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Abstract. This paper considers the global asymptotic synchronization (GAS) for master-slave
delayed inertial bidirectional associative memory (BAM) neural networks (NNs). Most existing
studies on GAS rely on the LMI approach, integral inequality, matrix measure, and maximum-
valued methods, usually with additional controllers. In contrast, this work achieves GAS without
using the above methods or designing any controllers. Instead, two new sufficient conditions are
derived via the fundamental solution matrix method for first-order differential systems. For the first
time, the fundamental solution matrix method is introduced to deal with the GAS for the NNs.

Keywords: master-slave inertial BAM neural networks, fundamental solution matrix method,
global asymptotic synchronization, controller-free.

1 Introduction

In 1986, Babcock and Westervelt [2] first introduced an inertial term into NNs. Inertial
terms can induce rich bifurcation and chaotic dynamics, making inertial neural networks
(INNs) more complex and widely studied. Until now, extensive results on equilibrium and
periodic solutions have been reported for various INNs [7, 16,28,32].

Bidirectional associative memory neural networks (BAMNNG5) have attracted consid-
erable attention due to their applications in signal processing, automatic control, image
processing, optimization, and pattern recognition. Excellent dynamic results have been
achieved for BAMNN:S [18, 34, 35].

Recently, synchronization of master-response BAMNNSs has been carefully discussed.
In [14], the global exponential synchronization (GES) was studied on different time

ICorresponding author.

© 2026 The Author(s). Published by Vilnius University Press

This is an Open Access article distributed under the terms of the Creative Commons Attribution Licence, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original author and source
are credited.


https://orcid.org/0000-0002-7399-8161
mailto:shuaiyipng@hnuit.edu.cn
mailto:daizhibin1@hnuit.edu.cn
mailto:zhangzhengqiu@hnu.edu.cn
https://www.vu.lt/leidyba/en/
https://creativecommons.org/licenses/by/4.0/

856 Y. Shuai et al.

domains via time-scale theory and matrix-measure methods with effective feedback con-
trollers. In [2], global robust exponential synchronization was analyzed for interval
BAMNNSs using direct methods based on system solutions. In [17], global asymptotic
synchronization (GAS) was explored via integral inequality techniques. In [10], general
decay synchronization (GDS) was investigated using Lyapunov theory and inequality
skills. In [31], delayed complex-valued BAMNNSs were studied, and a new global asymp-
totic periodic synchronization condition was derived via the LMI approach.

Until now, the synchronization of non-BAM neural networks has been widely studied.
In [21], global exponential synchronization (GES) of two chaotic neural networks was
investigated via output or state coupling. Using a Lyapunov function and Young’s inequal-
ity, criteria were derived to design the coupling matrix. In [20], synchronization of chaotic
neural networks with actuator saturation was addressed via a sampled-data controller.
A new Lyapunov functional with looped and double-integral terms was constructed, and
synchronization criteria were obtained via LMIs. In [9], GES of chaotic neural networks
with time-varying delay was studied via impulsive control. Relaxed synchronization con-
ditions were established using the average impulsive interval and delay method. In [37], an
aperiodic adaptive event-triggered mechanism (AAETM) was applied to synchronization
of neural networks with actuator saturation. Improved criteria were derived using two-
side looped functionals and matrix integral inequalities. In [1], projective synchronization
of inertial quaternion-valued neural networks with proportional delays was investigated.
New criteria were obtained by designing a parameter-tunable Lyapunov functional. In
[25], quasi-synchronization of impulsively controlled heterogeneous dynamic neural net-
works was studied. Sufficient conditions were derived via a comparison system, impul-
sive delay inequalities, and Lyapunov theory. In [13], synchronization of fuzzy reaction-
diffusion neural networks (FRDNNs) was achieved via aperiodic semiintermittent hybrid
control, with applications to image encryption. New results were obtained using the LMI
approach and appropriate Lyapunov functions. In [29], exponential synchronization of
stochastic memristor-based neural networks was investigated via pinning impulsive con-
trol. Sufficient conditions were established by designing a hybrid control scheme. In [30],
polynomial synchronization (PS) of quaternion-valued fuzzy cellular neural networks was
studied via a non-decomposition method and a nonlinear controller. In [8], observer-
based adaptive event-triggered quasi-synchronization of Markov jump neural networks
was investigated via Lyapunov techniques. In [22], dissipative synchronization of inertial
memristor competitive neural networks (IMCNNs) was studied via adaptive sliding mode
control. An LMI-based criterion was obtained using delay-dependent reciprocal convex
inequalities. In [19], quasi-projective synchronization (QPS) of stochastic quaternion
fuzzy cellular neural networks was investigated. Sufficient conditions were derived via
a suitable controller, Lyapunov functionals, and stochastic analysis. In [12], general decay
synchronization (GDS) of delayed reaction-diffusion neural networks was studied. Ro-
bust GDS criteria were obtained using inequality techniques. In [23], synchronization of
drive-response stochastic neural networks (SNNs) was investigated via adaptive feedback
control (AFC). Criteria were derived based on Lyapunov stability theory and It stochastic
calculus. In [26], cluster synchronization of stochastic neural networks was achieved via
pinning impulsive control. Results were established using stochastic impulsive analysis
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and Lyapunov stability theory. In [36], GES of Clifford-valued memristive fuzzy neural
networks (CLVMFNNSs) with delayed impulses was studied. Sufficient conditions were
derived via Halanay differential inequality and a linear feedback controller. In [11], PS of
delayed inertial quaternion-valued neural networks was investigated. New criteria were
presented in component form by constructing a novel Lyapunov functional. In [33], GES
of uncertain complex-valued inertial neural networks was studied. A sampling-period-
dependent Lyapunov functional and improved complex-valued inequalities were used
to derive sufficient conditions. In [24], sampled-data synchronization of inertial neural
networks was investigated. Enhanced criteria were obtained via an extended two-sided
looped-functional method. In [27], global asymptotic synchronization (GAS) of fuzzy
master-slave inertial neural networks was considered. Three criteria were obtained via the
maximum-value method and three classes of feedback controllers.

In conclusion, existing synchronization results for BAMNNSs and non-BAMNNSs are
mainly derived via matrix measure method [14], integral inequality method [17], Lya-
punov function method [1,8,10,11,15,19,21,25,30], LMI approach [13,20,22], AAETM
[9], AID [37], inequality skills [12], Lyapunov stability theory [11, 23, 24, 26, 30, 33],
Halanay differential inequality [36], pinning impulsive control [29], and the maximum-
valued method [27]. However, very few studies have analyzed the GAS of neural networks
using the fundamental solution matrix method for first-order differential systems.

Moreover, almost all related works [1, 3-6, 8-15, 17, 19-27,29-31, 33, 36, 37] rely
on designed controllers to achieve synchronization. Namely, without the controllers de-
signed, the synchronization between master-slave NNs cannot be realized.

Inspired by above discussions, this paper focuses on establishing GAS criteria for
a class of master-slave inertial BAMNNSs without any controllers or traditional analysis
methods. Instead, the fundamental solution matrix method is employed.

Thus, the contributions of this study are as follows: (i) For the first time, the funda-
mental solution matrix method of first-order differential equation group is introduced to
study the GAS for master-slave inertial BAMNNS. So, the study method on the GAS for
the BAMNNS is novel. (ii) Without designing controllers, a novel method for the GAS of
BAMNNS is proposed. (iii) The techniques for computing the limit are novel. (iv) Two
novel criteria for the GAS of the considered master—slave inertial BAMNNS are obtained
using the fundamental solution matrix method without designing controllers.

2 Preliminaries

The following delayed inertial BAMNN is considered:

d?[oy, dlo, 2
% - —au% — byou(t) + chfv ((t))
v=1
q
+ > dunfo(w(t =) + Ly u=1,2,....p, (1)
v=1
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4?7, (8)] [ (8)] -
TR -1, e koo (t) + uz:; Evuu (Uu(t))
P
+erugu(au(t_n))+‘]v7 v=1,2,...,q, (12)
u=1

where o(t) = (01(t),02(t),...,0,(t))T € RP, y(t) = (71(t),72(t), ..., 79" € RY,
o4 (t), v, (t) represent the states of the pth and gth neuron at time ¢, respectively; f,(+),
gu(+) : R — R are continuous activation functions; the second derivatives are called
inertial terms of system (1); a,, by, I, k, > 0, and they denote the rates with which the
pth neuron and gth neuron will reset its potential to the resting state in isolation when
disconnected from the network and external inputs; ¢y, dyy, €yus Tvr are the connection
weights. The initial values of system (1) are designed as

ou(0) = py(0), W =71,(0), 0¢€][-n,0],
@) =m(s), L) selco,

where all the above functions are continuous.
Setting d[oy, (t)]/dt + n10y () = Ou(t), Al ()] /dt + N2, () = I, (¢), system (1)
becomes the following differential equation group:
0, (t) = —mou(t) + Ou(t),
9;(7&) = (771 - au)@u(t) - (7]% + bu)Uu(t>

) cunfo () + D dunfo (1t =€) + L,

, vt )
Yo(t) = =2y (t) + L (1),

L) = (2 = L) Do(8) = (13 + ko) 70(t)

+ > eougu(ou(®) + Y rougu(ou(t =) + Ju-
u=1

u=1
The initial conditions of system (2) are
ou(0) = pu(0), O4(0) =1u(0), 0€[-n,0],
Yo(s) = €u(s), Iu(s) =pu(s), s€[-(0
If system (2) is regarded as the master system, then the slave system is described as

oy (t) = —mau(t) + Bu(t),
/BTI,L (t) = (771 - au)ﬂu (t) - (77% + bu)au (t)

+ Zcuva (wv(t)) + Zduva (wv(t - C)) + Iuv

v=1

31
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wy (1) = —mpwy () + pu (1),
p; (t) = (m2 — ly)pu(t) — ("75 + kv)wv(t)

+ Z €vulu (au(t)) + Z TvuGu (O‘u(t - 77)) + Jo,

(32)

where the parameters are the same as those of system (2); o, (t), Bu(t), wy(t), py(t) are
the status variables. The initial conditions of system (3) are

ay(0) = p1u(0), Bu(f) = T2
() = ero(s), puls) = pauls). B € [-C.0]

Let My (1) = au(t) = ou(t), Nu(t) = Bu(t) — Ou(t), Kuo(t) = wy(t) = 1(t), and
H,(t) = p,(t) — Iy(1). Then from systems (2) and (3) the corresponding error system is
derived:

M;(t) = _nlMu(t) + Nu( )

N’l{b(t) = _auNu(t) - buM + Zcuv fv Wv fv(’)/v( ))]

+ Zduv [fv (wv(t - C)) - fv(')/v(t - C))L

) 4
K, (t) = —n2 K, (t) + Hy(1),
H (t) = —1,Hy(t) +Zew gu (o (t)) = gu(ou(®))]
+ Zruu [gu(au(t - 77)) - gu(g(t - 77))]

Assumption 1. Let there exist two positive constants L,, ), such that for y1,ys € R,
u=1,2,...,p,andv=1,2,...,q,

|folyr) = fo(y2)| < Qulyr —w2l,  |gu(y1) — gu(y2)| < Lulyr — 2l

Definition 1. The drive system (2) and the response system (3) are said to achieve GAS
if, for any solutions of systems (2) and (3) denoted by [01(t), o2(),...,0p(t); O1(t),
QQ(t)7 s 791’(0; ’Y1(t),’72(t), cee a’yq(t); Fl(t)a FQ(t)v ) Fq(t)]T and [a ( ) (%7

ap(t)7 ﬂl(t)752(t)776p(t)7 wl(t>7w2(t)a7wq(t)7 Pl(t)792(2)7apq(t)] s
the following holds foru =1,...,pandv =1,... ¢

lim |0, (t) — au(t)| =0,  lim |T,(t) — Bu(t)| =0,

t—00 t—00
tliglo ’% (t) —wv(t)‘ =0, tliglo ’F (t) Pv(t)‘ =0.
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Lemma 1. (See [17].) Consider the following systems of differential equations:
y'(t) =By +g(t), t=0, (5)

and
y'(t) =By, t=>0, (6)
where B, v, is a constant matrix, and g : R™ — R" is a continuous vector-valued
Sunction. If y(0) = © = [x1, z2, ..., z,] € R™, then the solution of (5) is
t
y(t) = ePla + /e(t_S)Bg(s) ds,
0

and the solution of (6) with the initial value y(0) = x is

y(t) = ePla.
Lemma 2. (See [17].) If the matrix B has n linearly independent eigenvectors v, v,
* with corresponding eigenvalues X1, \a, . .., A, then the matrix ¥(t) = [eMtv,
>‘2tv§‘, ..., e’ u* ] is a fundamental solution matrix of system (6).

Lemma 3. (See [17].) If ¥(t) is a fundamental solution matrix of system (6), then
¥ (t) = P (0).
Lemma 4. (See [17].) If B has a single eigenvalue \ of multiplicity n, then

Some notations are introduced:

p
&1 = min {a,} >0, & = max {b,} > 0, £3 = max {Z |Cuq;|Q1)} >0,
u=1

1<ugp 1<ugp 1<v<gq

P
&= 121:2([1{2 |dw|Qv} > 0, &5 = m1n {l,} >0, &6 = max {k,} > 0,

<wv<g 1<v<q
b= oy {Z vl Lo } = m{Z Iroul L }
& = my+ma|o]|[+mg|ua|+malus), 10 = ma|og|+maloz|+ms|og|+malogl;
wy = &3 uy = &3 [ 1 }
(61 —m2)(m — &)’ S—mlm—& m-—m]
__53(771—55)(51—55) _ . [51—55 o1 }
uz = & o us=8(m — &) & = &l
_ 51 &1 _ $
us = ~La(m — &) §&1— 12 51]’ YT e —m) (& — )

ur = (1 —&5)(& — &5);

https://www.journals.vu.lt/nonlinear-analysis
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o] = oy =1, oy =1+ oy =ug +ui(m —&),
&1 — & —
Pm ot -6, o= A
05 = Us Ug(T — Q1) Og = ) 07 = ’
° O mp—m T m=&  (e—m)(&—m)
1 U —
of =14 u + —2 o = oy g 3E )
N2 —m’ N2 —Mm &3

o7o = &3, o7z = &us + E3(m — &5)ua +uz(m — &5)(&1 — &5),
(m —&)& (6 — &) o = St &(E —m).

o1y = &3ug + &3(m — &5)ur +

) 11
§1 =12 & —m
1y :.%‘10';4-56'20;-‘1-%30'24—1‘40';, 13:,@10'}1‘(—"-.1'30';4-1‘40;,
l2 = 1'10'; -I-.’EQU; + IgJZ + £C40';, l4 = leTO + QCQ(J'Tl + £C30'T2 + £C40T3,

I5 = max {0} & + usése™C + usér, usés + Laoie
le = max{&s05 + £46°1, £20% + Egoge’” + 037},
ly = max{&0% + &roy + Eso9e™, soy + £40%
ls = max{&07,65¢ + &0y, €5075e%" + 071 6o + 703 )
0 t
Y1 (t) = &Mt /e"l(s"’QZg(s) ds, ya(t) = usfge_mt/em(s"’")Zl(s) ds,

- 0
0

0
ys(t) = 4611 /eél(erC)Zg(S) ds, ya(t) = O—ge*flt/efl(5+n)zl(5) ds,
¢ -
0 0
ys(t) = Eae™ ! / e (70) 73 (s) d5+§867”2t/6"2(8+0z1(5) ds,
—C

—n2
0 0

ye(t) = fge_"2t/en2(s+’7)Z1(s) ds, yr(t) = £ae™ 55t /e55(S+OZ3(s) ds,

-n —¢
0

ys(t) = Egefgﬁ/e&*(””)Zl(s) ds;

-n

q
1 = max {bu —2a, + Z (|Cuv‘ + |duv|)Qv}7 re = 1nax {b }

1<up ot 1<up

P
r3 = max {|CUU|QU} ry = max {kv — 21, + Z (|euv| + |ruv|)Lu},

1<v<g 1<v<g
u=1

rs = lrgaicq{k v b re = max {Z lews| L }

Nonlinear Anal. Model. Control, 31(4):855-879, 2026
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p

7 = max ZTL rg = max Zd

7 1<u<p{ | 1Ju| } 8 1<v<q{ 1| u’U|Q’U )
u—

rg =1—2m —ry, rio =1—2n —r1, i1 =1—=2m3 —2r; + 145
gs5(t) = 1+ rot + 0.5r2t>, ge(t) =t + 0.5r9t?, g7(t) = 73t + 0.5r3710t2,
gs(t) = 1+ rigt + 0.5r%,t2, go(t) =1+ 0.5(ry —r1)%t% 4 (rq — r1)t,

gio(t) =t +0.5r1112.

3 Main results

In this section, two novel criteria on the GAS for systems (2) and (3) are obtained.

Theorem 1. Under Assumption 1, systems (2) and (3) achieve GAS if the following
conditions are satisfied:

(hl) & # & # m # n2;
(h2) 11,12 > 0.

Proof. Four Lyapunov functions are defined:

)= | My(t) Zy(t) =Y |Nu(t)],
u=1 u=1
=Y |K,(t)|,  Za(t) =D |Ho(t)].

Computing the derivatives of Z;(t) (i = 1,2, 3,4) along the solutions of system (4), we
have

Zs1gn 771M (t) Z )| - nl‘Mu(t)D
:—77121( )+ Za(t), 0
J(8) = sign[Nu(t)] {auNu( ) — )+ ch Folwo(®) = fo(r(1))]

£ oot — ) — fulrlt <>>J}

v=1

< Z{—au\Nu(t)y b [ Mu(t)] + |ew] Qu| Ko (1)]

u=1 v=1
q
v=1
—&1Z5(t) + §221(t) + E3Z3(t) + E4Z3(t — ), 8

https://www.journals.vu.lt/nonlinear-analysis
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q

Zblgn { n2 Ky (t )"’Hv(t)} < Z (’Hw(t)| - 772|Kv(t)|)

v=1

=—772Z3( )+ Za(t), 9
and
Zi(t) =" sign[H,(t )]{ —1,H,( )+ Zevu Gu (o (t)) = gu(ou(t))]

+ z”: Tou [gu (au(t - 77)) — Gu (U(t - 77))} }

q

< Z{_lv|Hv(t)‘ + kv|Kv(t)| + Z |evu‘Lu|Mu(t)|

v=1
q
+ Z |7“vu|Lu|]Wu(1f - 77)’}
v=1
—&5Z4(t) + 6 Z3(t) + &7 21 (t) + € Z1(t — ). (10)

From (7)—(10) it follows that there exist four positive bounded functions f;(t)
(If:(t)] < my, i =1,2,3,4) such that

Zi(t) = —mZ1(t) + Za(t) — f1(t), (11)

Zy(t) = —&1Za(t) + 221 (t) + E323(t) + EaZ3(t — ¢) — fa(t), (12)

Zy(t) = —maZ3(t) + Za(t) — f3(t), (13)
and

Zy(t) = =& Za(t) + &6 Z3(t) + & Z1(t) + s Z1(t — n) — fa(t). (14)

Let Z(t) = [Z1(t), Zo(t), Z3(t), Z4(t)]T. Then the differential equations (11)—(14) can
be rewritten in the following vector form:

Z'(t) = BZ(t) + f(1), (15)
where
-m l4+wm 0 0
g=| 0 =& & 0
0 0 -0 1+ g
0 0 0 —&5
and
S0+ 61 - ) - )
221(t) + 8443
) = —f3(t)

—fa(t) + & 21 (t — ) + &6 Z3(t) + &7 21 (1)

Nonlinear Anal. Model. Control, 31(4):855-879, 2026
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The characteristic equation of the matrix B is

A+m -1 0 0
0 A+6 & 0 |_ 0
0 0 A+ 12 -1 |
0 0 0 A+ &5
So, the characteristic roots are Ay = —n1, Ao = —&1, A3 = —12, Ay = —&5. The
corresponding eigenvectors are
T
1 _
v = (1701070)T7 U3 = ( ) ]-v 61 7727 0) )
N2 —m &3

vo= (L, —&,0,007, v = (&, &lm —&), (m —&)(& — &), 1)

Since A\; # Ay # A3 # A4, then above four vectors are linearly independent. By
Lemma 2, the matrix

U(t) = (e_mtvl, e~ S1ty,, e M2 tyg, e_&’tm)

is a fundamental solution matrix of the system Z’(t) = BZ(t). According to Lemma 3,
we have

exp(tB) = ¥(t)y ™ (0)

—mit —&it —nat —&st, \ T -1
= (e n v1,¢€ & U2, € 2 v3,¢€ & U4) (vlv V2, U3, ’U4)
1

1
51;771 Uz Us
_ (0 —% ur  ug
_ (e Thtvl e Eltv2,e nztvg e Eatv4) 0 771051 ts
E1—n2 us3
0 0 0 1
e—mt e_mtai‘ e_’“tug e—mtu5
| e8itoy  emSiter e tilgr e St o (16)
e Mlgl e Mlgr e Mgl e Mg

e~Sloy, e Sloy e Slor, e Slo

So, if Z(0) = & = (a1, x2, 23, x4) for the equation Z’(t) = BZ(t), then, by Lemma 1,
the solution of Eq. (15) is

Z(t) = [21(t), Z2(t), Zs(1), Za(1)]"

e—mt e_mtai‘ e—mtuZ e_th5 x1

| e 8toy e Sitoy e Sitor e Sitor | [ 2o
T emlgl e M2tor e ™lol e ™ig} T3
e ®lofy emSloly e o, e lafy ) \ua

efnl(tfs) efnl(tfs)a-’f efnl(tfs)uZ efnl(tfs)u5

t
efgl(tfs)o—; efgl(tfs)o-’g" efgl(tfs)gz efgl(tfs) o-g
+/ e_nz(t_s)og e_WZ(t_S)J; e_nz(t_s)ag e_m(t_s)ag f(s)ds. (17)
0

e_&’(t_s)dfo e—is(t—s)gﬁ e—ﬁs(t—s)gikz 6_55@_5)0{3

https://www.journals.vu.lt/nonlinear-analysis
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From (17) we obtain

Zl (t) = einltlg

n /e—m(t—S) {=Fi(s) + 07 [62Z1(s) + &aZ5(t — ) — fa(s)]
0

— ua f3(s) + us [ fa(s) + & Z1(s —n) + &6 Za(s) + & Z1(s)] } ds,  (18)

Zy(t) = e 51ty
t

+ /effl(tfs){—a;fl(s) + 03 [£221(5) + €4Z3(s — ¢) — fa(s)]
T i a(s) + 03 [~ a5+ 57 (s — ) + € Zs(s) + E&Zu(s)] }ds, (19)

Zg(t) = einztl?)
t
+ /e—ﬁz(t—s){_g’é‘fl(s) + 0‘; [52Z1(8) + 5423(3 - C) - f2(s)}
0

| — o5 f3(s) + o5 [—fa(s) + & Z1(s —n) + &6 Z3(s) + £ Z1(s)] } ds, (20)
an

Z4 (t) = 6755%4
t
L /e—ss(t—s) {050 f1(5) + 011 [£271(5) + EaZ3(5 — C) — fa(s)]
0

— 01y f3(8) + ots [ fa(s) + & Z1(s — ) + &6 Z3(s) + & Z1(s)] } ds. (21)

It is clear that

t t
a0y /e_m(t_s)Z?,(S — () ds + usés /e_m(t_s)Zl(s —n)ds
0 0
t—¢ t—n
=& / e =m0 7y () s + uss / e == 7, (s) ds
—< -
t—¢ t—mn
= {407 / e Mm=5=0) 7 (s) ds 4 21 (t) + us€s / e MmU=s=m 7 (5) ds
0 0
+ w5(t)

t

t
< &uoq /e_m(t_s_ozs(s) ds +y1(t) +U5§8/e_"l(t_s_")zl(s) ds
0 0
+42(1), (22)
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t t
§403 /e_gl(t_s)zs(s —()ds + &so; /e_&(t_s)zﬂs —n)ds
0

0
t t
< 4403 /efgl(tfsfc)z3(s)d5+y3(t) + &g02 /efgl(tfs*"])Zl(s) ds
0 0
+ ya(t), (23)

a7

S—_ .

t
e_m’(t_s)Zg(S —()ds + oiés /e—m(t—S)Zl(s —n)ds
0

t t

< 403 /efnz(tfsfc)zg(s) ds + ys5(t) + &g /e*nz(tfsfn)zl(s) ds
0 0
+ y6(t), (24)
and
t t
€407, /6755(t78)23(8 —()ds +&so7; /e*ES(t*S)Zl (s—mn)ds
0 0

t t
< 54(7;1 /e—fs(t—s—C)ZS(S) ds + y7(t) + §sUf3 /e_55(t—8—")Z1(s)ds
0 0

+ ys(t). (25)

Substituting (22) into (18), (23) into (19), (24) into (20), (25) into (21), respectively, we
have

N
o~
3

[y
~+

— L — @

Zy(t) < lge™

+ [ eI fi(s) — 0f fals) — uafs(s) — usfa(s)} ds

i e*m(t*s)([JT{Q+u5§86n1<+u5€7]zl(5)+ [u5§6+§401‘e"1q Z3(s)) ds

0
+1(t) + y2(?)

t
<lge ™M /e 1(t_s){—fl(s) — 07 fa(s) —uaf3(s) — usfa(s) + oip} ds
0

+ / e M1 Z1(s) + Zs(s)] ds + 1 (t) + ya(t), (26)
0
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t
Jr/efgl(%s){ (056 + Eaope™ ! + 0587| Z1(s) + (€605 + £4e51¢] Z3(s) } ds
0

t
<he 8+ /e‘“t‘s) (=05 fi(s) — o5 fals) — 05 f3(s) + 05 fa(s)] ds
0

I / e =16 Z1(s) + Z3(s)] ds + y3(t) + ya(t), @7
0

Z3(t) < lge™ ™!
t

n /e—ﬂz(t—s){ [20% + €703 + E505€™7| Z1(5) + [Es0y + E403] Z3(s) } ds
0

t
+ys(t) + yo(t) + / e =) [op f1(5) — 0 fa(s) — op fals) — o8 fa(s)] ds
0
<lze ™™ + 17 / e U= Zy(s) + Za(s)] ds + ys(t) + ye(t)
0

t
+ /67"2“75) [~05f1(s) — 07 fa(s) — 03 f(s) — 05 fa(s)] ds, (28)
0

and

t
Za(t) < lge™®" + /8_55(1&_5){_0;0}(1(5) — o11f2(s) — oiofs(s) — ofsfa(s)} ds
0

+ /e—is(t—s){ [§4Uf1655<+560>f3]23(8)
0
+ [€s075e% + 07160 + E705) Z1(s) } ds

¢
<lge 5 + /e_gsu_s){_afofl(s) —o11fa(s) — o1afs(s) — oizfa(s)} ds
0
t

+ /6*55“*918 [Z3(s) + Z1(5)] ds + yz(t) + ys(1)- 29)
0
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Summing (26) and (28) yields

0< Zi(t) + Zs(t)
< j (1567179 4 1707279 [ Z, () + Z5(s)] ds
JOF loe™ ™ 4 I3e™ " g1 () + ya(t) + ys () + e (t)
+ je M= [ fi(s) — 07 fals) — uzfa(s) — usfa(s) + of] ds

0
t

b [ i i) o fals) - G fa(s) Gy fa(e)] ds. GO
0
By the mean-value theorem for integrals, it follows from (30) that there exists 7 € (0, 1)
such that
t
Z0(8) + Zs(t) < [lse MO0 4 o= (-011] / [Z1(s) + Z3(s)] ds
0
+ I ™ - I3e T 4y () + ya(t) + ys(t) + e (t)
t

+ /e‘m(t—s) [—f1(s) — 07 fa(s) — ua f3(s) — us fa(s)] ds

Ot
+ /e_"2(t_s[—agf1(s) — o7 fa(s) — o3 f3(s) — a’,ff;;(s)} ds. (31)
0

Multiplying (31) by e~ Jo llse™ " =7 +17e™ 72070 ds i

dfo™ Joltoe™ T e s (1171 (s) + Zs(s)] ]

dt
< o Jollse MUV o2 (1700 g
~X

X {lze_mt + I + Y1 (t) + y2 () + ys(t) + ys (1)

t

+/e nE= [ f1(s) — of fo(s) — uafs(s) — us fa(s)] ds

0

—|—/e 2 (t— *[—0p fi(s) — o5 fa(s) — 0% f3(s) — 0§ fa(s)] ds}. (32)

0
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By integrating (32) over [0, ], we obtain
t
] n —1)t L n —1)t
emmmy 1= O 4 g 1 (1Y / [Z1(5) + Zs(s)] ds

0
t

l 601—1 ! 61—1
S/eWi’—n“*e"“ Y ey e

0

: {l e g (2) + 92(2) + u5() + o(2)

z
+ /6*771(2*5) [ml + |o7|me + |uz|ms + |U5‘m4} ds
0

+ /e”’?(z*s) [|og|ma + [o%|ma + |og|ms + |og|ma] ds} dz. (33)
0

By using mean-value theorem for integrals, it follows from (33) that there exist 62, 85 €
(0, 1) such that

t
l5 _eni(61—1)t Ly _en2(01—1)t
e e T gy [Lme2 ]/[Zl(s) +Z3(S)} ds
0

t
0,1 L 011
/ ey 1o VDA T e (1D
0

x {l2e™™* +13e7% + y1(2) + y2(2)
+ys(2) + yo(z) + ze 0220y ze‘"ﬂz—"zz)glo} dz

e (01-1)b3t) 4 [1—en2(01 D03t

— te%[li TIQ(QLI*U
x {loe™ MOt 4 15672050 oy, (O5t) + ya(O3t)
+ ys5(03t) + yo(03t) + Oste 110200t gg 4 gope=m(1=02)0ste, A (34)

From (34) we have

. s r]_gni(61—-1)t L 1_en2(f1—-1)t
lim en1<91*1>[ ¢ ]+n2(91*1)[ N ] [Zl( )+ Zg(s)] ds
t—o0 t—)oo
0
i 01 —1)63t l 61 —1)03t
— im em@ o e T gty [1—en2 (17031
t—o0

X tllz?o t{lgeinlest + l3e”’203t + Y1 (9325) + Y2 (9325) + Ys (03t) + y6(93t)

+ Ote™m (1702005t 4 gyper2(1=02)05c, 4 (35)
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Since 71,72, &1 > 0, then

lim enl(éi’ﬂ)[1_97’1(0171”]4_”2(;:*1) [1—em2(®1-D enil(éffn-"_i”?(g*l), (36)
t—o0
lim e%l(é;*l) [1—e”1(91f1)93t]+1]2(9771) [1—9"12(01f1)03t] _ e—Lm(gl171> +7ﬂ2(é1*1) , (37)
t—o0
t 00
hm ty1(05t) = — ) =0, (38)
e"ltf e (54¢) Z5(s) ds \ @
Jm tys(01) = lim tys(03t) = lim tys(6st) =0, (39)
lim tye(fst) = lim lpte™"%! = lim [gte ™%t =0, (40)
t—o0 t—o0 t—oo
lim f5t2em(1=02)0t — Jjy L =2 lim t
oo S t—o00 e (1—02)0st t—o0 n1 (1 — 92)93(3711(1 02)03t
1
=2 lim =0, “D

t=00 [y (1 — 0)f3]2em (1-02)0st

and
Jim fst2e 2102005t — (42)

Substituting (36)—(42) into (35) gives

Jim [Z1(t) + Z3(t)] =0,
which implies
lim Z,(t) = tlim Z3(t) = 0. (43)
— 00

t—o0

By using mean-valued theorems for integrals, from (27) and (29) it follows that there exist
04,05,06,07 € (0, 1) such that

t—o0
hm Lie St 4 hm te=S11~ 94)t[ 5 f1(04t) + 035 fo(s) + 05 f3(s) + 03 fa(s)]

t—o0
t

§1(t 05t) :
+ g hm e tlggo [Zl (s) + Z3(S)] ds + tlgglo [yg(t) + y4(t)]
0
< 1 —&1t : —&1(1—04)t * * * *
< tliglolle + tli>rg<> te [|lo5|m1 + |05 |me + |0 [ms3 + |o5|ma4]
t

+1o lim e~ 0700 lim [ [Zy(s) + Zs(s)] ds + lim [ys(t) +ya(t)]
0

=0+04+0-0+0=0 44)
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and
Jim Zy(t) < lim [lie™" +yo(t) + ys(t)]

t
+ tlggo o (1= 05)t [|a}‘0m1 +[o11lme + |012|m3|<7f3|m4]

¢
f5(t (97t)
+ hm lse™ tgrgo [Z1(s) + Z3(s)] ds
0

=0+0+0=0. (45)
From (43)—(45) the proof of Theorem 1 is completed. O]

Theorem 2. Under Assumption 1, systems (2) and (3) achieve GAS if the following
conditions are satisfied:

(h3) 1=2m =r =1-2n2=ry

(h4) r1 < 0,74 < 072’[71 > 1,27’]2 > 1.

Proof. Four Lyapunov functions are defined as follows:

Z:(t) =) _Ki(t),  Zs(t)=) Hi(1)

Computing the derivatives of Z;(t) (i = 5, 6,7, 8) along the solutions of system (4), we
have

Z [—m M, (t) < [2m M) + M) + N2 (1)]
(1—2771)25( )+ Zs(t), (46)

’t):2ZN H{—auNu(t) = by My (t)

q

+Zcuv Jo(wy(t fv(fyv( ))] + Zduv [fv(wv(t - C)) - fv(’Yv(t - C))]}
i{ 20, N2(0) 4 b, [ME(8) + N2()] + 3. e Q4 [N + K30

u=1 v=1

+ Z |duo|Qu [N2(8) + K2(t — ¢)] }

v=1
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P
= Z |:bu 2a, + Z |Cuv| + |d7w Q’U:| N2 + Z by M2

=t v
(s ) QKD+ (z dm,> QK- )
< rlvzzﬁl(t) 12;225 (t) +13Z7(t) + 18 Z7(t — (), 47)
Zi(t) =2 i Ko(){—mKo(t) + Ho(t)} < i [—2n2 B3 (1) + K3 (1) + H(1)]
< (1vi1nz)Z7(t) + Zs(t), - (48)
and
Zé(t):Qi:lH (t ){ —1,Hy( +Zew gu(ou(t)) = gu(ou(t))]

+ Zp:mu [9u(u(t =) = gu(o(t —n))] }

u=1

zq:{ 21, H2(t) + k, [H2(t) + K2(t) +Z|ew|L [H3(t) + M (t)]

u=1

+Z |rvu|L H2( )+M5(t_77)}}

u=1
q q
Z[ — 21, +Z |ews| + |Tuo] ]Hﬁ(tHZkaﬁ(t)
v=1

v=1
D P q
Z<Z|euvL >M2 +Z<eru|Lu>M3(t_77)
u=1 v=1
< raZs(t) +r5Z7(t) + 16 Z6(t) + r7Z6(t — n). (49)

From (46)—(49) it follows that there exist four positive and bounded functions g;(t) (: =
1,2, 3,4) such that

Zg(t) = (1 —2m)Z5(t) + Zs(t) — g1(t), (50)

Zg(t) = 11Z6(t) + 1225(t) + 1327(t) + 18 Z7(t — ¢) — g2(1), (51)

Z;(t) = (1 = m2) Z7 () + Zs(t) — ga(t), (52)
and

Zg(t) = r4Z8(t) + 1527(t) + 16 Z5(t) + 17 Z5(t — 1) — ga(t). (53)

Let X (t) = [Z5(t), Zs(t), Z(t), Zs(t)]T. Then the system of differential equations (50)—
(53) can be expressed as
X'(t) = CX(t) + (1), (54)
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1-2;; 1 0 0 —g1(t)
B 0 7 r 0 _ 1o Z5(t)+r8Z7(t—C) —ga(t)
C= 0 01—-2np1 |° 9(t) = —g3(t)
0 0 0 74 1527(t)+reZs(t)+r7Z5(t—1) —ga(t)

The characteristic equation of the matrix C'is

0 T1 T3 0
0 0 1—2np 1
0 0 0 T4

=0.

By condition (h3), the matrix C has a single characteristicroot A\ =r; =ry =1—2n; =
1 — 279 of multiplicity 3. By Lemma 4, we have

exp(tC)
2 ti 2
= et ; F(C=nE) =" |E+{(C —mE)+ 5 (C—nE)?
1479t +0.573t% t+0.5rgt> 0.573t2 0
0 1 T3t+0.57“37‘10t2 0.57“3t2
=e"? 0 0 1+7rt+0.5r%t2  t4+0.5r 112 . (55)
0 0 0 1+ (T4—’I“1)t

+0.5(7’4 77‘1)2252
So, if X(0) = & = (21, x2, x5, x4) for the equation X'(¢t) = CX (), then, by Lemma 1
and (55), the solution of Eq. (54) is
T
X(t) = [Z5(t), Zs(t), Zq (1), Zs(t)]

g95(t) gs(t) 0.5r3t> 0 T
1 gz(t)  0.5rst? 9

0
_rit
—° 0 0 g3(t)  gio(t) 3
0 0 0 go(t) 2
. g5(t—s) ge(t—s) 0.5r3(t—s)? 0 ,
o (t—s) 0 1 gr(t—s)  0.5r3(t—s)
—|—/e 0 0 gs(t—s) g10(t—s) g(s)ds. (56)
0 0 0 0 go(t—s)

According to (56),

Zs(t) = €™ [x195(t) + w2g6(t) + 0.5r325t7]
t

+ /e“(t_s) {—91(5)g5(t — s) + g6 (t — 5) [r2Z5(s) + rsZ7(s — () — ga(s)]

)
—0.5r3(t — 8)293(8)} ds, (57)
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Zﬁ(t) ="t [zg + 1’397(t) + O.5’I”31‘4t2]

t
+/ M=) o Z5(5) + 18 Z7(5 — () — g2(s) — gr(t — 5)g3(s)
0

+0.5r3(t — 5)? [1527(s) + 16 Z5(s) + r7Z5(s — n)] } ds, (58)
Zq7(t) = " [z3gs(t) + z4910(1)]

+ /e”(t_s){—gzz(t —8)g3(s) + gro(t — s)[rsZ7(s) + 16 Zs5(s)
0

+ 7"7Zr S — ] } dS (59)
and

Zs(t) = zago(t)e™
t

+ /e“(t_s)gga(t —8)[r5Z7(s) + 16 Z5(s) + 17Z5(s — n)] ds. (60)
0

Since the remaining proofs are the same as the corresponding part of Theorem 1, they are
omitted. Thus, from (57)-(60) the proof is completed. ]

Remark 1. So far, various methods, including integral inequalities [17], Lyapunov func-
tions [1,8,10,11,15,19,21,25,30], LMIs [13,20,22], AAETM [9], AID [37], inequality
techniques [12], Lyapunov stability theory [11, 23,24, 26, 30, 33], Halanay differential
inequalities [36], pinning impulsive control [29], and the maximum-valued approach [27]
have been applied to investigate global asymptotic synchronization (GAS) in master-slave
neural networks.

Remark 2. In almost papers which discussed the synchronization (control) [1,3-6,8-15,
17,19-27,29-31,33,36,37], the controllers have been utilized to assure the synchroniza-
tion for the master-slave NNs. However in our study, without applying the controllers,
we also can establish the synchronization criteria for the considered master-slave inertial
BAMNN:S.

4 Examples

In this section, two specific examples are presented to verify the validity of our results.

Example 1. We consider systems (2) and (3) for u,v=1, 2, where a; =3, as =4, b; =3,
b2:2,11:4,l2=5, k‘lzl, k‘2:2, 611201226212622:1,d11:d22:1,
dipo=—1,dyy=2,e11=en=1,€e12=2,e00=—1, 111 =720=2, 712 =1, 791 = —1,
L=-1,L=1Ji=-1,Jo=1, fi(x)= (z) =22 — 1, g1(z) = 2|z, ga(x) =
| i =3, &=4,m=1m =2 Itis
easy to confirm that all the conditions in Theorem 1 are satisfied. The drive system (1)
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0 5 10 15 20 0 5 10 15 20

t t
Figure 1. Curves of the master system for Example 1. Figure 2. Curves of the slave system for Example 1.

1 1 1 )
0 5 10 15 20
t

Figure 3. Curves of the error system for Example 1.

and the response system (2) can attain GAS without utilizing controllers. Unlike the
methods in [1, 8-15, 17, 19-27,29-31, 33, 36, 37], the method employed in this paper
exhibits significant differences; therefore, those methods cannot be used to verify our
results.

The curves of master system with variables o, (t), O, (t), v, (t), I, (t) are shown in
the following Fig. 1. The curves of slave system with variables v, (t), 8., (t), wy (), pu(t)
are shown in the following Fig. 2. The error curves with variables M, (t), N, (¢), K, (t),
H,(t) are shown in the following Fig. 3.

Example 2. We consider systems (2) and (3) for u,v = 1,2, where a; = 3, as = 4,
bi=by=1ki=ko=1101=5lc=4cnn=cia=ca=ce=1,di1=da =dp=1,
diz=—1lenn=ea1=exn=1en=—1Lrn=ra=roo=Lrip=-1L1=-2IL=-2,
J1=-2, o =1, fi(z)=tanhz, fo(x)=tanh(x—1), g1(x) =2|z|, g2(z) =tanh(z+2),
(=2,n=1. Thus, in Theorem 2, 77 =12 =1, r; =r4=—1. The conditions of Theorem 2
are obviously satisfied. Thus, the drive system (2) and the response system (3) achieve
GAS without controller design. The method adopted in this paper differs significantly
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t t

Figure 6. Curves of the error system for Example 2.

from those in [1, 8-15,17,19-27,29-31, 33, 36, 37]; therefore, those methods cannot be
used to verify our results.

Figures 4-6 depict the curves of the variables o, (t), O, (t), v, (t), (1) (master
system), .y, (t), Bu(t), wy(t), pu(t) (slave system), and M, (t), Ny(t), K, (t), Hy(t)
(error system).

5 Conclusion

In this article, the GAS of a class of master—slave BAMNN:S is investigated. By employing
the fundamental solution matrix method for a first-order system of differential equations,
two sufficient criteria are established. To the best of our knowledge, this study is the
first to introduce the fundamental solution matrix method for analyzing the GAS of such
BAMNNS. In future work, we will investigate finite-time synchronization for neural net-
works using this method and further study the GAS and finite-time synchronization of
discrete-time neural networks.
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