ii), the time-fractional
SNSE (5) has a unique mild solution (z(t))t∈[0,T ] of the form (6).

Theorem 2. If conditions (i)–(iii) hold true and the functions ~ and G are uniformly
bounded, then the time-fractional stochastic Navier–Stokes equation (5) is approximately
controllable.

Proof. Let zλ be the fixed point of Fλ. Using the stochastic Fubini theorem, one can
show that the fixed point of Fλ satisfies

zλ(T ) = zT − λ
(
λI + ΥT0

)−1[
EzT −Mη(T )z0

]
+

T∫
0

λ
(
λI + ΥT0

)−1
(T − r)η−1Mη,η(T − r)G

(
zλ(r)

)
dr

+

T∫
0

λ
(
λI + ΥT0

)−1[
(T − r)η−1Mη,η(T − r)~

(
r, zλ(r)

)
− ϕ(r)

]
dW (r).

Since the functions ~ and G are uniformly bounded, there exist constants D1 > 0 and
D2 > 0 so that ∥∥~(r, zλ(r)

)∥∥p 6 D1, and
∥∥G(zλ(r)

)∥∥p 6 D2.

Therefore we can find a subsequence {~(c, zλ(c)), G(zλ(c))}, which converges weakly
to {~(r, z(r)), G(z(r))}.

Using the Lebesgue dominated convergence theorem, we obtain

E

T∫
0

∥∥Mη,η(T − r)
[
~
(
r, zλ(r)

)
− ~
(
r, z(r)

)]∥∥p dr → 0

and

E

T∫
0

∥∥Mη,η(T − r)
[
G
(
zλ(r)

)
−G

(
z(r)

)]∥∥p dr → 0.

Hence

E
∥∥zλ(T )− zT

∥∥p
6 6p−1

[∥∥λ(λI + ΥT0
)−1[

EzT −Mη(T )z0

]∥∥p
+ E

( T∫
0

(T − r)η−1
∥∥λ(λI + ΥT0

)−1
ϕ(r)

∥∥p
L2

0
dr

)

+ E

( T∫
0

(T − r)η−1
∥∥λ(λI + ΥT0

)−1∥∥∥∥Mη,η(T − r)
[
G
(
zλ(r)

)
−G

(
z(r)

)]∥∥dr

)p
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+ E

( T∫
0

(T−r)η−1
∥∥λ(λI + ΥT0

)−1∥∥∥∥Mη,η(T−r)G
(
z(r)

)∥∥dr

)p

+ E

( T∫
0

∥∥(T−r)η−1λ
(
λI + ΥT0

)−1
Mη,η(T−r)

[
~
(
r, zλ(r)

)
− ~
(
r, z(r)

)]∥∥2

L2
0
dr

)p/2

+ E

( T∫
0

∥∥(T−r)η−1λ
(
λI + ΥT0

)−1
Mη,η(T−r)~

(
r, z(r)

)∥∥2

L2
0

dr

)p/2]
.

From assumption (iii) it follows that the operator

λ
(
λI + ΥT0

)−1 → 0 strongly as λ→ 0.

In addition, ∥∥λ(λI + ΥT0
)−1∥∥ 6 1.

Thus, using the Lebesgue dominated convergence theorem and the compactness of the
operator Mη,η , we obtain

E
∥∥zλ(T )− zT

∥∥p → 0 as λ→ 0.

Hence using the definition of approximate controllability, the time-fractional SNSE (5) is
approximately controllable on [0, T ], as asserted.

Remark 2. Theorem 2 proves that under assumptions (i)–(iii), there exists a control
function that steers the solution of the time-fractional stochastic Navier–Stokes equation
(5) from the initial state z0 to the neighborhood of the final state zT in [0, T ].

4 Example

To demonstrate the applicability of the theoretical results on approximate controllabil-
ity, we consider the following two-dimensional time-fractional stochastic Navier–Stokes
equation in the square domain O = (0, 1)2 with Dirichlet boundary conditions:

∂ηt z(t, x, y) + ν(−∆)α/2z(t, x, y)

= Cv(t, x, y) + σz(t, x, y)
dW (t)

dt
∀ t ∈ (0, 1]

z(0, x, y) = z0(x, y) = sin(πx) sin(πy),

(12)

where z(t, x, y) denotes the unknown variable, η = 0.7 is the fractional time derivative
order, α = 1.8 is the fractional Laplacian order, ν = 0.1 is the viscosity coefficient,
σ = 0.05 is the noise intensity, the control operator C = I , and W (t) is a standard
Wiener process. The control input is

v(t, x, y) = sin(πx) sin(πy), t ∈ [0, 1].
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The target state is the velocity field pattern induced by the control input, i.e., the first
Fourier mode sin(πx) sin(πy).

Setting A = ν(−∆)α/2, the mild solution of (12) is given by

z(t) = Eη
(
−Atη

)
z0 +

t∫
0

(t− s)η−1Eη,η
(
−A(t− s)η

)
v(s) ds

+ σ

t∫
0

(t− s)η−1Eη,η
(
−A(t− s)η

)
z(s) dW (s).

Here Eη,β denotes the Mittag-Leffler function, and the last term is an Itô stochastic
convolution. Under the assumptions stated in Section 2, analyticity of A, admissibility
ofC, linear growth, and Lipschitz condition on the noise coefficient, this integral equation
admits a unique mild solution in L2(Ω;C([0, T ];H)).

4.1 Numerical scheme

1. Fractional derivative. We approximated the fractional derivative using the Grün-
wald–Letnikov formula with recursive computation of weights:

w0 = 1, wk =

(
1− η + 1

k

)
wk−1, k > 1.

2. Fractional Laplacian. We approximated the fractional Laplacian spectrally. For
a velocity field z(x, y) expanded in sine basis, the fractional Laplacian is applied
in Fourier space:

(−∆)α/2z(x, y) =
∑
m,n

(
π2
(
m2 + n2

))α/2
ẑm,n sin(mπx) sin(nπy),

where ẑm,n are the Fourier coefficients.
3. Noise term. Discretized as

σzn
∆Wn

∆t
, ∆Wn ∼ N (0,∆t),

with independent realizations at each spatial point and time step.
4. Time integration. Semi-implicit Euler scheme is used:

zn+1 = zn + ∆t
(
−ν(−∆)α/2zn + vn + noise− fractional derivative term

)
.

4.2 Results and interpretation

Figure 2 shows the evolution of the L2 norm of the velocity field ‖z(t, ·, ·)‖L2 with
and without control over time t ∈ [0, 1]. This clearly demonstrates that the controlled
trajectory of the velocity field approaches the desired target pattern sin(πx) sin(πy) over
time. Despite the presence of stochastic perturbations and memory effects, the applied
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Figure 2. Time evolution of the L2 norm of the velocity field ‖z(t, ·, ·)‖L2 under the controlled and
uncontrolled stochastic fractional Navier–Stokes dynamics.

control successfully guides the system close to the intended state. This illustrates the
approximate controllability of the time-fractional stochastic Navier–Stokes system, con-
firming the theoretical results derived in Section 3.
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