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Abstract. This paper investigates the existence of positive solutions for a specific category of
p-Laplacian tempered fractional differential equations in which the nonlinear term f contains an
integral operator 6. By employing fixed point theorems for sum operators in partially ordered
Banach spaces, together with Krasnosel’skii fixed point theorem, the existence of positive solutions
is established. Moreover, iterative sequences are constructed to approximate the unique positive
solution of the problem. Finally, three examples are presented to illustrate the main results.
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1 Introduction

Fractional-order differential equations can be extensively applied in a variety of fields,
such as engineering, biophysics, chemical physics, fluid flow, economics, and so on.
In addition, fractional differential equations are capable of more accurately identifying
the essence of real-world problems compared to the integer-order differential equations
in many research areas of science and engineering. For example, in materials science,
viscoelastic mechanics, fractional-order models are more suitable for describing the prop-
erties of viscoelastic materials over a broad frequency range; see [5,22]. In the field of
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mechanical engineering, introducing fractional-order terms into dynamic systems can
form fractional-order controllers, which effectively improve the control performance of
the systems; see [4, 10]. For the other related applications and details about fractional
differential equation, see [1,9,11,13,18,23,29]. In fractional differential equation studies,
boundary value problems stand out as an essential research area, and lots of excellent
results have been obtained by means of fixed point theorems, such as Guo—Krasnosel’skii
fixed point theorem [26, 27], Krasnosel’skii fixed point theorem [3, 6, 14, 25], Avery—
Peterson fixed point theorem [17], Leggett—Williams fixed point theorem [2,19], Schauder
fixed point theorem and contraction mapping principle [8, 15], monotone iterative tech-
nique [7,12,21,30], upper and lower solutions technique [16, 19, 28], and so forth.

In [3], the authors studied the following nonlinear fractional boundary value problem:

“Dg, (°DFu)(t) = f(t ult), pul(t),Yu(t)), 0<t<1,
u(1) = u(0) = u'(1) =0,

where 1 < <2,0< 3<1, f:]0,1] x R® — Ris continuous and

t t

pult) = [2(tsuts)ds, vul) = [Aes)uts) as

0 0

where v, A : [0,1] x [0,1] — R* with the properties 511pt€[071](fo1 ~(t,s) ds) < oo and
SUPte[o,l](fol A(t,s)ds) < oo. By using Krasnosel’skii fixed point theorem, the author
obtained the existence of solutions for nonlinear fractional integro-differential equations.

In [20], the authors considered the following Hadamard-type fractional p-Laplacian
integral boundary value problem:

(o (DL X)) = f(tx(1), 1<t<e,
DY x(1)=D}, x(e) =0,  x(1)=dx(1) =0,

Sx(e) = / (gt x(0) L,

t
1
where D, D” are the Hadamard-type fractional derivatives with « € (1,2], 8 € (2,3],
dx(t) = tdyx/dt, and p,(s) = |s[P72s is the p-Laplacian operator, p > 1, s € R.
The functions f,g € C([1,e] x RT,RT), Rt = [0,00), n is a nonnegative continuous
function on [1, e] with 7(t) # 0. By using fixed point index, the author obtained the
existence of positive solutions.

In [24], the author discussed the following Hadamard-type fractional boundary value
problem on an infinite interval:

"Dy a(t) +a(t) f (1 2(1) + b(t)g (¢, (t)) =0, te(l,+o0),

z(1)=a'(1)=0, "D Ta(+oo ZaZHIH:U +czgj z(&)),
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where HD?+ is the Hadamard-type fractional derivative, 2 < o < 3; Hlﬁ_ is the
Hadamard-type fractional integral; 1 < n < & < & < --- < &, < +00; ¢, 5,05 = 0
(t=1,2,...,m,j = 1,2,...,n) are some given constants. a,b € C(J,RT), f,g €
C(J x R*,RT), J = [1,00). By two fixed point theorems of a sum operator in partial
ordering Banach spaces, the author obtained the existence and uniqueness of positive
solutions.

In [27], the author explored the following singular tempered fractional equation:

—DEu(t) = p(h(Mu(t), DIu(), 0<t<1,
DOJr u(0) =0, D0+ u(1l) =0,

where a € (1,2], 3 € (0,1) witha — B > 1, h € C(R* x R*,R*), p € L1((0,1),R{)
with RT = [O ), R = (0,00). By using the Guo—Krasnosel’skii fixed pomt theorem
the author obtained the existence of the multiple positive solutions. D0+ and D?; + are the
tempered fractional derivatives, which are actually obtained by multiplying an exponentlal
factor in the Riemann-Liouville fractional derivative, i.e., the following relationship exists
between tempered fractional derivative and Riemann—Liouville fractional derivative:

D&PMu(t) = e~ MDg. (eMu(t)), A= 0. (1)

For the definition of the standard Riemann-Liouville fractional integral and derivative,
we refer the reader to [13]. From this relation we can obtain that when A = 0, the
tempered fractional-order derivative becomes the Riemann-Liouville fractional deriva-
tive, thus the tempered fractional-order derivative is an exponential optimisation of the
Riemann-Liouville fractional derivative. In contrast to the classical Riemann-Liouville
fractional derivative, the tempered fractional derivative incorporates an exponential tem-
pering factor that effectively truncates the heavy-tailed power-law kernel. This modifica-
tion preserves the essential nonlocal and memory effects of fractional operators, while
avoiding unrealistic infinite moments and excessively long-range interactions. Therefore,
tempered fractional derivatives provide a more accurate and physically meaningful frame-
work for modeling practical phenomena in which anomalous behavior exists only within
finite spatial or temporal scales, such as truncated Lévy flights, bounded diffusion pro-
cesses, and transport in complex media. This distinctive capability to bridge theoretical
generality and empirical realism constitutes the core motivation of the present study.

Motivated by the excellent work above, in this paper, we consider the p-Laplacian
tempered fractional differential equation

—DM o (= D () = f(tult), fu(t)), 0<t<1,

w(0) =u'(0)=---=u"2(0)=0, DY u(0) =0,
T u( e (s,u(s),fu(s)) ds, 2)
¢p(=D oF Mu(1)) = o [ e M7 S) —-DP Muls ))) ds,
0 0/ 0
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where ] < a <2,n—1< 8 < ng<a0<’y<5—1n/3Dg‘+>‘,Dﬁ>‘

0+ »
and Dg{\ are the tempered fract10na1 derivatives. ¢, is the p- Laplaman operator that is,
©p(s) = |s|P2s withp > 1, o' = @, 1/p+1/q = 1 and Ou(t) fo s)ds,

where H : [0,1] x [0,1] — R* with the property o = sup,cg 1 fo (t, s) ds) < 00
and RT = [0, 00).

The purpose of this paper is to investigate the existence and uniqueness of positive
solutions for the p-Laplacian tempered fractional differential equation (2). Compared
with [20, 24,27], problem (2) we study contains an integral operator 6 in the nonlinear
term, which leads to more difficulties in the analysis of existence results of solutlons
Compared with [20], the derivative we used is the tempered fractional derivative D0 2,
this is more general than D(,. We can obtain that when A = 0, D(‘)ﬁ is equivalent
Dgy.. Compared with [3], the nonhnearlty we study may be singularatt = Qort = 1
when using Krasnosel’skii fixed point theorem. Compared with [24], the construction of
our sum operator is different, and the boundary value conditions involve integral, which
is more general than multipoint boundary value conditions. Compared with [3, 20, 27],
our boundary conditions are more complicated, and we not only obtain the existence of
positive solution, but also construct a Cauchy sequence to approximate the unique positive
solution.

Throughout this paper, we suppose that the following conditions are satisfied.

(HO) a is a nonnegative continuous function on [0, 1] with a(¢) # 0, ¢ € [0, 1] and

a*:folat dt

2 Preliminaries and lemmas

In this section, for the convenience of reader, we introduce some notations and definitions
that will be used in the proof of our main results.

Lemma 1. (See [13].) Let y(t) € (0,1) N L*(0,1), o > 0. Then
IS Dgy(t) = y(t) 4+ et + ot 2 + o et

wherec; € R,i=1,2,...,n,andn—1<a<n.
Lemma 2. (See [13].)

() Ifu € LY(0,1), v > o > 0, then

o g u(t) = I u(t), 0 Lovu(t) = Ig: ult),
DgIg u(t) = u(t).
(i) If p> 0, u > 0, then
D(/))thu—l _ FF(M) h—p—1
(n=p)

Nonlinear Anal. Model. Control, 31(4):748-773, 2026
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Lemma3. Letg € C(0,1) N LY(0,1),n—1<B<n 0<vy<B—1n =3, then the
tempered boundary value problem
DO+ u(t)+gt)=0, 0<t<l,

u(0) =/ (0) =+ =u""2(0) =0,
1 3)
ngr’\u(l) = /e_)‘a(s)w(s,u(s),ﬁu(s)) ds
0
has the unique solution

1
)= [ Gtesigts)as+ FEZDEZE Lo, uts). outs) s,

where ’

oS (DRI s
Proof. For problem (3), by (1) and Lemma 1, we get

eMu(t) = —Ij) (eMg(t)) + ert’ ! et 24+ e t?
where ¢y, ca, . . ., ¢, represent real constants. By employing the boundary condition pro-
vided in (3), we can obtain ¢,, = ¢,,_1 = -+ = ¢ = 0. Thus,
u(t) = —e_MIg+ (eMg(t)) + cre MgPL
t
- _/ ’ _riﬁ)f_le_*te*sg(s) ds + cre M7 5)

By using the tempered fractional derivative operator Dgf‘ on both sides of (5), we get
»A _ _
Do+ u(t) = —Dgi (e )\tl(i( Mg(t)) + Do+ (e
= —e_MD(’)ﬁIOB+ (eMg(t)) + cre DI, 71

= —e*MIng_’Y (eMg(t)) + 1 F(ﬂ)v e Mh—r-1
t
_ 7/ (tr(;)i r:) 1e,)\te)\sg(s) ds + ¢; F(Z(f)’y) ef)\ttﬁf'yfl' (6)

Combining (6) with (3)3, we obtain

11_8 _ e*g(s)ds 1a u(s .
O/ g(s)ds + 107 0/ ), 0u(s)) ds. (D)

https://www.journals.vu.lt/nonlinear-analysis
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Substituting (7) into (5), we have

1
1 —s)f=7=14f-1 ‘ t—s)P-1 ,
u(t):/( ) e_’\te)‘ég(s)ds—/i( FS) e Merg(s)ds
0 0

I'(3) (8)
D(B — y)e !
+ () /a(5)¢(5 u(s), fu(s)) ds
0

This completes the proof. O

Lemmad. Letg € C(0,1)NLY0,1), 1<a<2 o<an—1<p<nn=3. Then
the tempered boundary value problem

—DiMep (DI u()) =3(t), 0<t<1,
w(0) =u'(0) =---=u™2(0)=0, DI u(0) =0,

DOJr u(l) = e*’\a(s)w(s,u(s),éu(s)) ds, (8)

O~ I

oD D) = ¢ [ € (ou(-Duts) 0
0

has the unique solution

1
F(B 7}\tt,3 1
+ a(s 5),0u(s)) ds,
[

where G(t, s) is given as (4), K (t, s) is a Green function, and

a(1—5)* " (a—p+os)t* ' —a(a—p)(t—s)> ! 0

t<1

N
N
N

S

K(t. s) = M=) (a—@)T'(a+1) ’ ’ 9
(t,s)=e (1) (g )1 Veteae 9)
(a—o)T'(a+1) ’ SPxox 4
Proof. Using (1) and Lemma 1, we can express the solution to (8) as
M, (—DiMu(t)) = —Ig (eMG(t)) + dit® ™ + dat* 2,

Nonlinear Anal. Model. Control, 31(4):748-773, 2026
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where d; and dy are real constants. By employing the boundary condition D0+ u(0)=0
provided in (8), we can obtain dy = 0, that is,

Mo, (=DiPMu(t)) = —Ig (eMG(t)) + dit* L (10)

Moreover, we have
1 1

/e’\t%@p( DS u(t)) dt = 0/1</ FSO); 1e“ﬁ( )ds )dt+d1/t“‘1dt

0 0
s ( 1 d
e gS a 1 1
dt ds
/r<a> / T
1

d
a )\s
ds + —*
Tt 1 / (s)ds —|—
0
By the boundary condition (8),, we can get
1
a?(1—5)*"t —ap(l — s)*
dy = 255 (s) ds. 11
= [ ) as (a1

Substituting (11) into (10), we have

t

ep(~Diu(n) = — [ AT ) as

0
et 0219 = ap(l =) 5y on
wet | (@ oT(a + 1) gls)ds
- / K(t, 5)(s) ds. (12)
0

By employing the p-Laplacian operator ¢, on both sides of (12), we have

D0+ u( +@q</K(t,s)§(s)ds> = 0.
0

Setting g(t) = @q(fol K(t,s)g(s)ds), the p-Laplacian tempered fractional boundary
value problem (8) is equivalent to the following fractional boundary value problem:

D0+u()+g(t):0 0<t<1,
u(0) = u/(0) u=2)(0) = 0,

Dg’+ u / (s,u(s),0u(s)) ds
0

https://www.journals.vu.lt/nonlinear-analysis
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By Lemma 3, we can obtain that the above problem has a unique integral solution
! F(ﬂ 7/\tt6 1 !

/G(t,s)g(s) ds + /a s),0u(s)) ds
0 0

1 1

/ G(t, s)pq ( / K(s,7)g(7) dT) ds

0

L(B —y)e M7t
INE))

/ a(s)w(s, u(s), Gu(s)) ds

0
where the Green function G (¢, s) and K (¢, s) are given by (4) and (9), respectively. [

Lemma 5. The functions G(t, s) and K (t, s) given by (4) and (9), respectively, admit the
following properties:

(i) G(t,s), K(t,s) are continuous and nonnegative for (t, s) € [0, 1] x [0, 1].
(i) m(s)e Mt < G(t,s) < M(s)e  tB~1 with
[(1—s)P7 1 — (1 — )]
IN)) 7
(i) n(s)e ™ Mte~1 < K(t,s) < N(s)e Mt~ with

(1-— s)ﬁ*“y’le)‘S

I'(p)

m(s) =

M(s) =

aps(1 — s)@~ters a(l—s)* Y a— o+ os)e?

(a—o)(a+1)"’ (a—o)T(a+1)

Proof. ltis easy to check that G(t, s) and H (t, s) are continuous, G(t, s) < M(s)e™* x
t7=1, and K(t,s) < N(s)e *t>"1. So we only need to prove the left sides of the
inequalities and G(¢,s) > 0, K(¢,s) > 0.

For0 < s <t<1l,weget0<t—s<t—ts=(1—s)t,then (t—s5)5"1 <
(1 — 5)#~1¢8~1 Hence, we have

n(s) = N(s) =

B=1(1 — )81 _ (4 _ g)B-1
G(t,s) _ ( 8) ( S) e)\se—)\t

I'(B)
1 —s)P 7t — (1 - 5)571#3716/\867”
- I(B)
_ [(1 —5)P 7l — (1 —s)P 1} —AB-1 S
()
For 0 <t < s < 1, we can easily see that
t5*1(1 - 5)5*7*1
G(t,s) = MM
o) )
(A=) —(A—s)" et 5,
> e 't > 0.
()

Nonlinear Anal. Model. Control, 31(4):748-773, 2026
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For0 < s <t<1l,wegetO<t—s<t—ts=(1—s)tthen (t —s)* ! <
(1 — s)@~1t*~1, Hence, we have

B [aQ(l —5)*"t —ap(l — s)‘)‘]to‘*1 —a(a—o)(t —s)*! s
K(t,s) = @ 2T i D erse—A
[az(l —5)* 1 —ap(1 - s)o‘]to‘_l —afa—)(1 —s)a- ot

(a—ol(a+1)

e)\sef)\t

WV

_ CkQS(l B S)O(_leks e—Atta—l >0
(a—o)'(a+1) -
For0 <t<s<1,

[042(1 —35)* 1 —ap(l — s)o‘]to‘_l Ns
e

K(t,s) =
() (@~ ol(a+ 1)
- [@2(1 = 5)*7! —ap(1 — s)]t* "t —a(a — g)(1 — s)> 1t Y
g (a—ol(a+1)
— OéQS(l — S)aile)\s ef)\ttafl > 0.
(a—ol(a+1)
This completes the proof. O

Let (E, ||-||) be a real Banach space, and let 6 be the zero element of E. E is partially
ordered by acone P C FE,ie.,x < yifandonlyif y —x € P. A cone P is called
normal if there exists a constant N > 0 such that, for all z,y € F, 0§ < = < y implies
lz]] < Nly||. In this case, NV is called the normality constant of P. We say that an
operator A : £ — FE is increasing (decreasing) if z < y implies Az < Ay (Azx > Ay).

For z,y € F, the notation = ~ y denotes that there exist [ > 0 and x > 0 such that
lz < y < pa. Clearly, ~ is an equivalence relation. For h > 6 (i.e., h > 6 and h # 6),
define P, = {z € E: = ~ h}. Itis easy to see that P, C P.

Definition 1. (See [9].) Let 0 < § < 1. An operator A : P — P is said to be J-
concave if A(tx) > t° Az fort € (0,1), x € P. An operator A : P — P is called to be
subhomogeneous if A(tx) > tAx fort > 0, x € P.

Lemma 6. (See [23].) Let E be a real Banach space. P is a normal cone in E, A, B :
P — P are increasing operators, A is 6-concave, and B is subhomogeneous. Suppose
that

(i) there is h > 0 such that Ah € Py, and Bh € Py;
(ii) there exists a constant 6o > 0 such that Az > 9Bz for all x € P.

Then the operator equation
Ar+ Br == (13)

has a unique solution x* € Py,. Further, making the sequence
Ty =Axpn_1+ Bxp_1, n=12,...,

for any initial value xo € Py, one has x,, — x* asn — oo.

https://www.journals.vu.lt/nonlinear-analysis
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Lemma 7. (See [21].) Let E be a real Banach space. P is a normal conein E, A: P— P
is an increasing operator, and B : P — P is a decreasing operator. In addition,

() forx € Pandt € (0,1), there exist ¢;(t) € (t,1), i = 1,2, such that A(tx) >
¢1(t) Az, B(tx) < Bx/¢s(t);

(ii) there is hg € Py, such that Ahg + Bhgy € P,
Then the operator equation (13) has a unique solution x* € Py,. Further, for any initial
values xq, yo € P, making the sequences

Tn :A'ITL—1+ByTL—1a Yn :Ayn—1+B$n—la n= 1a27"'a

one has x, — x*,y, — x* asn — oo.
Remark 1. If B is a null operator, the conclusions in Lemmas 6 and 7 are still true.

Lemma 8 [Krasnosel’skii fixed point theorem]. (See [14].) Let X be a closed convex
and nonempty subset of a Banach space E. Let A and B be two operators such that
(i) Ax + By € X, whenever x,y € X;
(ii) A is a contraction;
(iii) B is compact and continuous.

Then there exists z € X such that z = Az + Bz.

3 Main results

In this section, we work in a Banach space F = C|[0, 1] equipped with the norm ||z|| =
max{|z(t)], t € [0,1]}. Let P = {« € C[0,1]: x(t) = 0, t € [0,1]}, then it is a normal
cone in C10, 1]. This space is equipped with a partial order

r<y, =zyel0,1] < z(t)<ylt), te][0,1].
Theorem 1. Assume that (HO) and the following conditions hold true:

(H1) f,4 :[0,1] x RT x RT — R are continuous and increasing with respect to
the second and third arguments, f(t,0,0) # 0, ¢t € [0, 1].

(H2) There exist constants » € (0,1/(q—1)) and é € (0, 1) such that f(t, ku, Kv) >
K*f(t,u,v), PY(t, ku, kv) = KY(t, u,v) for any k€ (0,1), t€[0, 1], u,v ERT.

(H3) There exists a constant 0y = fol a(t)y(t,0,0)dt > 0 such that f(t,u,v) < do,
te 0,1, u,v € RT.

Then problem (2) has a unique positive solution u* € Py, with h(t) = e Mt~ for
t € [0,1]. For any initial value uy € P, define the iterative sequence

Unt1(t) = /G(t,s)goq(/K(s,T)f(T,un(T),Gun(T)) dT) ds
0 0

e M-l
+0 ;zﬁ) t /“(3)1/’(5’“11(8)»9%(8)) ds, n=0,1,2,....
0

Nonlinear Anal. Model. Control, 31(4):748-773, 2026
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The sequence u,,(t) converges uniformly to the unique positive solution u*(t) of problem
(2) on [0,1] as n — oo, where G(t, s) and K (s,T) are given by (4) and (9), respectively.

Proof. From Lemma 4 we can deduce that the p-Laplacian tempered fractional boundary
value problem (2) is equivalent to the integral formulation given by

1

uty = | G(t,sm( [ K1t utr) outr) dT> ds
0

L(B —y)e M7t
+ e [ ale)(s. ). u(s)) 4
Define two operators A: P — F and B : P — E by
1
e AtgB—1
() = ~E=HEE [ats)o(s uts).buts)

1

u(t) = /G(t,s)gaq (/K(S,T)f(r,u(r),eu(r)) dT> ds.
0

0

Then we see that u is the solution of problem (2) if and only if u = Au+ Bu. From (HO),
(H1), and Lemma 5 we can easily obtain that A : P — P and B : P — P. Next, we
show that all the conditions of Lemma 6 are satisfied and divide it into the following five
steps.

Step 1. For u,v € P with u < v, we have u(t) < v(t), t € [0, 1]. By (H1), we get

LB —y)e M7t
ING))

Au(t) = /a(s)w(s u(s), Ou(s)) ds

< r's— ‘“tﬂ ' /a 5),0v(s)) ds = Av(t).

0

Since ¢, (t) is increasing in ¢, we get

Gt (O/lK u(r), Ou(r)) d )ds
o (/

That is, Au < Av and Bu < Bw.

K(s (1), 0v(T)) dT) ds = Bo(t).

https://www.journals.vu.lt/nonlinear-analysis
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Step 2. We prove that operator A is 6-concave. For any s € (0, 1) and u € P, by (H2),
we have

e AtyB—1
A(ku)(t) = L ;)(ﬁ) t /a(s)w(s rku(s), k(0u)(s)) ds

Z K

1
s L8 = e /a s),0u(s)) ds = K% Au(t),
0

that is, A(ku) > k°Au for k € (0,1), u € P.

Step 3. We prove that operator B is subhomogeneous. For any x € (0,1) and u € P,
by (H2), we have

Blru)(t :/ths </Ks7’f(7’mt() (Gu)())dT)ds

0
(= 1>/G t,s) q</K(S,T)f(7,u(7),9u(7))dT) ds
0

= k=Y Bu(t) > kBu(t),
that is, B(ku) > kBu for k € (0,1), u € P.
Step 4. We prove that operators Ah, Bh € Py Let

= F(ﬂ—’)’) 1 als S o S
ll - F(,B) / ( )'l/)( hmax; hmax)d 9

1
—)
lr = F(ﬁ) O/a(S)w(s’O,O) ds
F M(s)se-D@D [}
/ ers(g—1) (/N mdxao-hmdx) d7'> dS,
0

1

1 m )(g—1)
/ eAS(q 1) ¥Pq /n(T)f(77 0, 0) dr | ds,
0

0

l3

where hpmax = max{h(t), t € [0,1]}.
From (HO), (H1), and Lemma 5 we have

e Ayl
An(t) = 18 gi S P [ als)o (s, h(s), 0h(s)) ds
< efxttﬁflr(ﬁ -7)

F(ﬁ) a(s)w(sahmaxaghmax) ds = llh(t),

oo
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L(8 = y)e 71

AR = =75)

a(s)y (s, h(s),0h(s)) ds

> e AtyB—1 L'(B—7)

T(3) a(s)(s,0,0)ds = lah(t).

oo

By similar discussion, from (H1) and Lemma 5 we get

1

1
Bh(t < e Mh- 1/M (/N(T)e_)‘ss“_lf(T,h(T),Gh(T)) dT) ds

0
M )(g—1)
(S)j q 1) (/N max,O’hmax) d’T) dS
eAs

g e*)\ttﬂfl

O\H

- l3h’(t)a

1
Bh(t) = e Mt"7" [ m(s ( (T)e s f (7, h(7), 9h(7))d¢> ds
0/1 / 1
)s(e=Da=1)
,)\ttﬁ 1/m eis(q 5 (/n(T)f(T,0,0) dT) ds
0 0

= L4h(t).

Since f(t,0,0) # 0, it is easy to see that [; > Iy > O and I3 > 4 > 0. Then loh < Ah <
lih and I4h < Bh < I3h. Thatis, Ah, Bh € Py,

Step 5. We prove that condition (ii) of Lemma 6 is also satisfied. For u € P, by (H1)
and (H3), we have

ut)g/M( e APl (/N Sy Yf(rou(r), Ou(r ))dT)dS
0 0
ere—Mtys-1 a2er q—1
) ) (a=sr@rm)
sa=1)(g-1) 1
X/W (/fTu Hu())dT)d
0

< e’ ( > oi e AL
\F(ﬂ) (a a+1

1
5q72e*/\tt'8*1/a(s)w(s,O,O) ds
0

Fa\aor a+1>
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s r(f—ﬂ <<a— g>2< +1>) i

1
—Atyf—
X 08~ 3 Gl )\tt : /a (s,u(s),0u(s)) ds
0

B ek CYQG/\ q—1 5~ 2A
F(ﬂ—v)((a—g)F(aJrl)) i Au)

Let 05 = [e*/T(8 — 7)] *(®e*/((a — o)T(a + 1)))1962 7% We can get Au(t) >
o Bu(t), t € [0, 1]. Thus, Au > 6 Bu forall u € P.

By the above discussion and Lemma 6, we can obtain that operator equation Au +
Bu = w has a unique solution u* in Pp,. For any initial value ug € P}, the sequence
Uy = AUup_1 + Buy_1,n=1,2,..., satisfies u,, — u* as n — oo. That is,

1

Upt1(t) = /G(t,s)gaq</K(s,T)f(T, un(T),Qun(T)) dT) ds
0

0
F(B 7/\tt6 1 !
+ /a (s,un(s),0un(s))ds, n=0,1,2,....
0
For any initial value ug € P, we have u,, — u* as n — oc. O]

Corollary 1. Assume that (HO) holds, f satisfies (H1), and there exist constants » €
(0,1/(q — 1)) and 6 € (0,1) such that f(t,ku,kv) = k*f(t,u,v) for & € (0,1),
t € [0,1], u,v € R*. Then the problem

~Dg (e (Dmu())) £ (b u(t).0u(t), 0<t<1,

w(0) =/ (0) = - =uD(0) =0,  DJ u(0) =0,
Do+ u(1) =0, ) (14
opl(= D) = 0 [ 0 (g, (- DPu()) ds
0
has a unique positive solution u* € Pj,, where h(t) = e *t#=1 t € [0, 1]. For any initial

value ug € Py, define the iterative sequence

1

Uny1(t) :/G(t,s)<pq(/K(S,T)f(T,un(T),Hun(T)) dT) ds, n=0,1,2,....
0

0

The iterative sequence uy, (t) converges uniformly to the unique positive solution u*(t) of
problem (14) on [0,1] as n — oo.

Proof. From Remark 1 and Theorem 1, the conclusion holds. O
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Theorem 2. Assume that (HO) holds, and let f satisfy (H1) and

(H4)  : [0,1) x RT x RY — R is continuous and decreasing with respect to the
second and third arguments, ¥ (t, himax, Ohmax) Z 0, t € [0,1];

(H5) For k € (0,1), there exist x € (0, 1/(¢ — 1)) and ¢;(r) € (k,1) (G = 1,2)
such that f(t, ki, 50) > 67 () £ (1w, 0), V{1, ki, 50) < Y(t, 0, v)/63(5) for
te|0,1], u,v € RT.

Then problem (2) has a unique positive solution u* € Py, with h(t) = e~ t#~1 for
t € [0, 1]. For any initial value ug, vy € Py, define iterative sequences

Upt1(t) = /G(t,s)cpq</K(s,T)f(T, un(T),Gun(T)) dT) ds
0 0

L(8 —y)e Mot
')

/ a(s)i/)(s, (), vy, (5)) ds,
0

Un41(t) = /G(t,s)gaq</K(s,7)f(7,vn(7),9vn(7) d’T)) ds
0

0
1

(B —y)e Mth~1
T / a(s)0 (5, un(s), Oun (s)) ds,
n=0,1,2,.... Then we have u,(t) — u*(t), v, (t) — u*(t) as n — oo.

Proof. Similarly to the proof of Theorem 1, we still consider two operators A : P — E
and B: P — E by

Au(t) = /G(t,s)goq(/K(s,r)f(r,u(T),Hu(T)) d7> ds,
0 0

L(B —y)e Mot
INE))

/a(s)z/;(:s7 u(s), fu(s)) ds.
0

From (HO), (H1), (H4), and Lemma 5 we have that A : P — P is increasing and B :
P — P is decreasing. Moreover, from (H5), for x € (0, 1), we have
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e O/Gts (/KH m)eu())d7>

> ¢1(k)Au(t)

and

— A)e—AtB-1
B(ru)(t) = (B = y)e Tt /a(s)w(s,ﬂu(s),n(ﬂu)(s)) ds
0

o1 DBy Mt
=~ (k) I'(8)
1

that is, A and B satisfy the inequalities of Lemma 7(i). Next, we prove that Ah+Bh € Pj,.
Let

/ a(s)w(s, u(s), Hu(s)) ds
0

1

L(5—) /a(s)w(s,0,0) ds,

INC))

From Lemma 5 we have

Ah(t) < e Pt /M(s)(pq (/N(T)e)‘sso‘lf(T7 h(7),0h(T)) d7'> ds
0

1
M (s)sl@—Dla= 1)
— Aty S—1
L<e Mt / e/\s(q ) /N maxaahmax) dr | ds
0

= I3h(1),

ls =

1
/a maxa Uhmax) ds.
0

1

Ah(t) = e M7 [ m(s)p, (/n(T)e_’\sso‘_lf(T, h(7),0h(T)) dT) ds

0

m(s)se-D@D [ ]
S e~ MyB-1 ()eAs(q—l)SOq(/n(T)f(T’O’O) dT) ds
0
— 14h(t)
Also,
_ (B —y)e P! u s
Bh(t) ) (s)%(s, h(s), On(s))
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L(8 —y)e 71

Bh(t) = =5

a(s)y(s, h(s),0h(s)) ds

—AtyB8— L'(B—7)
)

By (H4), we have [5 > lg > 0, then Ah
(l4 + lg)h(t). Thus, Ah + Bh € P,.

Consequently, based on Lemma 7, the operator equation Au + Bu = wu has a unique
solution u* in Py. For given initial values ug, vg € P, define the sequences

(Z(S)’(/J(S, Pmax; Uhmax) ds = l6h(t)

o O~ _

t)+Bh(t) < (I3 +15)h(t) and Ah(t) + Bh(t) >

—~

Up = Aty_1 + Bop_1, v, = Av,_1+ Buy,_1, n=12,....
We have u,, — u*, v,, = u* asn — oo. That is, u™* is the unique solution of problem (2)

in P, where h(t) = e~ t#~1 t € [0, 1]. For given initial values ug, vy € Py, define the
following sequences:

Unt1(t) = /G(t,s)gpq (/K(S,T)f(T, U (7), Oun (7)) d7'> ds
0 0

1

— ~e~MB-1
L(B —y)e ™t / a(s)1 (s, va(s), 0, (5)) ds,

A T)

0
Un41(t) = /G(t,s)gpq </K(s,7)f(7, 0y (7), Ovn (7)) dT) ds
0 0
L(B —y)e M7t

T

/ a(s)Y(s,un(s), Ouy,(s)) ds,

n=0,1,2,..., and we have u, (t) = u*(t), v, (t) = u*(t) as n — co. O

Corollary 2. Assume that (HO) holds, f satisfies (H1) and (HS). Then problem (14) has
a unique positive solution u* € Py, with h(t) = e 5~ for t € [0, 1]. For any initial
value uy € Py, define the iterative sequence

Upt1 (¢) —/G(t,s)(pq</K(S,T)f(T,un(T)79un(T)) dT) ds, n=0,1,2,....
0 0

Then the sequence uy,(t) converges uniformly to the unique positive solution u*(t) of
problem (14) on [0, 1] as n — oo, where G(t, s) and K (s, T) are given as in (4) and (9),
respectively.

Proof. From Remark 1 and Theorem 2 the conclusion holds. O
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Before proving the Theorem 3, we set
D(8 —7)a’ O (e >
W = —— wy = .
T R CANCEONCESY
Theorem 3. Assume that (HO) and the following conditions hold true:
(H6) f € C((0,1) x R* x R* R™), f may be singular att = 0 ort = 1, and
¥ € C([0,1] x RT x Rt RT).
(H7) There exists Ly > 0 such that for any t € [0,1], u,v,u’,v" € RT,
[, u,v) = (tu', o) < La(ju— '] + v = v']).

(H8) Foreachk > 0, there exists 9y, € L*(0, 1), 9y (t) = 0, such thatforall t € [0, 1],
Jul, [v] < (1 + o)k,

|t u,0)| < Ok (t).
Then problem (2) has at least one positive solution whenever
I'(8 —v)a*Li(1 + o)
ING)

<1

Proof. Let
A= max{/]\%, Li(1+0)}, M, = maX |w(t,0,0)|.
Set 2z = {u € P: ||u|]| < R}, where w; A (R+1) + wzgoq(fo Ur(7)dr) < R, then
2p is a nonempty bounded closed convex subset of E. Define two operators o P—FE
and #: P — E by
L(8 —y)e M7t
INGE))

Au(t) = /a(s)w(s,u(s)ﬁu(s)) ds

1

PBu(t) = /G(t,s)goq(/K(s,T)f(T,u(T),Gu(T)) d7‘> ds.
0

0
For any u € 25, t € [0, 1], by (H7), we have

1

R |

| u(t)] < e gzﬂ) t /a )| (s,u(s), 0u(s)) — (s, 0,0)| ds
0

1
AN e—AtB—1
(s ;zeﬁ) t /a (s |@_/1(5,0,0)|ds

/a )Ly (Ju(s)| + [Ou(s )|)ds+w/a(s)ds
0 0

+

INC)

L(B—7)a

< W [Ll(l + U)H“H + MO}'
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Hence, we have

lorul| < 2D (14 o) R+ ) (15)

Similarly, for v € 2g, we have ||v|], [|fv] < (1 4+ o)R. By (H8), there exists Up €
L*(0, 1) such that

’f(T,v(T),Gv(T)H < 9I9gr(r), T€]0,1].

Then we have

Hence, we have

e aZer q—1 !
I#0 < 15 (e=irrn) * (/ Ur(7) dT)' (16
0

Thus, by (15) and (16), we can get

| v+ Bo|| < ||Ful| + || B
LB —~v)a*
IN{)

2€ q— !
+ Feé;) <(Q$F(Aa+1)> 1%(!191%(7) dr)

1
< wy A(R+1)+W2(Pq</193(7')d7'> < R,
0

that is, @/u + %Bv € (2R.
Next, we prove that 7 is a contraction. Let u, v € 25, t € [0, 1], by (H7), we have

< [Li(1+0)R + My

| u(t) — a/v(t)]

1
e MyB-1
< i Chuke)) t /a ’1/}(3 u(s), Ou(s)) — w(s,v(s),ﬁv(s))‘ds
0

ING)
/a )Ly (|u(s) — v(s)| + |u(s) — Ov(s)|) ds
0
(ﬁ 7>a*Ll( +U)HU_UH
s ING)) ’
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thus,
L8 —v)a"Li(1+0)
INE)
ByT'(8 —v)a*L1(1+ 0)/T(B) < 1, we can obtain that < is a contraction.
Finally, let us prove that 4 is compact and continuous.
Let up,u € P,n = 1,2,3,..., and ||u, — u|]| — 0 as n — oo, that is, for any
€ [0, 1], we have

l/u — o] < lu = wll.

un(t) = u(t), n— oc. (17
Thus, there exists r > 0 such that ||u/|, [|ful], ||un]l, [|fun] < (1+0)r. By (H8), we have
|f(T,u(T)7 H’U/(T))‘ < 9(7), {f(T, U (T), 9un(7))‘ <9 (r), T€0,1]. (18)

Thus,
lun(s) — u(s)| <2(1+ o), (19)

}f(T, un(T),Hun(T)) — f(T,u(T),Gu(T))’ < 29, (7). (20)

By (17)-(20) and the Lebesgue dominated convergence theorem, we have

/HTSW m—/HTs 5)ds
(/KSTf(Tun()Hun( ))dT) <pq</KSTf(Tu()9u( )) >

=0 (22)

|un (7) -0, (D

as n — oo, and

gpq</K(s,7‘)f(T, Un (7), Gun(r)) dT) — Qg </K(s,7’)f(7',u(7’), GU(T)) d7'> |

0 0

< 20, ( K(s,7)0.(7) dT) . (23)
/

Then, by (21)—(23) and the Lebesgue dominated convergence theorem, we have

e)\ 1 1
[Bun(t) ~ Bult)| < 555 / soq< / K(S,T)f(ﬂun(T),@un(T))dT)

_ @q(/K(S,T)f(T, u(T),Qu(T)) dT)

—0

ds

asn — oo. That is, | Bu,, — Bu|| — 0as n — oco. In consequence, £ is continuous.
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Let U = {u € P: ||u|| < O} for some © > 0. From (16) we have

e a2e? q—1 1
H%u” < () ((a—g)F(a+1)> g0q</19@(7) dT) = wzgoq</19@(7')d7'>.
0 0

Thus, AU is uniformly bounded.

On the other hand, since G(t, s) is continuous on [0, 1] x [0, 1], it follows that G(¢, s)
is uniformly continuous on [0, 1] x [0, 1]. For € > 0, there exists ¢ > 0 such that whenever
|t1 — t2| <4, t1,t2 € [0, 1], and for s € [0, 1], we have

€

G(t1,s) — G(t2,s)| < . (24)
| (1, 9) (t2 )| fol (pq(fol Jo(T)N(t)e 3521 dr)ds
For any u € U, by (24), we can get
L%’u(h) — %u(tg)’
1

</‘G(t17 5) — G(ta,s ’@q(

0
1

</‘G(t1, 5) — G(ta, s |90q<

0
e Jo alfy do(TIN(r)e s 1 dr)ds
fol ‘Pq(fol Yo(T)N(r)e Asse=Ldr)ds

Therefore, 28U is equicontinuous. According to the Arzela—Ascoli theorem, we have that

9B is compact operator. So we can easily obtain that operator 4 is completely continuous.
By Lemma 8, we conclude that problem (2) has at least one positive solution in 2. [

/lK u(r), 0u(r)) d >ds
/

ﬁO(T)AMT)eASsaldT> ds

4 Applications
Example 1. Consider the following fractional differential equation:
=Dy (pa (DY u(e)

ul/3(t) fo tsu(s)ds)'/?
L+ul/3(t) 14 fo tsu(s)ds)1/2’

u(0) =u'(0) =0,  DJ}>Mu(0) =0,

jet 1[ ( Vi) 4 </t8u(s)ds>l/2> 13

1
oa (- () = [ 7070 a( = DY u(v)) at,
0

= cos’t +

0<t<l,

(25)
dt,
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wherea =3/2,8=5/2,v=1,A=1,p=3,¢=3/2,0=1,a(t) = ¢', and let

1/3 1/2

v
14 ul/3 + 14 01/2’

f(t,u,0) = cos® t + b(t,u,0) =t +01?) + 3,

Clearly, f,v € C([0,1] x RT x Rt — R™) are increasing with respect to the second
and third arguments, f(t,0,0) # 0, thus (HO), (H1) are satisfied.
In addition, for x € (0,1), ¢ € [0,1], u,v € RT,
(Hu)l/S (m])l/Q
1+ (ku)t/3 1+ (kv)l/2

f(t, ku, kv) = cos® t +

> K5/2 0052t+n3/27uu3 +m3/2701/2 = ng/zf(t u,v).
- 14 ul/3 1+ v1/2 T

On the other hand, take § = 1/2. For x € (0,1), ¢ € [0,1], u,v € RT,
P(t, ku, ko) = t((ﬁu)1/4 + (w0)Y2) + 3 > &2t (! +01/?) + 3]
= /{1/2w(t, KU, KV).
Thus, (H2) is satisfied.
Also, we can get 0y = fol el1p(t,0,0)dt = 3(e — 1) > 0 and

1/3 1/2

v

— cog? u
f(t,u,v) = cos t+1+u1/3+1—|—v1/2 < do.

Thus, (H3) is satisfied. So all the conditions of Theorem 1 are satisfied, then problem (25)
has a unique positive solution in Py, where h(t) = e~ t¢3/2.

Example 2. Consider the following fractional differential equation:

~Dg* (pa (= D5l u(®)))

t 1/6
— /3 (ul/s(t) + (/tsu(s)ds) ) +3, 0<t<l,

0
u(0) = u/(0) =" (0) =0,  DI*"u(0) =0,

1 ¢ 1/6
DXlu(l) = /et*1 [tl/g (ul/g(t) + (/tsu(s) ds) ) +2
0
1

1 (26)
dt,

0
7/2, —(1— 7/2,
oa(= D72 (1)) = / e 00 (s (— D712 u (1)) dt,
0
where « = 3/2, B = T7/2, v =2, A =1,p =3,q¢ = 3/2, 0 = 1, a(t) = €,
h(t) = e~ *t5/2, and let

F(tu,0) = /3 (WS 4 0/0) 43, p(t,u,0) = [¢/3 (P 4 01/0) 427

Clearly, f,% € C([0,1] x RT x RT — R™), f is increasing with respect to the second
and third arguments, v is decreasing with respect to the second and third arguments,
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and f(¢,0,0) £ 0, ¥(t, hmax, 0hmax) Z 0, thus, f satisfies (H1), (HO) and (H4) are
satisfied.

In addition, take ¢ (k) = k9, (k) = x'/3. Then for k € (0,1), ¢;(x) € (k,1)
(i=1,2),

f(t, ku, kv) = 751/3((f£u)1/8 + (m/)l/6) +3=¢/3 (/11/8111/8 + K1/6U1/6) +3
> kO[3 (M 4 010) 4 3] = (1 (K)*2 £ (8, u,0),
d)(t,lﬁu,lﬂ)) _ [tl/g((liu)l/3 + (Iﬂ})l/(s) + 2]*1 _ [tl/S(Kl/Sul/S + HI/GUI/G) + 2]71
— 1
<KTYB [tl/B(u1/3 + Ul/ﬁ) + 2} - ——(t, u,v).
P2(K)
Thus, (HS) is satisfied. So all the conditions of Theorem 2 are satisfied, then problem (26)
has a unique positive solution in P, with h(t) = e~*t>/2 for t € [0, 1].

Example 3. Consider the following fractional differential equation:

_DSJ/rQ,l (@3( D5/2 1u(t)))

1 ) ’
:t(l—t)[u (t)+</2tsu(s)ds> ]7 0<t<1,

0
w(0) =w/(0)=0,  DF*'u(0) =0,
1 (27
Dhlu(1) :/e_12t ! + L sin (u(t)) + L cos (v(t))| dt
0 VA2 3(1+41)2 3+t ’
0
1
ea(=D} / 070 (o (- D/ u(0)) a,
0
where o = 3/2, B = 5/2, LA=1p=3q¢=3/20=1a(t) = 2t
H(t,s) = 2ts, and let
1 2., .2
tu,v) = ———=(u" +v7),
Flt ) = = )
Y(t,u,v) = ! + L sinu + L COS v
U VA 3(1+1)2 3+t '

Clearly, f € C((0,1) x RT x RT,R*), ¢ € C([0,1] x Rt x RT,R™), thus, (HO) and
(H6) are satisfied.
Let Ly = 1/3, we have

}z/;(t,u,v) — 1/1(t,u’,v')} <

[sin = sind| +
3 simu S u 3

1
3(1+1)

t\cosvfcosv’

< 3w+ lo-v)),

thus, (H7) is satisfied.
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Choose i (t) = (3/+/t(1 —t))(1 + o)*k?. We can obtain | f(t,u,v)| < Jx(t) for
all ¢ € [0,1], |ul, |v] < (1 + o)k, thus, (H8) is satisfied. We can also obtain that 0 = 1,
a* =1, (2/3)(I'(1.5)/I'(2.5)) = 4/9 < 1. Hence, all the conditions of Theorem 3 are
satisfied. By Theorem 3, problem (27) has at least one positive solution.
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