
Nonlinear Analysis: Modelling and Control, Vol. 31, No. 3, 699–721
https://doi.org/10.15388/namc.2026.31.46613

Press

On the dynamics of the autonomous
Duffing–Holmes oscillator*

Érika Diz-Pita , Jaume Llibre , M. Victoria Otero-Espinar

Universidade de Santiago de Compostela,
Universitat Autónoma de Barcelona
erikadiz.pita@usc.es

Received: November 3, 2025 / Revised: March 9, 2026 / Published online: May 1, 2026

Abstract. The autonomous Duffing–Holmes oscillator ẋ = y, ẏ = x−x3+by−kz, ż = w(y−z),
depending on the three parameters b, k, and w, has been studied previously by several authors who
showed that for certain parameter values, it exhibits chaotic motion, or that numerically it has two
periodic orbits coming from a Hopf bifurcation, or that it can have three equilibria for some given
values of the parameters. Here we provide new results on the integrability and the global dynamics
of the autonomous Duffing–Holmes oscillator using its first integrals and Darboux invariants when
these exist for some given values of its parameters.

Keywords: Duffing–Holmes model, first integral, rational first integral, invariant algebraic surface,
Darboux invariant.

1 Introduction and statements of the main results

One of the most representative nonlinear differential systems exhibiting chaotic dynam-
ics is the nonautonomous Duffing–Holmes oscillator. It is described by a second-order
differential equation with an externally applied periodic driving term:

ẍ+ bẋ− x+ x3 = a sin(wt).

In [7], as an alternative to the nonautonomous Duffing–Holmes oscillator, the authors
propose an autonomous version, defined as follows:

ẋ = y, ẏ = x− x3 + by − kz, ż = w(y − z), (1)

where (x, y, z) ∈ R3, and b, k, w are real parameters. Additionally, the authors devel-
oped a specialized electrical circuit to replicate the solutions of oscillator (1). The circuit
was evaluated both numerically and experimentally, showing good agreement between
simulation and physical results. The model can exhibit chaotic behavior.
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In [6], the authors analyzed the differential system (1) for the specific values of the
parameters b = 1.9, k = 2.5, and w ∈ (2.5, 3.85). Under these conditions, system (1)
has exactly three equilibrium points. They investigated the behavior of these equilibrium
points depending on the parameter w, obtaining numerical results indicating that for w 6
3.55, the three equilibrium points are nonattractive. Moreover, periodic orbits exist around
two of them. When the parameter w decreases, the attracting properties of these two
points weaken, and eventually, trajectories begin to move between the lateral equilibrium
points, exhibiting irregular behavior and sensitivity to initial conditions. Later, the authors
applied these observations to the study of some models in genetic network theory.

In [2], the authors prove the numerical results obtained in [6] by applying Hopf bifur-
cation theory, which provides the existence of two limit cycles around each equilibrium
point, and show that, for the parameter values b = 1.9 and k = 2.5, the differential
system (1) undergoes a Hopf bifurcation at w = 3.64.

In this paper, we give some results about the integrability and the global dynamics of
the Duffing–Holmes model, given by the three-parameter family of systems (1), where b,
k, and w are real parameters.

One can easily check that systems (1) are invariant under the change of variables

(x, y, z)→ (−x,−y,−z).

Consequently, if (x(t), y(t), z(t)) is a solution of systems (1), then (−x(t),−y(t),−z(t))
is also a solution.

Let F = F (x, y, z) ∈ R[x, y, z], where R[x, y, z] is the ring of real polynomials in the
variables x, y, and z. The function F defines an invariant algebraic surface of system (1),
F = F (x, y, z) = 0, if it satisfies the following condition:

∂F

∂x
y +

∂F

∂y

(
x− x3 + by − kz

)
+
∂F

∂z
w(y − z) = KF,

where K = K(x, y, z) is a real polynomial of degree at most 2, called the cofactor of
F (x, y, z). The following proposition provides a complete classification of all invariant
algebraic surfaces of degree at most four of systems (1).

Proposition 1. All the invariant algebraic surfaces of degree at most four of systems (1)
for all values of the parameters are given in Table 1.

Table 1. Invariant algebraic surfaces of systems (1), Fi = Fi(x, y, z) = 0 for 1 6 i 6 6.

Conditions Fi = 0 Cofactor

b = 0, k = 0 F1 = 2x2−x4−2y2 K1 = 0

w = 0 F2 = z K2 = 0

b = −w = − 3√
22

, k = − 4√
22

F3 =
√
22x2−

√
22x4−4xy−2

√
22y2+16xz K3 = −4

√
1
22

b = −w = 3√
22

, k = 4√
22

F4 =
√
22x2−

√
22x4+4xy−2

√
22y2−16xz K4 = 4

√
1
22

b = −
√

3
2 , k = −2

√
2
3 , w =

√
2
3 F5 =

√
6x2−

√
6x4−4xy−2

√
6y2+8xz+2

√
6z2 K5 = −2

√
2
3

b =
√

3
2 , k = 2

√
2
3 , w = −

√
2
3 F6 =

√
6x2−

√
6x4+4xy−2

√
6y2−8xz+2

√
6z2 K6 = 2

√
2
3
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Proof. We assume that F (x, y, z) = 0 is an invariant algebraic surface of degree at most
four for systems (1) and that K = K(x, y, z) is its associated cofactor. Then

F (x, y, z) =
∑
i,j,l>0
i+j+l64

aijlx
iyjzl and K(x, y, z) =

∑
i,j,l>0
i+j+l62

kijlx
iyjzl,

and the following holds:

∂F

∂x
y +

∂F

∂y

(
x− x3 + by − kz

)
+
∂F

∂z
w(y − z) = KF. (2)

By equating the coefficients of the monomials on both sides of (2), we obtain a sys-
tem of 84 equations in 48 unknowns, namely the 35 coefficients aijl, the 10 cofactor
coefficients kijl, and the parameters b, k, and w.

Solving this system with the help of a computer algebra system such as Mathematica
or Maple, and taking into account Proposition 4, we obtain the six irreducible invariant
algebraic surfaces Fi = 0, with Fi shown in Table 1.

This concludes the proof of the proposition.

We remark that the case with the invariant algebraic surface F4 corresponds to the case
with F3 by applying the symmetry (x, y, z, t, b, k, w)→ (−x,−y,−z,−t,−b,−k,−w).
The same occurs in the cases with the invariant algebraic surfaces F5 and F6. Then
the study of the systems with the invariant algebraic surfaces F3 and F5 is enough to
determine also the behavior in the cases with F4 and F6.

A first integral of systems (1) is a (nonlocally constant) continuously differentiable
functionH : A→ R, whereA is an open and dense subset of R3, which remains constant
along all solutions (x(t), y(t), z(t)) of systems (1) that are contained in A; that is, such
that

∂H

∂x
y +

∂H

∂y

(
x− x3 + by − kz

)
+
∂H

∂z
w(y − z) = 0.

A first integral is called simple if it is not a function of other first integrals, and the first
integralH is called polynomial ifH is a polynomial function. The degree of a polynomial
first integral is the degree of the polynomial.

In what follows, we describe all polynomial first integrals of degree at most four of
systems (1).

Proposition 2. All simple polynomial first integrals of degree at most four of systems (1)
are given in Table 2.

Table 2. Simple polynomial first integrals of systems (1),
Hi = Hi(x, y, z) for 1 6 i 6 2.

Conditions Simple polynomial first integral

b = 0, k = 0 H1 = 2x2 − x4 − 2y2

w = 0 H2 = z
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Table 3. Darboux invariants of systems (1), Ii = Ii(x, y, z) for 1 6 i 6 4.

Conditions Darboux invariant

b = −w = − 3√
22

, k = − 4√
22

I1 = (
√
22x2 −

√
22x4 − 4xy − 2

√
22y2 + 16xz)e(4/

√
22)t

b = −w = 3√
22

, k = 4√
22

I2 = (
√
22x2 −

√
22x4 + 4xy − 2

√
22y2 − 16xz)e−(4/

√
22)t

b = −
√

3
2

, k = −2
√

2
3

, w =
√

2
3

I3 = (
√
6x2 −

√
6x4 − 4xy − 2

√
6y2 + 8xz + 2

√
6z2)e2

√
2/3t

b =
√

3
2

, k = 2
√

2
3

, w = −
√

2
3

I4 = (
√
6x2 −

√
6x4 + 4xy − 2

√
6y2 − 8xz + 2

√
6z2)e−2

√
2/3t

Proof. Given that a polynomial first integral corresponds either to an invariant algebraic
surface with zero cofactor, or to a combination of the invariant algebraic surfaces with
respective nonzero cofactors whose sum is zero, the result stated in Proposition 2 follows
directly from Proposition 1, Table 1, and Proposition 4.

The differential systems (1) are said to be completely integrable if there exist two
functionally independent first integrals; that is, their gradients are linearly independent
except possibly on a set of Lebesgue measure zero.

Corollary 1. The differential systems (1) are completely integrable if b = k = w = 0,
with the two first integrals H1 and H2 of Table 2.

Proof. According to Table 2, the systems described by (1) with parameters b = k =
w = 0 possess two polynomial first integrals, H1 and H2. These integrals are evidently
independent, as H1 does not involve the variable z, whereas H2 explicitly depends on
them. This establishes the validity of Corollary 1.

An invariant of systems (1) defined on an open and dense subsetA ⊂ R3 is a noncon-
stant C1 function, I = I(x, y, z, t), such that I(x(t), y(t), z(t), t) remains constant along
any solutions (x(t), y(t), z(t)) of systems (1) contained in A, i.e.,

∂I

∂x
y +

∂I

∂y

(
x− x3 + by − kz

)
+
∂I

∂z
w(y − z) + ∂I

∂t
= 0

for all (x(t), y(t), z(t)) ∈ A. Note that if an invariant is independent of t, it is a first
integral.

An invariant of the form I = f(x, y, z)est, where f is an analytic function in A and
s ∈ R \ {0}, is called a Darboux invariant. A Darboux invariant is said to be simple if it
cannot be written as a function of other Darboux invariants.

Proposition 3. All Darboux invariants of the form I = f(x, y, z)est, where f(x, y, z) is
composed of the polynomials Fi, with i = 1, 2, 3, 4, listed in Table 1 are summarized in
Table 3.

Proof. The proof of this result follows directly from Proposition 5 and from the irre-
ducible invariant surfaces obtained in Proposition 2, which have a nonzero constant co-
factor. To apply Proposition 5, it has been taken into account that, when the values of the
parameters b, k, and w defining the equation are fixed, there exists at most one irreducible
invariant surface of degree less than or equal to 4.

https://www.journals.vu.lt/nonlinear-analysis

https://www.journals.vu.lt/nonlinear-analysis


On the dynamics of the autonomous Duffing–Holmes oscillator 703
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Figure 1. Dynamics of systems (1) on the infinite sphere.

Let ϕp(t) be the solution of systems (1) such that ϕp(0) = p, defined on its maximal
interval (αp, ωp). If ωp = +∞, we define the ω-limit set of p as

ω(p) =
{
q ∈ R3: ∃{tn} ⊂ R with lim

n→∞
tn = +∞ and lim

n→∞
ϕp(tn) = q

}
.

In the same way, if αp = −∞, we define the α-limit set of p as

α(p) =
{
q ∈ R3: ∃{tn} ⊂ R with lim

n→∞
tn = −∞ and lim

n→∞
ϕp(tn) = q

}
.

The presence of a first integral enables a reduction of the phase space dimension
by one when analyzing the dynamics of a differential system. In contrast, a Darboux
invariant provides valuable information about the α- and ω-limits behavior of the system’s
trajectories; see [5, Prop. 5] or Proposition 6 in Section 2.

We recall that an equilibrium point of a planar system is called a center if there is an
open neighborhood, called the period annulus, consisting, besides the equilibrium point,
of periodic orbits. If this neighborhood is all the plane R2, then we say that the equilibrium
is a global center.

Theorem 1. The phase portrait of the family of systems (1) on the infinite sphere is as
shown in Fig. 1. The infinity of the plane x = 0 is filled with equilibria. The orbits in the
region x < 0 have their α-limit in the endpoint of the positive y-axis and their ω-limit in
the endpoint of the negative y-axis. The orbits in the region x > 0 have their α-limit in
the endpoint of the negative y-axis and their ω-limit in the endpoint of the positive y-axis.

Theorem 1 is proved in Section 3.
The following result shows the global dynamics of systems (1) in the case w = 0,

in which there exists a first integral H2 = z that allows the reduction of systems (1) to
a family of planar polynomial systems.

Theorem 2. The differential system

ẋ = y, ẏ = x− x3 + by −
(
s− s3

)
, (3)

with s ∈ R, has at infinity a unique pair of equilibria at the origins of the local charts
U2 and V2. Their local phase portraits are formed by two hyperbolic sectors with both

Nonlinear Anal. Model. Control, 31(3):699–721, 2026
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separatrices at infinity. The following statements hold for the differential system (3):

(a) When |s| > 2/
√
3, the system has the unique finite equilibrium P1 = (s, 0).

Then, if b ∈ (−2
√
3s2 − 1, 2

√
3s2 − 1), the phase portrait in the Poincaré disc is

a global hyperbolic unstable focus if b > 0, a global Hamiltonian center if b = 0,
and a global hyperbolic stable focus if b < 0. If b ∈ R\(−2

√
3s2 − 1, 2

√
3s2 − 1),

the phase portrait in the Poincaré disc is a global hyperbolic unstable node if
b > 0 and a global hyperbolic stable node if b < 0.

(b) If |s| = 2/
√
3, in addition to the finite equilibrium point P1, the system has

another equilibrium point P2 = (−s/2, 0). If b ∈ (−2
√
3, 2
√
3), then if b > 0, P1

is a hyperbolic unstable focus and P2 is a semihyperbolic saddle-node. If b = 0,
then P1 is a Hamiltonian center and P2 is a nilpotent cusp, its two separatrices
connect forming a homoclinic orbit, the boundary of the period annulus of the
center. If b < 0, then P1 is a hyperbolic stable focus and P2 is a semihyperbolic
saddle-node. If b ∈ R \ (−2

√
3, 2
√
3), then if b > 0, P1 is a hyperbolic

unstable node and P2 is a semihyperbolic saddle-node, and if b < 0, then P1

is a hyperbolic stable node and P2 is a semihyperbolic saddle-node.
(c) If |s| < 2/

√
3, in addition to the finite equilibrium point P1, there are two finite

equilibria P3 = (−s−
√
4− 3s2/2, 0) and P4 = (−s+

√
4− 3s2/2, 0).

(c.1) Assume that s ∈ (−2/
√
3,−1/

√
3) and b ∈ (−2

√
3s2 − 1, 2

√
3s2 − 1).

Then, if b > 0, P1 is a hyperbolic unstable focus, P3 is a hyperbolic saddle
and P4 is a hyperbolic unstable focus if α+ = b2−8+6s(s+

√
4− 3s2) <

0, and a hyperbolic unstable node if α+ > 0. If b = 0, then P1 and P4 are
Hamiltonian centers and P3 is a hyperbolic saddle. If b < 0, then P1 is
a hyperbolic stable focus, P3 is a hyperbolic saddle and P4 is a hyperbolic
stable focus if α+ < 0, and a hyperbolic stable node if α+ > 0.

(c.2) Assume that s ∈ (−2/
√
3,−1/

√
3) and b ∈ R\(−2

√
3s2 − 1, 2

√
3s2 − 1).

Then, if b > 0, P1 is a hyperbolic unstable node, P3 is a hyperbolic saddle
and P4 is a hyperbolic unstable focus if α+ < 0, and a hyperbolic unstable
node if α+ > 0. If b < 0, then P1 is a hyperbolic stable node, P3 is
a hyperbolic saddle and P4 is a hyperbolic stable focus if α+ < 0, and
a hyperbolic stable node if α+ > 0.

(c.3) Assume that s = −1/
√
3. If b > 0, then the equilibrium P1 = P3 is a semi-

hyperbolic saddle-node and P4 is a hyperbolic unstable node. If b = 0, then
the equilibrium P1 = P3 is a cusp and P4 is a Hamiltonian center. If b < 0,
then the equilibrium P1 = P3 is a semihyperbolic saddle-node and P4 is
a hyperbolic stable node.

(c.4) Assume that s ∈ (−1/
√
3, 1/
√
3). In this case, P1 is a hyperbolic saddle.

If b = 0, then P3 and P4 are Hamiltonian centers. If α− = b2− 8+ 6s(s−√
4− 3s2) < 0 and α+ < 0, then if b > 0, P3 and P4 are hyperbolic

unstable foci, and if b < 0, P3 and P4 are hyperbolic stable foci. If α− < 0
and α+ > 0, then if b > 0, P3 is a hyperbolic unstable focus and P4

a hyperbolic unstable node; if b < 0, P3 is a hyperbolic stable focus and
P4 a hyperbolic stable node. If α− > 0 and α+ < 0, then if b > 0, P3 is

https://www.journals.vu.lt/nonlinear-analysis
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a hyperbolic unstable node and P4 a hyperbolic unstable focus; if b < 0,
P3 is a hyperbolic stable node and P4 a hyperbolic stable focus. If α− > 0
and α+ > 0, then if b > 0, P3 and P4 are hyperbolic unstable nodes, and if
b < 0, P3 and P4 are hyperbolic stable nodes.

(c.5) Assume that s = 1/
√
3. If b > 0, then the equilibrium P1 = P4 is a semi-

hyperbolic saddle-node and P3 is a hyperbolic unstable node. If b = 0,
then the equilibrium P1 = P4 is a cusp, and P3 is a Hamiltonian center. If
b < 0, the equilibrium P1 = P4 is semihyperbolic saddle-node and P3 is
a hyperbolic stable node.

(c.6) Assume that s ∈ (1/
√
3, 2/
√
3) and b ∈ (−2

√
3s2 − 1, 2

√
3s2 − 1). Then,

if b > 0, P1 is a hyperbolic unstable focus, P4 is a hyperbolic saddle and
P3 is a hyperbolic unstable focus if α− < 0, and a hyperbolic unstable
node if α− > 0. If b = 0, then P1 and P3 are Hamiltonian centers and P4

is a hyperbolic saddle. If b < 0, then P1 is a hyperbolic stable focus, P4

is a hyperbolic saddle and P3 is a hyperbolic stable focus if α− < 0, and
a hyperbolic stable node if α− > 0.

(c.7) Assume that s ∈ (1/
√
3, 2/
√
3) and b ∈ R \ (−2

√
3s2 − 1, 2

√
3s2 − 1).

Then, if b > 0, P1 is a hyperbolic unstable node, P4 is a hyperbolic saddle
and P3 is a hyperbolic unstable focus if α− < 0, and a hyperbolic unstable
node if α− > 0. If b < 0, then P1 is a hyperbolic stable node, P4 is
a hyperbolic saddle and P3 is a hyperbolic stable focus if α− < 0, and
a hyperbolic stable node if α− > 0.

There are six topologically different phase portraits of system (3) in the Poincaré disc,
which are included in Figs. 2–3. For s ∈ (−2/

√
3, 2/
√
3), if b 6= 0, the phase portrait

in the Poincaré disc is topologically equivalent to G1, and if b = 0, it is topologically
equivalent to G2. For |s| = 2/

√
3, if b 6= 0, the phase portrait in the Poincaré disc

is topologically equivalent to G3, and if b = 0, it is topologically equivalent to G4.
Finally, for s ∈ R \ (−2/

√
3, 2/
√
3), if b 6= 0, the phase portrait in the Poincaré disc is

topologically equivalent to G5, and if b = 0, it is topologically equivalent to G6.

G1
s ∈ (−2/

√
3, 2/
√
3), b 6= 0

G2
s ∈ (−2/

√
3, 2/
√
3), b = 0

G3
s = |2/

√
3|, b 6= 0

Figure 2. Phase portraits of system (3) in the Poincaré disc: G1–G3.

Nonlinear Anal. Model. Control, 31(3):699–721, 2026
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G4
s = |2/

√
3|, b = 0

G5
s ∈ R \ (−2

√
3, 2
√
3), b 6= 0

G6
s ∈ R \ (−2/

√
3, 2/
√
3), b = 0

Figure 3. Phase portraits of system (3) in the Poincaré disc: G4–G6.

Figure 4. Global phase portrait of systems (1) on the invariant surface F3 = 0 when b = −w = −3/
√
22 and

k = −4/
√
22.

Theorem 2 is proved in Section 4.
Systems (1) under the conditions b = −w = −3/

√
22 and k = −4/

√
22 have the

Darboux invariant

I1 =
(√

22x2 −
√
22x4 − 4xy − 2

√
22y2 + 16xz

)
e4/
√
22t.

In the next theorem, we characterize its dynamics in the Poincaré ball.

Theorem 3. The global dynamics of system (1) under the conditions

b = −w = − 3√
22

and k = − 4√
22

is described below:
(a) The phase portrait on the Poincaré disc at the invariant algebraic surface

F3(x, y) =
√
22x2 −

√
22x4 − 4xy − 2

√
22y2 + 16xz = 0 is the one given

in Fig. 4.
(b) The ω-limit of a point p = (x0, y0, z0), which is not on the surface F3 = 0, is

the point (−1, 0, 0) if x0, y0 < 0; the point (1, 0, 0) if x0, y0 > 0; and either
(−1, 0, 0), (1, 0, 0), (0, 0, 0) or the endpoints of the y-axis, if x0y0 < 0. The
α-limit of any point p is one of the endpoints of the y-axis.

Note that the dynamics on the infinite sphere is shown in Theorem 1.
Theorem 3 is proved in Section 5.

https://www.journals.vu.lt/nonlinear-analysis
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2 Preliminaries

2.1 Poincaré compactification

2.1.1 Poincaré compactification in dimension 2

In this subsection, we present the Poincaré compactification, a technique that enables the
study of the behavior of the trajectories of a polynomial differential system near infinity.
This method will be applied in Sections 4 and 5.

We begin by considering the unit sphere S2 = {y ∈ R3: y21 + y22 + y23 = 1},
hereafter called the Poincaré sphere. The tangent plane to the sphere at the point (0, 0, 1)
is identified with the Euclidean plane R2, where we consider the polynomial system of
degree d

ẋ1 = P1(x1, x2), ẋ2 = P2(x1, x2).

This planar system induces a vector field on the northern and southern hemispheres of
the sphere via the central projections f+ : R2 → S2 and f− : R2 → S2, defined by
f±(x) = ±(x1, x2, 1)/∆(x) with ∆(x) =

√
x21 + x22 + 1. Through the differentials of

these maps, we obtain the corresponding vector fields on these hemispheres.
By multiplying the vector field by yd3 , it is possible to extend it analytically to the

equator of the sphere, which corresponds to the points at infinity of the original plane R2.
This analytic extension is known as the Poincaré compactification of the initial vector

field. Analyzing the behavior of this extended field near the equator (i.e., near the circle
S1 = {S2 ∩ {y3 = 0}}) allows to describe the dynamics of the original system close to
infinity.

To perform computations, we work in the local charts (Ui, φi) and (Vi, ψi) of the
sphere S2, defined as follows: Ui = {y ∈ S2: yi > 0}, Vi = {y ∈ S2: yi < 0}, with the
maps φi : Ui → R2 and ψi : Vi → R2 given by φi(y) = ψi(y) = (ym/yi, yn/yi), where
m < n are such that m,n 6= i for i = 1, 2.

The expression of the Poincaré compactification in the local chart (U1, φ1) is

(u̇, v̇) = vd(−uP1 + P2,−vP1), Pi = Pi

(
1

v
,
u

v

)
,

and in the local chart (U2, φ2) is

(u̇, v̇) = vd(−uP2 + P1,−vP2), Pi = Pi

(
u

v
,
1

v

)
.

Considering the definitions of the local charts Vi and the maps ψi, one finds that the
expression for the Poincaré compactification in the local charts (Vi, ψi), with i = 1, 2, is
the same as in the local charts (Ui, φi) multiplied by (−1)d−1.

Since our goal is to analyze the dynamics of the system near infinity, we focus on
the so-called infinite equilibrium points, that is, the equilibrium points of the Poincaré
compactification located on the equator S1 of the sphere. If a point y ∈ S1 is such an
equilibrium, then its antipodal point −y is also an equilibrium. The stability of this pair,

Nonlinear Anal. Model. Control, 31(3):699–721, 2026
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whether identical or opposite, depends on the degree of the original polynomial system.
Therefore, to carry out a complete analysis, it suffices to examine the infinite equilibria in
the local chart U1 and the origin in the local chart U2.

For a more detailed exposition of the Poincaré compactification in two dimensions,
see [3, Chap. 5].

2.1.2 Poincaré compactification in dimension 3

The technique of the Poincaré compactification can be extended to higher dimensions. In
particular, we use this technique in dimension 3 in Section 3. As the ideas are the same
explained before, we just include here the expressions obtained in the local charts U1, U2,
and U3 for a polynomial system in R3 of degree d

ẋ = P1(x, y, z), ẏ = P2(x, y, z), ż = P3(x, y, z).

More details about the Poincaré compactification in dimension n can be found in [1].
The phase portrait in the local chart U1 is given by the system

(u̇, v̇, ẇ) = wd(−uP1 + P2,−vP1 + P3,−wP1), Pi = Pi

(
1

w
,
u

w
,
v

w

)
.

The phase portrait in the local chart U2 is given by the system

(u̇, v̇, ẇ) = wd(−uP2 + P1,−vP2 + P3,−wP2), Pi = Pi

(
u

w
,
1

w
,
v

w

)
.

In the local chart U3, the phase portrait is given by

(u̇, v̇, ẇ) = wd(−uP3 + P1,−vP3 + P2,−wP3), Pi = Pi

(
u

w
,
v

w
,
1

w

)
.

The following result is proved in [4].

Lemma 1. Let f(x, y, z) = 0 be an algebraic surface of degree m in R3. The extension
of this surface to the boundary of the Poincaré ball is contained in the surface defined by

wmf

(
x

w
,
y

w
,
z

w

)
= 0, w = 0.

2.2 Invariant algebraic surfaces and Darboux invariants

We will use the following results (see Theorem 8.4 and Proposition 8.7 of [3], respec-
tively, for a proof).

Proposition 4. Suppose f ∈ R[x, y, z], and let f = fn1
1 · · · fnr

r be its factorization
into irreducible factors over R[x, y, z]. Then, for the family of polynomial differential
systems (1), f = 0 is an invariant algebraic surface with cofactorKf if and only if fi = 0
is an invariant algebraic surface for each i = 1, . . . , r with cofactor Kfi . Moreover,
Kf = n1Kf1 + · · ·+ nrKfr .
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Proposition 5. Assume that systems (1) admit p irreducible invariant algebraic surfaces
fi = 0 with cofactors Ki for i = 1, . . . , p, not all zero, such that

∑p
i=1 λiKi = −s for

some s ∈ R \ {0}. Then the function

fλ1
1 · · · fλp

p est

is a Darboux invariant of systems (1).

The following proposition is the Proposition 5 of [5].

Proposition 6. Let S2 be the infinity of the Poincaré ball and I(x, y, z, t) = f(x, y, z)est

be a Darboux invariant of systems (1). Let also p ∈ R3, and let φp(t) be the solution of
systems (1) such that φp(0) = p, with maximal interval (−∞,∞), because the Poincaré
ball is compact. Then the following holds:

(i) Assume that s > 0. Then ω(p) is contained in the closure {f(x, y, z) = 0} in the
Poincaré ball, and α(p) ⊂ {f(x, y, z) = 0} ∩ S2, being S2 the boundary of the
Poincaré ball.

(ii) Assume that s < 0. Then α(p) is contained in {f(x, y, z) = 0}, and ω(p) ⊂
{f(x, y, z) = 0} ∩ S2.

3 Proof of Theorem 1

The expression of the Poincaré compactification of systems (1) in the local chart U1 is

ż1 = −1 + z23 + bz1z
2
3 − kz2z23 − z21z23 ,

ż2 = wz1z
2
3 − wz2z23 − z1z2z23 ,

ż3 = z1z
2
3 .

Then, as ż1 |z3=0= −1, there are not infinite equilibria on the local chart U1.
The expression of the Poincaré compactification of systems (1) in the local chart

U2 is

ż1 = z23 − bz1z23 + z41 − z21z23 + kz1z2z
2
3 ,

ż2 = wz23 − (b+ w)z2z
2
3 + z31z2 − z1z2z23 + kz22z

2
3 ,

ż3 = bz33 − z31z3 + z1z
3
3 − kz2z33 .

At infinity, i.e., when z3 = 0, this system is written as

ż1 = z41 , ż2 = z31z2. (4)

The line z1 = 0 if filled with equilibria. With a change of the time variable, we remove
the common factor z31 , and we get the system

ż1 = z1, ż2 = z2. (5)
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z2

z1

(a)

z2

z1

(b)

Figure 5. Phase portraits of system (5) in (a) and system (4) in (b).

The only remaining equilibrium point in system (5) is the origin, which is a hyperbolic
unstable star node, as in Fig. 5(a). Multiplying by z3, we obtain the phase portrait around
the line z1 = 0 for system (4), given in Fig. 5(b).

The expression of the Poincaré compactification of systems (1) in the local chart U3

is

ż1 = wz1z
2
3 + z2z

2
3 − wz1z2z23 ,

ż2 = −kz23 − z31 + z1z
2
3 + (b+ w)z2z

2
3 − wz22z23 ,

ż3 = −wz33 + wz2z
3
3 .

At infinity, i.e., when z3 = 0 this system becomes

ż1 = 0, ż2 = −z31 .

Again, the line z1 = 0 is filled with equilibria, and the orbits are along the straight lines
with constant z1.

Combining the information in the three local charts (and the corresponding V1, V2,
and V3), on the infinite sphere, the plane x = 0 is filled with equilibria, and all the other
orbits have their α- and ω-limits at the origins of charts U2 or V2. More precisely: the
orbits in the region x > 0 have their α-limit in the origin of the local chart V2, i.e., in the
endpoint of the negative y-axis, and their ω-limit in the origin of the local chart U2, i.e.,
in the endpoint of the positive y-axis. The orbits in the region x < 0 have their α-limit
in the endpoint of the positive y-axis and their ω-limit in the endpoint of the negative
y-axis.

4 Proof of Theorem 2

The family of systems (1) with w = 0 has the first integral H2 = z, so on any level
H2 = z = h, we can reduce systems (1) to the planar polynomial family of systems
(3), where we have rewritten the constant term kh in ẏ as s − s3 in order to simplify the
computations. In this section, we study the dynamics of systems (3) in the Poincaré disc
for any value of s, b ∈ R.
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Finite equilibrium points

If s ∈ (−∞,−2/
√
3) ∪ (2/

√
3,∞), systems (3) have the unique finite equilibrium point

P1 = (s, 0). If s = ±2/
√
3, systems (3) have, in addition to P1, the equilibrium point

P2 = (−s/2, 0). If s ∈ (−2/
√
3, 2/
√
3), systems (3) have three finite equilibrium points:

P1, P3 = ((−s−
√
4− 3s2)/2, 0), and P4 = ((−s+

√
4− 3s2)/2, 0).

For the equilibrium point P1, if s ∈ (−1/
√
3, 1/
√
3), it is a hyperbolic saddle. If s ∈

R \ (−1/
√
3, 1/
√
3), we will distinguish two cases. If b ∈ (−2

√
3s2 − 1, 2

√
3s2 − 1),

then P1 is a hyperbolic stable focus if b < 0, a hyperbolic unstable focus if b > 0, and
a Hamiltonian center if b = 0. On the other hand, if b ∈ R \ (−2

√
3s2 − 1, 2

√
3s2 − 1),

then P1 is a hyperbolic stable node if b < 0, and a hyperbolic unstable node if b > 0. This
leads to statement (a) of Theorem 2. If s = ±1/

√
3 and b 6= 0, then P1 is semihyperbolic,

and applying [3, Thm. 2.19], we conclude that it is a saddle-node; finally, if s = ±1/
√
3

and b = 0, P1 is nilpotent, and applying [3, Thm. 3.5], it is a cusp.
The equilibrium point P2 is semihyperbolic if b 6= 0 and nilpotent if b = 0. Applying

the mentioned results in [3], we determine that P2 is a saddle-node if b 6= 0, and a cusp if
b = 0. This leads to statement (b) in Theorem 2.

The equilibrium point P3 is a hyperbolic saddle if s ∈ (−2/
√
3,−1/

√
3). If s =

−1/
√
3, then P3 = P1. If s ∈ (−1/

√
3, 2/
√
3) and α− = b2−8+6s(s−

√
4− 3s2) < 0,

then P3 is a hyperbolic stable focus if b < 0, a hyperbolic unstable focus if b > 0, and a
Hamiltonian center if b = 0. If α− > 0, then P3 is a hyperbolic stable node if b < 0, and
a hyperbolic unstable node if b > 0.

For the equilibrium point P4, if s ∈ (−2/
√
3, 1/
√
3) and α+ = b2 − 8 + 6s(s +√

4− 3s2) < 0, then P4 is a hyperbolic stable focus if b < 0, a hyperbolic unstable focus
if b > 0, and a Hamiltonian center if b = 0. If α+ > 0, then P4 is a hyperbolic stable
node if b < 0, and a hyperbolic unstable node if b > 0. If s = 1/

√
3, then P4 = P1.

Finally, if s ∈ (1/
√
3, 2/
√
3), P4 is a hyperbolic saddle.

Combining these conclusions about P3 and P4 with those for P1, we get statement (c)
in Theorem 2.

Infinite equilibrium points

Here we want to study the dynamics of systems (3) at infinity, and we will consider the
Poincaré compactification introduced in Subsection 2.1.1.

In the local chart U1, systems (3) have the expression

u̇ = −1 + v2 + buv2 −
(
s− s3

)
v3 − u2v2, v̇ = −uv3,

so there are not infinite equilibrium points in the local chart U1.
In the local chart U2, systems (3) have the expression

u̇ = v2 − buv2 + u4 − u2v2 +
(
s− s3

)
uv3,

v̇ = −bv3 + u3v − uv3 +
(
s− s3

)
v4.

(6)

The only point we need to study in the local chart U2 is the origin, and it is linearly zero.
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We will study the local phase portrait at the origin of the chart U2 doing vertical blow-
ups. Since u = 0 is a characteristic direction, we need to do a twist (u, v) = (u1−v1, v1).
In the new coordinates (u1, v1), system (6) becomes

u̇1 = v21 − bu1v21 + u41 − 3u31v1 + 2u21v
2
1 + cu1v

3
1 ,

v̇1 = −bv31 + u31v1 − 3u1v
2
1 + 2u1v

3
1 + cv41 .

(7)

Now we perform the vertical blow-up (u1, v1) = (u2, u2v2), and system (7) becomes

u̇2 = u42 + u22v
2
2 − 3u42v2 − bu32v22 + 2u42v

2
2 + cu42v

3
2 , v̇2 = −u2v32 . (8)

Since u2 is a common factor of u̇2 and v̇2, we rescale the time, and we get the differential
system

u̇2 = u32 + u2v
2
2 − 3u32v2 − bu22v22 + 2u32v

2
2 + cu32v

3
2 , v̇2 = −v32 . (9)

The only equilibrium point on the straight line u2 = 0 is the origin, and it is linearly
zero. We perform another vertical blow-up, but first we make a twist since u2 = 0 is
a characteristic direction. Then, taking (u2, v2) = (u3 − v3, v3), system (9) becomes

u̇3 = u33 − 3u23v3 + 4u3v
2
3 − 3v33 − 3u33v3 + (9− b)u23v23 + (2b− 9)u3v

3
3

+ (3− b)v43 + 6u23v
3
3 + 6u3v

4
3 − 2v53 +

(
s− s3

)
u33v

3
3 − 3

(
s− s3

)
u23v

4
3

+ 3
(
s− s3

)
u3v

5
3 −

(
s− s3

)
v63 ,

v̇3 = −v33 .

(10)

Now we perform the vertical blow-up (u3, v3) = (u4, u4v4), and system (10) becomes

u̇ = u34 − 3u44v4 + 4u34v
2
4 + (9− b)u44v24 − 3u34v

3
4 + 2u54v

2
4 + (2b− 9)u44v

3
4

− 3u34v4 − 6u54v
3
4 + (3− b)u44v44 +

(
s− s3

)
u64v

3
4 + 6u54v

4
4 − 3

(
s− s3

)
u64v

4
4

− 2u54v
5
4 + 3

(
s− s3

)
u64v

5
4 −

(
s− s3

)
u64v

6
4 ,

v̇ = −u24v4 + 3u24v
2
4 + 3u34v

2
4 − 5u24v

3
4 + (b− 9)u34v

3
4 + 3u24v

4
4 − 2u44v

3
4

+ (9− 2b)u34v
4
4 + 6u44v

4
4 + (b− 3)u34v

5
4 −

(
s− s3

)
u54v

4
4 − 6u44v

5
4

+ 3
(
s− s3

)
u54v

5
4 + 2u44v

6
4 − 3

(
s− s3

)
u54v

6
4 +

(
s− s3

)
u54v

7
4 .

(11)

Since u4 is a common factor of u̇4 and v̇4, we rescale the time, and we get the
differential system

u̇ = u4 − 3u24v4 + 4u4v
2
4 + (9− b)u24v24 − 3u4v

3
4 + 2u34v

2
4 + (2b− 9)u24v

3
4

− 3u4v4 − 6u34v
3
4 + (3− b)u24v44 +

(
s− s3

)
u44v

3
4 + 6u34v

4
4 − 3

(
s− s3

)
u44v

4
4

− 2u34v
5
4 + 3

(
s− s3

)
u44v

5
4 −

(
s− s3

)
u44v

6
4 ,

v̇ = −v4 + 3v24 + 3u4v
2
4 − 5v34 + (b− 9)u4v

3
4 + 3v44 − 2u24v

3
4 + (9− 2b)u4v

4
4

+ 6u24v
4
4 + (b− 3)u4v

5
4 − (s− s3)u34v44 − 6u24v

5
4 + 3(s− s3)u34v54 + 2u24v

6
4

− 3(s− s3)u34v64 + (s− s3)u34v74 .

(12)
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u4

v4

(a)

u4

v4

(b)

v3

u3

(c)

v2

u2

(d)

v2

u2

(e)

v1

u1

(f)

v

u

(g)

Figure 6. Blowing down of the origin of system (6).

There are two equilibrium points on u2 = 0, the origin and the point (0, 1), and both
are hyperbolic saddles. Now we undo the blow-ups and twists.

For system (12), the local phase portrait in a neighborhood of the straight line u4 = 0
is given in Fig. 6(a). If we multiply by u24 to return to system (11), then all points on
the u4-axis become equilibrium points. Thus we obtain the phase portrait in Fig. 6(b) for
system (11) around the straight line u4 = 0. Now we undo the blow-up to obtain the
local phase portrait at the origin of system (10), and we obtain the local phase portrait
in Fig. 6(c) for system (10). If we undo the twist and return to system (9), we obtain the
phase portrait in Fig. 6(d). If we multiply by u2 to return to system (8), then all points on
the u2-axis become equilibrium points, and the orientation of the orbits in the second and
third quadrants is reversed. Then we obtain the phase portrait in Fig. 6(e). Now we undo
the blow-up to obtain the local phase portrait at the origin of system (7), and we obtain
the local phase portrait in Fig. 6(f). Finally, if we undo the twist, we obtain the local phase
portrait at the origin of the local chart U2, which is given in Fig. 6(g).

Phase portraits in the Poincaré disc

Now we will prove the topological classification of all phase portraits of systems (3) stated
in Theorem 2.

First, we note that systems (3) do not have limit cycles. The divergence of the systems
is b, and then, if b 6= 0, the systems have no periodic orbits by the Bendixon criterion; see,
for instance, [3, Thm. 7.10]. If b = 0, the systems are Hamiltonian, and then they have no
limit cycles.

Now we bring together the local information previously obtained.
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If s ∈ (−2/
√
3, 2/
√
3), the only equilibrium point is P1, and if b 6= 0, it is always

a node or a focus, stable or unstable. So, in any case, the phase portrait in the Poincaré
disc is topologically equivalent to G1 in Figs. 2–3. If b = 0, then P1 is a center, and the
phase portrait in the Poincaré disc is topologically equivalent to G2 in Figs. 2–3.

If s = |−2/
√
3|, the equilibrium points are P1 and P2. If b 6= 0, the point P2 is always

a saddle-node, and P1 is either a node or a focus, stable or unstable. In any of these cases,
there is only one possible connection for the separatrices, and we obtain a phase portrait,
which is topologically equivalent to G3 in Figs. 2–3. If b = 0, P1 is a center, P2 is a cusp,
and the phase portrait is G4 in Figs. 2–3.

If s ∈ R \ (−2/
√
3, 2/
√
3), there are three equilibria, P1, P3, and P4. If b 6= 0,

there is always one of the three equilibria, which is a saddle, and the other two equilibria
are nodes or foci with the same stability. Then the phase portrait in the Poincaré disc
is topologically equivalent to G5 in Figs. 2–3. If b = 0, then two of the equilibria are
centers, and the other one is a saddle. So, there is only one possible connection for the
separatrices, and the phase portrait is topologically equivalent to G6 in Figs. 2–3.

5 Proof of Theorem 3

We consider system (1) under conditions b = −w = −3/
√
22 and k = −4/

√
22, i.e.,

ẋ = y, ẏ = x− x3 − 3√
22
y +

4√
22
z, ż =

3√
22

(y − z). (13)

These systems have the Darboux invariant

I1 =
(√

22x2 −
√
22x4 − 4xy − 2

√
22y2 + 16xz

)
e4/
√
22t.

Dynamics on the invariant surface

We restrict system (13) to F3 = (
√
22x2 −

√
22x4 − 4xy − 2

√
22y2 + 16xz) = 0 by

setting z = (−
√
22x2 +

√
22x4 + 4xy + 2

√
22y2)/(16x), and we obtain the system

ẋ = y, ẏ = x− x3 − 3√
22
y +
−
√
22x2 +

√
22x4 + 4xy + 2

√
22y2

4
√
22x

. (14)

Multiplying by x, we rescale time, and we get the system

ẋ = xy, ẏ =
3

4
x2 − 3

4
x4 −

√
2

11
xy +

1

2
y2. (15)

System (15) has three equilibrium points (0, 0), (1, 0), and (−1, 0). The eigenvalues of
the Jacobian matrix at (1, 0) are−

√
2/1± (4/

√
11)i, and the eigenvalues of the Jacobian

matrix at (−1, 0) are 1/
√
22 ± (4/

√
11)i. Hence, (1, 0) is a hyperbolic stable focus,

and (−1, 0) a hyperbolic unstable focus in system (15). Going back to system (14), both
points, (1, 0) and (−1, 0), are stable foci.
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The origin of system (15) is linearly zero, and we study it using the blow-up technique.
As the direction x = 0 is characteristic, we first make a twist (x, y) = (x1 − y1, y1). In
the new coordinates (x1, y1), system (15) becomes

ẋ1 =
3

4
x21 −

(
1

2
+

√
2

11

)
x1y1 +

(
1

4
+

√
2

11

)
y21 −

3

4
x41 + 3x31y1

− 9

2
x21y

2
1 + 3x1y

3
1 −

3

4
y41 ,

ẏ1 =
3

4
x21 −

(
3

2
+

√
2

11

)
x1y1 +

(
5

4
+

√
2

11

)
y21 −

3

4
x41 + 3x31y1

− 9

2
x21y

2
1 + 3x1y

3
1 −

3

4
y41 .

(16)

Now we perform the vertical blow-up (x1, y1) = (x1, x1w1), and system (16) becomes

ẋ1 =
3

4
x21 −

(
1

2
+

√
2

11

)
x21w1 −

3

4
x41 +

(
1

4
+

√
2

11

)
x21w

2
1 + 3x41w1

− 9

2
x41w

2
1 + 3x41w

3
1 −

3

4
x41w

4
1,

ẇ1 =
3

4
x1 −

(
9

4
+

√
2

11

)
x1w1 +

3

4
x31 +

(
7

4
+ 2

√
2

11

)
x1w

2
1 +

15

4
x31w1

−
(
1

4
+

√
2

11

)
x1w

3
1 −

15

2
x31w

2
1 +

15

2
x31w

3
1 −

15

4
x31w

4
1 +

3

4
x31w

5
1.

(17)

Since x1 is a common factor of ẋ1 and ẇ1, we rescale the time, and we get the differential
system

ẋ1 =
3

4
x1 −

(
1

2
+

√
2

11

)
x1w1 −

3

4
x31 +

(
1

4
+

√
2

11

)
x1w

2
1 + 3x31w1

− 9

2
x31w

2
1 + 3x31w

3
1 −

3

4
x31w

4
1,

ẇ1 =
3

4
−
(
9

4
+

√
2

11

)
w1 +

3

4
x21 +

(
7

4
+ 2

√
2

11

)
w2

1 +
15

4
x21w1

−
(
1

4
+

√
2

11

)
w3

1 −
15

2
x21w

2
1 +

15

2
x21w

3
1 −

15

4
x21w

4
1 +

3

4
x21w

5
1.

(18)

There are three equilibrium points on the straight line x1 = 0: (0, 1), which is a hyper-
bolic unstable node, and the two points (0, (33+2

√
22±
√
814)/(11+4

√
22)), which are

saddles. In Fig. 7(a), we include the local phase portrait of system (18) in a neighborhood
of the straight line x1 = 0. If we multiply by x to return to system (17), then all points on
the x1-axis become equilibrium points, and the orientation of the orbits in the second and
third quadrants is reversed. Thus we obtain the phase portrait in Fig. 7(b) for system (17)
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Figure 7. Blowing down of the origin of system (14).

around the straight line x1 = 0. Now we undo the blow-up to obtain the local phase por-
trait at the origin of system (16), which is in Fig. 7(c). If we undo the twist, we obtain the
local phase portrait at the origin of system (15), which is given in Fig. 7(d). Finally, if we
undo the rescaling in the time variable, we obtain the local phase portrait for system (14),
in which the vector field is not defined in x1 = 0, and it is included in Fig. 7(e).

Now we study system (15) in the Poincaré disc. On the local chart U1, system (15) is
written as

u̇ = −3

4
+

3

4
v2 −

√
22

11
uv2 − 1

2
u2v2, v̇ = −uv3.

Then there are no infinite equilibrium points in the local chart U1.
On the local chart U2, system (15) takes the form

u̇ =
1

2
uv2 +

√
22

11
u2v2 +

3

4
u5 − 3

4
u3v2,

v̇ = −1

2
v3 +

√
2

11
uv3 +

3

4
u4v − 3

4
u4v − 3

4
u2v3.

(19)

The origin is an equilibrium point, and it is linearly zero. So, we need to perform blow-
ups to determine its local phase portrait. Since the vertical direction is characteristic, we
need to make a twist (u, v) = (u1 − v1, v1). In the new coordinates (u1, v1), system (19)
becomes

u̇1 =
1

2
u1v

2
1 − v31 +

√
22

11
u21v

2
1 −
√
22

11
u1v

3
1 +

3

4
u51 − 3u41v1 +

15

4
u31v

2
1 −

3

2
u21v

3
1 ,

v̇1 = −1

2
v31 +

√
22

11
u1v

3
1 −
√
22

11
v41 +

3

4
u41v1 − 3u31v

2
1 +

15

4
u21v

2
1 −

3

2
u1v

4
1 .

(20)
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Now we perform the vertical blow-up (u1, v1) = (u2, u2v2), and system (20) becomes

u̇2 =
3

4
u52 +

1

2
u32v

2
2 − 3u52v2

−
√
22

11
u42v

2
2 − v32u32 +

15

4
u52v

2
2 −
√
22

11
u42v

3
2 −

3

2
u52v

3
2 ,

v̇2 = −u22v32 + u22v
4
2 .

(21)

Since u22 is a common factor of u̇2 and v̇2, we rescale the time, and we get the differential
system

u̇2 =
3

4
u32 +

1

2
u2v

2
2 − 3u32v2

−
√
22

11
u22v

2
2 − v32u2 +

15

4
u22v

2
2 −
√
22

11
u22v

3
2 −

3

2
u32v

3
2 ,

v̇2 = −v32 + v42 .

(22)

This system has on the straight line u2 = 0 two equilibrium points: (0, 1), which is
a hyperbolic saddle, and (0, 0), which is again linearly zero, so we continue performing
vertical blow-ups. As the direction x2 = 0 is characteristic, we make a twist (u2, v2) =
(u3 − v3, v3). In the new coordinates (u3, v3), system (22) becomes

u̇3 =
3

4
u33 −

9

4
u23v3 +

11

4
u3v3 −

9

4
v33 − 3u33v3 +

(
9 +

√
22

11

)
u23v

2
3

−
(
10 +

2
√
22

11

)
u3v

3
3 +

(
5 +

√
22

11

)
v43 +

15

4
u33v

2
3

+

(
45

4
−
√
22

11

)
u23v

3
3 +

(
45

4
+

2
√
22

11

)
u3v

4
3

−
(
15

4
+

√
22

11

)
v53 −

3

2
u33v

3
3 −

9

2
u23v

4
3 −

9

2
u3v

5
3 +

3

2
v63 ,

v̇3 = −v33 + v43 .

(23)

Now we perform the vertical blow-up (u3, v3) = (u4, u4v4), and system (23) becomes

u̇3u̇4 =
3

4
u34 −

9

4
u34v4 − 3u44v4 +

11

4
u34v

2
4 +

(
9 +

√
22

11

)
u44v

2
4 −

9

4
u34v

3
4

+
15

4
u54v

2
4 −

(
10 +

2
√
22

11

)
u44v

3
4 −

(
45

4
+

√
22

11

)
u54v

3
4

+

(
5 +

√
22

11

)
u44v

4
4 −

3

2
u64v

3
4 +

(
45

4
+

2
√
22

11

)
u54v

4
4 +

9

2
u64v

4
4

−
(
15

4
+

√
22

11

)
u54v

5
4 −

9

2
u64v

5
4 +

3

2
u64v

6
4 , (241)
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u̇3v̇4 = −3

4
u24v4 +

9

4
u24v

2
4 + 3u44v

2
4 −

15

4
u24v

3
4 −

(
9 +

√
2

11

)
u34v

3
4 +

9

4
u24v

4
4

− 15

4
u44v

3
4 +

(
11 + 2

√
2

11

)
u34v

4
4 +

(
45

4
+

√
2

11

)
u44v

4
4

−
(
5 +

√
2

11

)
u34v

5
4 +

3

2
u54v

4
4 −

(
45

4
+ s

√
2

11

)
u44v

5
4 −

9

2
u54v

5
4

+

(
15

4
+

√
2

11

)
u44v

6
4 +

9

2
u54v

6
4 −

3

2
u54v

7
4 . (242)

Since u24 is a common factor of u̇4 and v̇4, we rescale the time, and we get the differential
system

u̇4 =
3

4
u4 −

9

4
u4v4 − 3u24v4 +

11

4
u4v

2
4 +

(
9 +

√
22

11

)
u24v

2
4 −

9

4
u4v

3
4

+
15

4
u34v

2
4 −

(
10 +

2
√
22

11

)
u24v

3
4 −

(
45

4
+

√
22

11

)
u54v

3
4

+

(
5 +

√
22

11

)
u44v

4
4 −

3

2
u44v

3
4 +

(
45

4
+

2
√
22

11

)
u34v

4
4

+
9

2
u44v

4
4 −

(
15

4
+

√
22

11

)
u34v

5
4 −

9

2
u44v

5
4 +

3

2
u44v

6
4 ,

v̇4 = −3

4
v4 +

9

4
v24 + 3u24v

2
4 −

15

4
v34 −

(
9 +

√
2

11

)
u4v

3
4 +

9

4
v44

− 15

4
u24v

3
4 +

(
11 + 2

√
2

11

)
u4v

4
4 +

(
45

4
+

√
2

11

)
u24v

4
4

−
(
5 +

√
2

11

)
u4v

5
4 +

3

2
u34v

4
4 −

(
45

4
+ s

√
2

11

)
u24v

5
4

− 9

2
u34v

5
4 +

(
15

4
+

√
2

11

)
u24v

6
4 +

9

2
u34v

6
4 −

3

2
u34v

7
4 .

(25)

This system has on the straight line u4 = 0 two equilibrium points, (0, 0) and (0, 1),
which are both hyperbolic saddles.

Now we undo the blow-ups and twists. In Fig. 8(a), we plotted the local phase portrait
of system (25) in a neighborhood of the straight line u2 = 0. In Fig. 8(b), multiplying by
u24, we get the phase portrait of system (24). In Fig. 8(c), undoing the blow-up, we plotted
the phase portrait at the origin of system (23). Undoing the twist, in Fig. 8(d), we plotted
the phase portrait at the origin of system (22), and we included the phase portrait around
the line u2 = 0, adding the other equilibrium point, which was a saddle. Multiplying
by u22, in Fig. 8(e), we plotted the phase portrait around the straight line u2 = 0 for
system (21), and undoing the first blow-up, in Fig. 8(f), we plotted the local phase portrait
around the straight line u2 = 0 for system (20). Undoing the twist, we obtain the phase
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v

u
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Figure 8. Blowing down of the origin of the chart U2 of system (15).

portrait around the origin of the local chart U2 for system (19), given in Fig. 8(g). For
system (14), at infinity, we take into account that the system is not defined on the line
x = 0 and that the orbits in the quadrants with x < 0 reverse their orientation.

Phase portraits in the Poincaré disc

Taking into account the local information obtained for the finite and infinite equilibrium
points, now we study the local phase portrait in the Poincaré disc. We have two stable
foci (1, 0) and (−1, 0); although the system is not defined on the straight line x = 0, in
a neighborhood of the origin, we have the local phase portrait given in Fig. 7(e). The only
infinite equilibrium points are the origins of the local charts U2 and V2, which have both
two hyperbolic sectors. Then there are two possible configurations for the separatrices.
The first one realizes when the unstable separatrix, which starts in a neighborhood of the
origin, has its ω-limit in the stable focus on the positive x-axis; the stable separatrix, which
ends in a neighborhood of the origin, has its α-limit in a neighborhood of the origin in the
parabolic sector above the unstable separatrix, and in a symmetric way, in the quadrants
with negative x. In this case, the global phase portrait is the one in Fig. 9(a). The other
possibility corresponds with the case in which the two separatrices in the region x > 0 in
the phase portrait in Fig. 7(e) are connected, i.e., there are actually the same separatrix;
and the two separatrices in the region x < 0 are also connected. Then the orbits inside
these regions delimited by the separatrices, which are homoclinic orbits, have their α-limit
in those homoclinic orbits, and their ω-limits in the corresponding stable focus inside the
region. The global phase portrait in this case is the one in Fig. 9(b). Numerically, using
the software P4, we have obtained that the global phase portrait is the one in Fig. 9(a).
The software P4 is a specialized computational tool designed for the numerical study of
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(a) (b)

Figure 9. Phase portraits of system (14) in the Poincaré disc.

planar polynomial vector fields. For more information about this software, see [3, Chap. 9]
and [8].

α- and ω-limits

Here we want to determine the possible α- and ω-limits for the points in R3, which are
not on the surface F3(x, y) = 0 (as we have already determined, the phase portrait in this
surface).

According to Proposition 6, as in this case s = 4/
√
22 > 0, we have that for any

p = (x0, y0, z0) ∈ R3, ω(p) is contained in the closure {F3(x, y, z) = 0} in the Poincaré
ball. Also, we take into account that ẋ = y. Then, if x0, y0 < 0, the ω-limit of p is the
point (−1, 0, 0); if x0, y0 > 0, the ω-limit of p is the point (1, 0, 0); if x0y0 < 0, then the
ω-limit of p is one of the following points: (−1, 0, 0), (1, 0, 0), (0, 0, 0) or the endpoints
of the y-axis.

Again, by Proposition 6, we know that α(p) ⊂ {F3(x, y, z) = 0} ∩ S2. Then, for the
point p, the α-limit is the origin of the local chart U2 or the origin of the local chart V2,
i.e., one of the endpoints of the y-axis.

6 Conclusions

In this work, we have studied the integrability and global dynamics of the autonomous
Duffing–Holmes oscillator depending on the parameters b, k, and w.

We have studied the existence of invariant algebraic surfaces, obtaining a complete
classification of all of those with degrees up to four. We have also studied all simple
polynomial first integrals of the same degree. As a consequence, we have given parameter
values for which the system is completely integrable.

Moreover, using the Poincaré compactification, we have described the global phase
portraits of the systems, including the dynamics at infinity. We have described in detail the
global dynamics in some relevant cases, including the reduction to planar systems when
a first integral exists, and the detailed analysis of the dynamics on invariant algebraic
surfaces associated with Darboux invariants. These results provide a rigorous description
of the asymptotic behavior of the system.
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The approach developed here can be applied to other polynomial vector fields of
Duffing type or to higher-degree invariant surfaces, and may be useful in the analysis
of integrability and global dynamics of related nonlinear oscillators arising in physics and
applied sciences.
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