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Abstract. It is well known that both media coverage and the presence of asymptomatic patients
have a significant impact on the spread and control of infectious diseases. Therefore, this paper
proposes a class of fractional epidemic models that incorporate media coverage and asymptomatic
infection. Also, the time delay for individuals’ response to the current media coverage, as well as
the time delay of media coverage, are incorporated in our proposed model to make it more practical.
Based on fractional proportional-derivative (PD) control method, Hopf bifurcation is investigated
by taking the sum of the two time delays and the order of the fractional derivatives as bifurcation
parameters, respectively. Some sufficient delayed-induced and order-induced bifurcation conditions
are given. The application and effectiveness of the presented theoretical results are illustrated
through a simulation example. Furthermore, the impact of the feedback control gains and the media
effect weight on the stability and Hopf bifurcation of the considered epidemic model is explored.
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1 Introduction

With the emergence of infectious diseases such as SARS, EBV, and COVID-19, math-
ematical modeling and dynamical analysis of infectious disease models have received
widespread attention in recent years. It reveals the transmission mechanism of infectious
diseases and provides scientific support for epidemic prevention and control as well as
public health decision-making.

Since Kermack and McKendrick [9] proposed the pioneering SIR (susceptible–infect-
ed–recovered) model in 1927, researchers have continuously improved it by incorporating
various realistic factors and achieving significant progress. For example, an infectious
disease model with isolation was investigated in [2, 6], showing that increased isolation
can prevent epidemic spread. Jiang et al. [7, 8] analyzed pulsed vaccination in delayed
models with saturated incidence and studied equilibrium properties and disease dynamics.
Since asymptomatic patients may exist, their impact on disease spread was considered
in [17, 18]. With the rapid development of information technology, media platforms such
as television, radio, and the Internet play an important role in controlling disease transmis-
sion; results in [3, 11, 20] show that received information can change behaviour and help
control outbreaks. In addition, factors such as virus mutation, recurrence, and stochastic
disturbances may affect transmission coefficients to varying degrees [5, 25, 26].

Early research on the transmission dynamics of infectious diseases has focused on
traditional integer-order dynamical models. With the growing understanding of infectious
diseases and natural environment, it has been found that fractional-order epidemic mod-
els based on Caputo fractional derivative can more accurately describe processes with
“time memory” in infectious diseases, such as the impact of the incubation period, the
duration of immunity, and the cumulative effect of prevention and control measures.
For example, in tuberculosis modeling, researchers estimated an optimal fractional order
q = 0.93, which reduced the model’s fitting error for China’s 2005–2016 actual data
by 28.5% compared to integer-order models, significantly improving prediction accuracy.
A fractional-order SEIQRDP model (q = 0.96 ∼ 1.02), constructed using COVID-19
data from Canada and incorporating isolated individuals, deceased cases, and protected
populations, shows a 12.7% improvement in goodness-of-fit. Therefore, kinetic studies
of fractional-order epidemic models have attracted considerable attention, and numerous
notable works have been reported in recent years (see [10,13,15,21,30] and the references
therein). Khajji et al. [10] extended the classical SEIR model to consider the fractional-
order COVID-19 model with age structure and further analyzed the order of fractional
derivative on the efficiency of the control strategy. Liu et al. [15] studied the existence
and stability of disease-free equilibrium and endemic equilibrium point in a fractional
delayed SEIR model with an isolated term, and explored the effects of time delays and
the order of fractional derivatives on disease transmission.

It is well known that Hopf bifurcation is a very important bifurcation phenomenon
in nonlinear dynamical systems and can make it feasible to obtain the information of
periodic solutions via Hopf bifurcation scheme. So, the existence and direction of Hopf
bifurcation for various SIR models have attracted the attention of some scholars [1, 12,
14, 23, 27, 28]. Bifurcation control aims to modify the stability of the equilibrium points
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and adjust the bifurcation threshold to a desirable value by designing an appropriate
controller. The bifurcation analysis and optimal control were carried out for a COVID-19
SIR model in [1]. Based on feedback control method, the Hopf bifurcation of delayed
fractional eco-epidemiological systems was investigated in [14, 23]. So far, many kinds
of control strategies have been effectively applied to nonlinear dynamical systems, such
as proportional-derivative (PD) control [4], proportional-integral-derivative (PID) control
[24], and hybrid control [29]. However, these methods have mainly been applied to
Hopf bifurcation control in neural network systems and population ecosystems, and have
seldom been used for infectious disease models up till now. This fact motivated us to study
Hopf bifurcation of a novelly proposed fractional epidemic model by using fractional PD
control method, which contains more adjustable parameters and can improve the speed
of response of the controlled system more effectively compared with integer-order PD
controller.

In this paper, we build a class of fractional epidemic model including asymptomatic
patients and media coverage effect based on the proposed model in [22], and then design
a fractional PD controller to optimize bifurcation behavior. The remainder of this paper
is organized as follows. First, we will give a detailed description for our proposed epi-
demic model. Then some necessary definitions and lemmas are presented in Section 3 for
later analysis. In Section 4, the stability and Hopf bifurcation problems are intensively
discussed based on fractional PD control method by taking the involved time delay and
the order of fractional derivatives as the bifurcation parameter, respectively. A simulation
example is provided in Section 5 to illustrate our theoretical results. In Section 6, some
key conclusions and the contributions of this paper are stated in brief.

2 Model formulation

More recently, Wang et al. [22] proposed a integer-order epidemic model incorporating
asymptomatic patients and media coverage. According to their model, patients were di-
vided into symptomatic patients and the asymptomatic patients. A susceptible individual
was infected with a certain probability by contacting with symptomatic or asymptomatic
patients. Moreover, the impact of media coverage on the dynamics of infectious disease
transmission was also taken into account in their model. In view of the fact that a fractional
epidemic model coincides more effectively with the genetic and memory characteristics of
the infectious disease transmission and has higher precision fitting ability, we generalize
this pioneering integer-order model to a fractional model, which is described as follows:

DqS(t) = a1 − a2e−αM(t−τ1)
[
Is(t) + Ia(t)

]
S(t)− a3S(t) + a4Is(t) + a5Ia(t),

DqIs(t) = b1a2e−αM(t−τ1)
[
Is(t) + Ia(t)

]
S(t)− (a3 + a4)Is(t) + b2Ia(t),

DqIa(t) = (1− b1)a2e−αM(t−τ1)
[
Is(t) + Ia(t)

]
S(t)− (a3 + a5 + b2)Ia(t),

DqM(t) = −c1M(t) + c2
[
Is(t− τ2) + Ia(t− τ2)

]
.

(1)

Here the fractional order q∈(0, 1], S(t), Is(t), and Ia(t) denote the number of susceptible
individuals, symptomatic patients, and the asymptomatic patients at time t, respectively.
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Table 1

Variable/ Biological meaning
Parameter

a1 The input rate
a2 Patient’s daily contact rate
a3 The natural mortality rate of the population
a4 The cure rate of symptomatic patients
a5 The self-healing rate of asymptomatic patients
b1 The proportion of symptomatic patients in total patients
b2 The transformation rate from asymptomatic patients to symptomatic patients
c1 The dissipation rate of the media information

The media coverage is introduced as an independent variable, and M(t) denotes the
accumulated media information volume at time t. The changing rate of the media in-
formation volume is assumed to depend on the number of patients at time t − τ2 with
a rate c2. τ1 > 0 represents the time delay of susceptible individuals’ feedback after media
coverage. α > 0 determines the degree to which media coverage influences the infectious
disease transmission. The biological meanings of the other parameters in system (1) are
defined in Table 1.

Remark 1. Despite the epidemic model (1) considered in this paper is only a gener-
alization of the proposed model in [22] from an integer-order differential equation to
a fractional-order differential equation, it can better describe the transmission mechanism
of infectious diseases; meanwhile, it also renders the analytical technique used in [22]
inapplicable to our study. Moreover, the focus of our paper is to introduce appropriate
fractional PD controllers to improve the stability of the system and modify the bifurcation
characteristics of the controlled system more effectively.

3 Priori knowledge

In this section, the definition of the Caputo fractional derivative and some lemmas are
presented for the sake of later analysis of the stability and Hopf bifurcation of system (1).

Definition 1. (See [19].) The Caputo fractional derivative of order q of a function f(t) ∈
Cm([t0,+∞),R) is defined as

Dqf(t) =
1

Γ(m− q)

t∫
t0

(t− s)m−q−1f (m)(s) ds,

where t0 < t, m − 1 < q 6 m (m ∈ N+), Γ(·) is the gamma function. In particular,
when 0 < q 6 1,

Dqf(t) =
1

Γ(1− q)

t∫
t0

(t− s)−qf ′(s) ds.
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If f (l)(0) = 0 for l = 0, . . . ,m − 1, then the Laplace transform of Dqf(t) is given by
L[Dqf(t); s] = sqF (s).

Lemma 1. (See [16].) Consider the following autonomous fractional-order dynamical
system:

Dqx(t) = f
(
x(t)

)
, x(0) = x0, (2)

where q ∈ (0, 1], and f : Rm → Rm. Let J = ∂f/∂x denote the Jacobian matrix of f(·)
evaluated at the equilibrium point x = x∗. If all eigenvalues λ of J satisfy |arg(λ)| >
qπ/2, then the equilibrium point x = x∗ of system (2) is locally asymptotically stable.

(A1) Assume that all the parameters in system (1) satisfy the following conditions:

(i) b1(a5 − a4) + (a3 + a4 + b2) > 0;
(ii) (a3 + a5 + b2)(a3 + a4)/(b1(a5 − a4) + (a3 + a4 + b2)) < a1a2/a3.

Lemma 2. Under assumption (A1), system (1) has at least one positive equilibrium point
(S∗, I∗s , I

∗
a ,M

∗).

Proof. The equilibrium point (S∗, I∗s , I
∗
a ,M

∗) of system (1) should satisfy the following
equations:

a1 − a2e−αM
∗
(I∗s + I∗a)S∗ − a3S∗ + a4I

∗
s + a5I

∗
a = 0, (3)

b1a2e−αM
∗
(I∗s + I∗a)S∗ − (a3 + a4)I∗s + b2I

∗
a = 0, (4)

(1− b1)a2e−αM
∗
(I∗s + I∗a)S∗ − (a3 + a5 + b2)I∗a = 0, (5)

−c1M∗ + c2(I∗s + I∗a) = 0. (6)

Adding Eqs. (3)–(7) yields S∗+ I∗s + I∗a = a1a3. Combining this with Eq. (6), we obtain

S∗ =
a1
a3
− c1
c2
M∗. (7)

It follows from Eqs. (4) and (7) that I∗s = (b1(a3 + a5) + b2)/((1 − b1)(a3 + a4))I∗a ,
then we obtain

I∗a =
c1(1− b1)(a3 + a4)

c2b1(a5 − a4) + c2(a3 + a4 + b2)
M∗ (8)

and

I∗s =
c1b1(a3 + a5) + c1b2

c2b1(a5 − a4) + c2(a3 + a4 + b2)
M∗. (9)

By substituting I∗s + I∗a = (c1/c2)M∗, (8), and (9) into Eq. (7) we have

a2e−αM
∗
(
a1
a3
− c1
c2
M∗
)
− (a3 + a5 + b2)(a3 + a4)

b1(a5 − a4) + (a3 + a4 + b2)
= 0. (10)

Let

f(x) =
(a3 + a5 + b2)(a3 + a4)

b1(a5 − a4) + (a3 + a4 + b2)
eαx +

a2c1
c2

x− a1a2
a3

.
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If assumption (A1) is satisfied, we have limx→+∞ f(x) = +∞ and f(0) < 0. It follows
from the continuity of f(x) that there exists at least one positive constant x∗ such that
f(x∗) = 0, i.e., there exists at least one positive constant M∗ satisfying (10). This proves
the existence of M∗ and, consequently, the existence of S∗, I∗s , and I∗a based on (7)–(9).
This completes the proof.

To optimize the dynamical characteristics of bifurcation, we will apply the following
PDq feedback controllers

U1(t) = k11D
q[Is(t)− I∗s ] + k12

[
Is(t− τ)− I∗s

]
(11)

and
U2(t) = k21D

q[Ia(t)− I∗a ] + k22
[
Ia(t− τ)− I∗a

]
, (12)

to the symptomatic patients and asymptomatic patients, respectively. Thus the fractional
epidemic model (1) with controllers (11) and (12) can be described as follows:

DqS(t) = a1 − a2e−αM(t−τ1)
[
Is(t) + Ia(t)

]
S(t)− a3S(t) + a4Is(t) + a5Ia(t),

DqIs(t) =
1

1− k11
{
b1a2e−αM(t−τ1)

[
Is(t) + Ia(t)

]
S(t)− (a3 + a4)Is(t),

+ b2Ia(t) + k12
[
Is(t− τ)− I∗s

]}
,

DqIa(t) =
1

1− k21
{

(1− b1)a2e−αM(t−τ1)
[
Is(t) + Ia(t)

]
S(t)

− (a3 + a5 + b2)Ia(t) + k22
[
Ia(t− τ)− I∗a

]}
,

DqM(t) = −c1M(t) + c2
[
Is(t− τ2) + Ia(t− τ2)

]
,

(13)

where it is assumed that τ = τ1 + τ2, and ki1, ki2 < 1 (i = 1, 2) denote the derivative
gain and the proportional gain, respectively.

Linearizing system (13) around the equilibrium point (S∗, I∗s , I
∗
a ,M

∗) and making
the variable substitutions Ŝ(t) = S(t)− S∗, Îs(t) = Is(t)− I∗s , Îa(t) = Ia(t)− I∗a , and
M̂(t) = M(t)−M∗ yield

DqŜ(t) = l11Ŝ(t) + l12Îs(t) + l13Îa(t) + l14M̂(t− τ1),

Dq Îs(t) = l21Ŝ(t) + l22Îs(t) + l23Îs(t− τ) + l24Îa(t) + l25M̂(t− τ1),

Dq Îa(t) = l31Ŝ(t) + l32Îs(t) + l33Îa(t) + l34Îa(t− τ) + l35M̂(t− τ1),

DqM̂(t) = l41Ŝ(t) + l42Îs(t− τ2) + l43Îa(t− τ2) + l44M̂(t),

(14)

where

l11 = −a2e−αM
∗
(I∗s + I∗a)− a3, l12 = −a2e−αM

∗
S∗ + a4,

l13 = −a2e−αM
∗
S∗ + a5, l14 = αa2e−αM

∗
(I∗s + I∗a)S∗,

l21 = a2b1e−αM
∗
(I∗s + I∗a), l22 =

a2b1e−αM
∗
S∗ − (a3 + a4)

1− k11
,
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l23 =
k12

1− k11
, l24 =

a2b1e−αM
∗
S∗ + b2

1− k11
,

l25 = −αa2e−αM
∗
(I∗s + I∗a)S∗

1− k11
, l31 =

a2(1− b1)e−αM
∗
(I∗s + I∗a)

1− k21
,

l32 =
a2(1− b1)e−αM

∗
S∗

1− k21
, l33 =

a2(1− b1)e−αM
∗
S∗ − (a3 + a5 + b2)

1− k21
,

l34 =
k22

1− k21
, l35 = −α(1− b1)a2e−αM

∗
(I∗s + I∗a)S∗

1− k21
,

l41 = 0, l42 = l43 = c2, l42 = −c1.

Thus, the stability of the equilibrium point (S∗, I∗s , I
∗
a ,M

∗) of system (13) is equiva-
lent to the stability of the zero equilibrium point of system (14).

4 Stability and Hopf bifurcation analysis

In this section, the stability and Hopf bifurcation of the controlled system (13) will be
investigated in depth. Some sufficient bifurcation conditions will be given by taking the
involved time delay as the bifurcation parameter and the order of fractional derivative as
the bifurcation parameter, respectively.

4.1 τ -induced Hopf bifurcation analysis

In this subsection, we will take the time delay τ (assumed to satisfy τ = τ1 + τ2) as
the bifurcation parameter. Some sufficient conditions for Hopf bifurcation, as well as the
critical value of τ , will be given. First, the stability of system (13) needs to be discussed
for the case τ = 0.

It should be mentioned that if τ = 0, then τ1 = τ2 = 0 due to the assumptions
τ = τ1 + τ2 and τ1, τ2 > 0. So, when τ = 0, the characteristic equation of system (14)
can be obtained as

λ4 +K3λ
3 +K2λ

2 +K1λ+K0 = 0, (15)

where

K0 = l11l44(l22 + l23)(l33 + l34) + l11
[
l24l35l42 + l25l43l32 − l24l35l42

+ l43l35(l22 + l23) + l42l25(l33 + l34) + l44l24l32
]

+ l21
[
l14l42(l33 + l34)

+ l44l13l32 + l34l43l12 − l33l44l12 − l13l34l42 − l14l43l32
]

+ l31
[
l12l24l44

+ l13l25l42 + l14l43(l22 + l23)− l12l25l43 − l13l44(l22 + l23)− l14l42l24
]
, (16)

K1 = (l11 + l22 + l23)
[
l35l43 − (l33 + l34)l44

]
+ (l33 + l34 + l44)

[
l12l21 − l11(l22 + l23)

]
+ l13l31(l22 + l23 + l44)

+ l24l32(l11 + l44) + l25l42(l11 + l33 + l34)

− (l12l24l31 + l13l32l21 + l14l42l21 + l24l35l42 + l25l43l32 + l14l43l31), (17)
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K2 = (l11 + l22 + l23)(l33 + l34 + l44) + l11(l22 + l23) + (l33 + l34)l44

− (l12l21 + l13l31 + l24l32 + l25l42 + l35l43), (18)

K3 = −(l11 + l22 + l23 + l33 + l34 + l44). (19)

According to Lemma 1, the following assumption (A2) is needed to ensure the local
asymptotical stability of the equilibrium point (S∗, I∗s , I

∗
a ,M

∗) of system (13) when τ=0.

(A2) Assume that Ki (i = 0, 1, 2, 3), defined earlier in (16)–(19), satisfy the follow-
ing conditions:

(i) Ki > 0 (i = 0, 1, 2, 3);
(ii) K2K3 > K1;

(iii) K1K2K3 > K2
1 +K0K2

3.

Remark 2. According to Routh–Hurwitz criterion, if assumption (A2) is satisfied, then all
the roots of Eq. (15) have negative real parts, i.e., one can have |arg(λ)| > π/2 > qπ/2.

To explore the stability and Hopf bifurcation of system (13), we first derive the fol-
lowing characteristic matrix by applying the Laplace transform to both sides of (14):

∆(s) =


sq − l11 −l12 −l13 −l14e−sτ1

−l21 sq − (l22 + l23e−sτ ) −l24 −l25e−sτ1

−l31 −l32 sq − (l33 + l34e−sτ ) −l35e−sτ1

0 −l42e−sτ2 −l43e−sτ2 sq − l44

 .

It follows from det(∆(s)) = 0 that

P0(s, q) + P1(s, q)e−sτ + P2(s, q)e−2sτ = 0, (20)
where

P0(s, q) = s4q +Ξ30s
3q +Ξ20s

2q +Ξ10s
q +Ξ00,

P1(s, q) = Ξ31s
3q +Ξ21s

2q +Ξ11s
q +Ξ01,

P2(s, q) = Ξ22s
2q +Ξ12s

q +Ξ02

and

Ξ30 = −(l11 + l22 + l33 + l44), Ξ31 = −(l23 + l24),

Ξ20 = (l22 + l33)(l11 + l44) + l11l44 + l22l33 − (l12l21 + l13l31 + l24l32),

Ξ21 = (l23 + l24)(l11 + l44) + l22l34 + l23l33 − l25l42 − l35l43, Ξ22 = l23l34,

Ξ10 = l12(l21l33 + l31l24) + l13(l22l31 − l21l32) + l44(l21l12 + l31l13)

+ l24l32(l11 + l44)− l11l22(l33 + l44)− l33l44(l11 + l22),

Ξ11 = l21(l12l34 − l14l42) + l31(l13l23 − l14l43) + l25l42(l11 + l33) + l35l43(l11 + l22)

− l11l44(l23 + l24)− (l11 + l44)(l22l34 + l23l33)− l24l42l35 − l25l32l43,
Ξ12 = l25l34l42 + l23l35l43 − l23l34(l11 + l44),

Ξ00 = l44
[
l11(l22l33 − l24l32) + l21(l13l32 − l12l33) + l31(l12l24 − l13l22)

]
,
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Ξ01 = (l34l44 − l35l43)(l11l22 − l12l21) + (l32l43 − l42l33)(l11l25 − l14l21)

+ l23l44(l11l33 − l13l31) + l31l42(l13l25 − l14l24) + l31l43(l14l22 − l12l25)

+ l35l42(l11l24 − l13l21),

Ξ02 = l11(l23l34l44 − l23l35l43 − l25l34l42) + l14(l21l34l42 + l23l31l43).

Multiplying both sides of Eq. (20) by esτ gives

P0(s, q)esτ + P1(s, q) + P2(s, q)e−sτ = 0. (21)

Assume that s = iω (ω > 0) is a root of Eq. (21) and substitute s = (cosπ/2+i sinπ/2)ω
into Pk(s, q), k = 0, 1, 2. Denote Pk(iω, q) = Ak + iBk, k = 0, 1. Separating the real
and imaginary parts of (21), we obtain

(A0 +A2) cosωτ + (B2 −B0) sinωτ = −A1

(B0 +B2) cosωτ + (A0 −A2) sinωτ = −B1,
(22)

where

A0 = ω4q cos 2qπ +Ξ30ω
3q cos

3qπ

2
+Ξ20ω

2q cos qπ +Ξ10ω
q cos

qπ

2
+Ξ00,

B0 = ω4q sin 2qπ +Ξ30ω
3q sin

3qπ

2
+Ξ20ω

2q sin qπ +Ξ10ω
q sin

qπ

2
,

A1 = Ξ31ω
3q cos

3qπ

2
+Ξ21ω

2q cos qπ +Ξ11ω
q cos

qπ

2
+Ξ01,

B1 = Ξ31ω
3q sin

3qπ

2
+Ξ21ω

2q sin qπ +Ξ11ω
q sin

qπ

2
,

A2 = Ξ22ω
2q cos qπ +Ξ12ω

q cos
qπ

2
+Ξ02,

B2 = Ξ22ω
2q sin qπ +Ξ12ω

q sin
qπ

2
.

It is easy to obtain from (22) that

cosωτ =
A1(A2 −A0) +B1(B2 −B0)

A2
0 +B2

0 −A2
2 −B2

2

= H1(ω),

sinωτ =
A1(B2 +B0)−B1(A2 +A0)

A2
0 +B2

0 −A2
2 −B2

2

= H2(ω),

Using the trigonometric identity sin2 ωτ + cos2 ωτ = 1, one can obtain the following
ω-dependent equation:

H2
1 (ω) +H2

2 (ω) = 1. (23)

Assume that Eq. (23) has at least one positive root ω, which can be obtained using the
numerical software Maple 13. Then the critical value of bifurcation point τ0 is defined as

τ0 =
1

ω
min

k=0,1,2,...

(
arccosH1(ω) + 2kπ

)
, (24)

where ω is the root of Eq. (23).
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In what follows, the bifurcation of system (13) induced by τ will be further analyzed.
To this aim, we need the following assumption (A3).

(A3) (Γ1Υ1 +Γ2Υ2)/Υ 2
1 +Υ 2

2 6= 0, where Γk, Υk (k = 1, 2) are defined by (26)–(29)
below, and τ0 is defined by (24).

Lemma 3. Let s(τ) = γ(τ)+iω(τ) be a root of Eq. (20) near τ = τ0, satisfying γ(τ0) =
0 and ω(τ0) = ω0 > 0. Then, under assumption (A3), the following transversality
condition is satisfied:

Re

(
ds

dτ

)∣∣∣∣
τ=τ0, ω=ω0

6= 0.

Proof. Calculating the derivative of s with respect to τ on both sides of (20), we have

P ′0(s, q)
ds

dτ
− P1(s, q)e−sτ

(
s+ τ

ds

dτ

)
+ P ′1(s, q)e−sτ

ds

dτ

−2P2(s, q)e−2sτ
(
s+ τ

ds

dτ

)
+ P ′2(s, q)e−2sτ

ds

dτ
= 0.

Thus it can be obtained that

ds

dτ
=

s[P1(s, q)e−sτ+2P2(s, q)e−2sτ ]

P ′0(s, q)+P ′1(s, q)e−sτ+P ′2(s, q)e−2sτ−τ [P1(s, q)e−sτ+2P2(s, q)e−2sτ ]
. (25)

Denote Pk(iω0, q) = µk + iεk (k = 1, 2), P ′l (iω0, q)| = ~l + i`l (l = 0, 1, 2).
Substituting them into (25) yields

Re

(
ds

dτ

)∣∣∣∣
τ=τ0, ω=ω0

=
Γ1Υ1 + Γ2Υ2
Υ 2
1 + Υ 2

2

,

where

Γ1 = −ω0

[
ε1 cosω0τ0 − µ1 sinω0τ0 + 2(ε2 cos 2ω0τ0 − µ2 sin 2ω0τ0)

]
, (26)

Γ2 = ω0

[
µ1 cosω0τ0 + ε1 sinω0τ0 + 2(µ2 cos 2ω0τ0 + ε2 sin 2ω0τ0)

]
, (27)

Υ1 = ~0 + (~1 − µ1τ0) cosω0τ0 + (`1 − ε1τ0) sinω0τ0

+ (~2 − 2µ2τ0) cos 2ω0τ0 + (`2 − 2ε2τ0) sin 2ω0τ0, (28)

Υ2 = `0 + (`1 − ε1τ0) cosω0τ0 − (~1 − µ1τ0) sinω0τ0

+ (`2 − 2ε2τ0) cos 2ω0τ0 − (~2 − 2µ2τ0) sin 2ω0τ0. (29)

If assumption (A3) is satisfied, Re(ds/dτ)|τ=τ0, ω=ω0
6= 0. This completes the proof.

Combining above discussion with Hopf bifurcation theorem, we can get the following
Theorem 1.

Theorem 1. Suppose that assumptions (A2) and (A3) are satisfied. Then the equilibrium
point (S∗, I∗s , I

∗
a ,M

∗) of the controlled system (13) is asymptotically stable when τ ∈
[0, τ0), and a Hopf bifurcation occurs near this equilibrium point when τ = τ0. Here τ0
is defined in (24).
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4.2 q-induced Hopf bifurcation analysis

In this section, we will take the order q as the bifurcation parameter. Some sufficient Hopf
bifurcation criteria, as well as the critical value of q, will be given. Considering q = 0 is
meaningless for a fractional dynamical system, so, in this case, we should first investigate
the stability of system (13) when q → 0+.

To ensure the local stability of the controlled system (13) for the case q → 0+, we
need the following assumption.

(A4) Assume the following conditions are satisfied:

(i) ϑ1 6= ϑ3;
(ii) (ℵ1 + ℵ3 − ℵ2)(2ϑ2 − ϑ1) ln(π/τ) > 0.

Here

ϑ1 = 1 +Ξ30 +Ξ20 +Ξ10, ℵ1 = 4 + 3Ξ30 + 2Ξ20 +Ξ10,

ϑ2 = Ξ31 +Ξ21 +Ξ11 +Ξ01, ℵ2 = 3Ξ31 + 2Ξ21 +Ξ11,

ϑ3 = Ξ22 +Ξ12 +Ξ02, ℵ3 = 2Ξ22 +Ξ12,

and Ξij (i = 1, 2, 3; j = 0, 1, 2) are defined above.

Remark 3. It should be mentioned that condition (A4)(ii) includes two cases:

(ℵ1 + ℵ3 − ℵ2)(2ϑ2 − ϑ1) > 0 if 0 < τ < π,

(ℵ1 + ℵ3 − ℵ2)(2ϑ2 − ϑ1) < 0 if τ > π.

Lemma 4. Let s(q) = r(q)+iω(q) be the root of Eq. (20) satisfying limq→0+ r(q) = 0
and limq→0+ ω(q) = ω∗ > 0. Then, under assumption (A4), the equilibrium point
(S∗, I∗s , I

∗
a ,M

∗) of the controlled system (13) is locally asymptotically stable.

Proof. Differentiating the left-hand side of (20) with respect to q and using dskq/dq =
kskq−1(s ln s+ qds/dq), k ∈ N, we obtain

ds

dq
= −Ω1(s, q)

Ω2(s, q)
,

where Ωk(s, q) satisfy Ωk(iω, q) = ΩRk (ω, q) + iΩIk(ω, q), k = 1, 2, and

ΩR1 (ω, q) = 4ω4q

(
lnω cos 2qπ − π

2
sin 2qπ

)
+ 3ω3q

{
Ξ30

(
lnω cos

3qπ

2
− π

2
sin

3qπ

2

)
+Ξ31

[
lnω cos

(
ωτ − 3qπ

2

)
+
π

2
sin

(
ωτ − 3qπ

2

)]}
+

2∑
k=1

kωkq
{
Ξk0

(
lnω cos

kqπ

2
− π

2
sin

kqπ

2

)
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+Ξk1

[
lnω cos

(
ωτ − kqπ

2

)
+
π

2
sin

(
ωτ − kqπ

2

)]
+Ξk2

[
lnω cos

(
2ωτ − kqπ

2

)
+
π

2
sin

(
2ωτ − kqπ

2

)]}
, (30)

ΩI1(ω, q) = 4ω4q

(
π

2
cos 2qπ + lnω sin 2qπ

)
+ 3ω3q

{
Ξ30

(
π

2
cos

3qπ

2
+ lnω sin

3qπ

2

)
+Ξ31

[
π

2
cos

(
ωτ − 3qπ

2

)
− lnω sin

(
ωτ − 3qπ

2

)]}
+

2∑
k=1

kωkq
{
Ξk0

(
π

2
cos

kqπ

2
+ lnω sin

kqπ

2

)
+Ξk1

[
π

2
cos

(
ωτ − kqπ

2

)
− lnω sin

(
ωτ − kqπ

2

)]
+Ξk2

[
π

2
cos

(
2ωτ − kqπ

2

)
− lnω sin

(
2ωτ − kqπ

2

)]}
, (31)

ΩR2 (ω, q) = 4qω4q−1 cos
(4q − 1)π

2
+ 3qΞ30ω

3q−1 cos
(3q − 1)π

2

+

2∑
k=1

kqωkq−1
{
Ξk0 cos

(kq − 1)π

2
+Ξk1 cos

(
ωτ − (kq − 1)π

2

)
+Ξk2 cos

(
2ωτ − (kq − 1)π

2

)}
− τ
{
Ξ31ω

3q cos

(
ωτ − 3qπ

2

)
+ (Ξ21 + 2Ξ22)ω2q cos(ωτ − qπ)

+ (Ξ11 + 2Ξ12)ωq cos

(
ωτ − qπ

2

)
+ (Ξ01 + 2Ξ02)ωq cosωτ

}
, (32)

ΩI2(ω, q) = 4qω4q−1 sin
(4q − 1)π

2
+ 3qΞ30ω

3q−1 sin
(3q − 1)π

2

+

2∑
k=1

kqωkq−1
{
Ξk0 sin

(kq − 1)π

2
−Ξk1 sin

(
ωτ − (kq − 1)π

2

)
−Ξk2 sin

(
2ωτ − (kq − 1)π

2

)}
+ τ

{
Ξ31ω

3q sin

(
ωτ − 3qπ

2

)
+ (Ξ21 + 2Ξ22)ω2q sin(ωτ − qπ)

+ (Ξ11 + 2Ξ12)ωq sin

(
ωτ − qπ

2

)
+ (Ξ01 + 2Ξ02)ωq sinωτ

}
. (33)
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Let
Ω̂Rk (ω∗) = lim

q→0+
ΩRk (ω, q), Ω̂Ik(ω∗) = lim

q→0+
ΩIk(ω, q)

for k = 1, 2. It is not difficult to obtain

Ω̂R1 (ω∗) = (ℵ1 + ℵ2 cosω∗τ + ℵ3 cos 2ω∗τ) lnω∗ +
π

2
(ℵ2 sinω∗τ + ℵ3 sin 2ω∗τ),

Ω̂I1(ω∗) =
π

2
(ℵ1 + ℵ2 cosω∗τ + ℵ3 cos 2ω∗τ)− (ℵ2 sinω∗τ + ℵ3 sin 2ω∗τ) lnω∗,

Ω̂R2 (ω∗) = τ(ϑ1 cosω∗τ + 2ϑ2 cos 2ω∗τ),

Ω̂I2(ω∗) = −τ(ϑ1 sinω∗τ + 2ϑ2 sin 2ω∗τ).

Denote limq→0+ Pk(iω, q) = Âk + iB̂k, k = 0, 1, 2. Then it follows that Â0 = ϑ1,
Â1 = ϑ2, Â2 = ϑ3, and B̂k = 0, k = 0, 1, 2. When q → 0+, Eqs. (22) degenerate into

(ϑ1 + ϑ3) cosω∗τ = −ϑ2, (ϑ1 − ϑ3) sinω∗τ = 0. (34)

From the second equation in (34) it can be easily obtained that sinω∗τ = 0 or ϑ1 = ϑ3.
According to condition (A4)(i), we know that sinω∗τ = 0, which yields cosω∗τ = 1 or
cosω∗τ = −1. If cosω∗τ = 1, then the minimum ω∗ = 0, which contradicts with the
fact ω∗ > 0. Thus, we have cosω∗τ = −1 and, accordingly, the minimum ω∗ = π/τ .
As a result, it can be obtained from assumption (A4)(ii) that

Re

(
ds

dq

)∣∣∣∣
q→0+, ω∗=π/τ

= − Ω̂
R
1 (ω∗)Ω̂R2 (ω∗) + Ω̂I1(ω∗)Ω̂I2(ω∗)

(Ω̂R2 (ω∗))2 + (Ω̂I2(ω∗))2

= −
(ℵ1 + ℵ3 − ℵ2) ln π

τ

(2ϑ2 − ϑ1)τ
< 0,

which indicates that all the roots of the characteristic equation (20) have negative real
parts near q → 0+, and thus can ensure the local asymptotical stability of system (13)
based on Lemma 1. This completes the proof.

In what follows, we will further explore the critical value of the bifurcation parame-
ter q based on the solution of implicit function equations and Hopf bifurcation theory. To
this aim, rewrite Eqs. (22) as

(A0 +A2) cosωτ + (B2 −B0) sinωτ +A1 = 0,

(B0 +B2) cosωτ + (A0 −A2) sinωτ +B1 = 0,

and define

∆1(q, ω) = (A0 +A2) cosωτ + (B2 −B0) sinωτ +A1, (35)
∆2(q, ω) = (B0 +B2) cosωτ + (A0 −A2) sinωτ +B1. (36)

Denote by C1 and C2 the curves corresponding to the implicit functions ∆1(q, ω) = 0
and ∆2(q, ω) = 0, respectively. To make our study meaningful, here we assume that
there is at least one intersection between C1 and C2 (the explicit values of all the intersec-
tions can be determined using the numerical software Maple or Matlab). The following
assumption (A5) is needed to obtain the order-induced bifurcation condition.
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(A5)
ΩR1 (ω, q)ΩR2 (ω, q) +ΩI1(ω, q)ΩI2(ω, q)

(ΩR2 (ω, q))2 + (ΩI2(ω, q))2

∣∣∣∣
(ω̃0,q0)

6= 0,

where ΩRk (ω, q), ΩIk(ω, q), k = 1, 2, are defined in (30)–(33), q0 = min{qk},
ω̃0 is the value of ω corresponding to q0, and (qk, ωk) are the solutions to the
implicit function array composed of ∆1(q, ω) = 0 and ∆2(q, ω) = 0 (∆1(q, ω)
and ∆2(q, ω) are defined by (35) and (36)).

Theorem 2. Suppose that assumptions (A1), (A4), and (A5) are satisfied. Then the equi-
librium point (S∗, I∗s , I

∗
a ,M

∗) of the controlled system (13) is asymptotically stable when
q ∈ (0, q0), and a Hopf bifurcation occurs near this equilibrium point when q = q0.

5 Numerical results

In this section, the stability and Hopf bifurcation of a numerical example will be investi-
gated based on the criteria proposed in Theorems 1 and 2. Meanwhile, all the simulation
plots and phase portraits will be given simultaneously to show the effectiveness of the
presented theoretical results.

Consider the following fractional epidemic model with PDq feedback controllers:

DqS(t) = 1.5− 0.03e−0.3M(t−τ1)
[
Is(t) + Ia(t)

]
S(t)− 0.05S(t)

+ 0.1Is(t) + 0.2Ia(t),

DqIs(t) = 0.018e−0.3M(t−τ1)
[
Is(t) + Ia(t)

]
S(t)− 0.15Is(t)

+ 0.3Ia(t) + U1(t),

DqIa(t) = 0.012e−0.3M(t−τ1)
[
Is(t) + Ia(t)

]
S(t)− 0.55Ia(t) + U2(t),

DqM(t) = −0.1M(t) + 0.15
[
Is(t− τ2) + Ia(t− τ2)

]
,

(37)

where all the parameters satisfy assumption (A1). Thus we can obtain the positive equi-
librium point (S∗, I∗s , I

∗
a ,M

∗) = (26.4647, 3.1193, 0.4159, 5.3028). The PDq feedback
controllers U1(t) and U2(t) are designed as

U1(t) = 0.08Dq
[
Is(t)− 3.1193

]
+ 0.1

[
Is(t− τ)− 3.1193

]
,

U2(t) = 0.11Dq
[
Ia(t)− 0.4159

]
+ 0.2

[
Ia(t− τ)− 0.4159

]
,

respectively. The initial value is (S(0), Is(0), Ia(0),M(0)) = (25, 3, 0.4, 5). The frac-
tional order q and the time delays τ1, τ2, and τ are to be determined.

First, we concern the case of delay τ -induced Hopf bifurcation for the controlled sys-
tem (37) based on the proposed Theorem 1. To this aim, select the fractional order q = 0.9.
According to (23) and (24), the critical frequency and bifurcation point can be determined
as ω0 = 0.1809 and τ0 = 2.6187 with the help of numerical software Maple 13. Through
some computation, we can verify that assumptions (A2) and (A3) are both satisfied. So,
on the basis of the Theorem 1, the equilibrium point (26.4647, 3.1193, 0.4159, 5.3028)
is locally asymptotically stable when τ ∈ [0, 2.6187), and a Hopf bifurcation emerges
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Figure 1. The simulation diagrams of system (37) when q = 0.9, τ1 = τ2 = 0.8, τ = 1.6 < τ0 = 2.6187.

Figure 2. The simulation diagrams of system (37) when q = 0.9, τ1 = τ2 = 1.5, τ = 3 > τ0 = 2.6187.

when τ > 2.6187. The simulation plots and phase portraits of system (37) are depicted
in Figs. 1 and 2 for τ = 1.6 and τ = 3, respectively. It can be seen from Fig. 2 that Hopf
bifurcation occurs when τ = 3 > τ0.

Then we further investigate the q-induced Hopf bifurcation for the controlled sys-
tem (37) based on the given Theorem 2. In this case, we select τ = 4, which ensures
that assumption (A4) is satisfied. By solving the solutions to the implicit function array
composed of ∆1(q, ω) = 0 and ∆2(q, ω) = 0 (which are defined in (35) and (36)),
we obtain ω̃0 = 0.07671 and q0 = 0.87064, and the intersection graph of the corre-
sponding curves C1 and C2 is showed in Fig. 3. It can be verified that assumption (A5)
is satisfied by some computation, then according to Theorem 2, the equilibrium point
(26.4647, 3.1193, 0.4159, 5.3028) is locally asymptotically stable when q < 0.87064 and
loses its stability when q > 0.87064, a Hopf bifurcation emerges at the equilibrium point
when q passes through the critical value q0. The simulation plots and phase portraits of
system (37) are depicted in Figs. 4 and 5 for q=0.82 and q=0.92 with τ1 =τ2 =2, τ=4,
respectively. It can be seen from Fig. 5 that Hopf bifurcation occurs when q=0.92>q0.
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Figure 3. The intersection graph of the two curves C1 and C2 for system (37).

Figure 4. The simulation diagrams of system (37) when τ1 = τ2 = 2, τ = 4, q = 0.82 < q0 = 0.87064.

Figure 5. The simulation diageams of system (37) when τ1 = τ2 = 2, τ = 4, q = 0.92 > q0 = 0.87064.
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Figure 6. The waveform plots of Is(t) and Ia(t) for system (37) with selected parameters except k11, k21
when τ1 = τ2 = 1.3, τ = 2.6, q = 0.9.

Figure 7. The waveform plots of Is(t) and Ia(t) for system (37) with selected parameters except k12, k22
when τ1 = τ2 = 1.3, τ = 2.6, q = 0.9.

Remark 4. To explore the effect of the control gains on the stability of the number of
patients, we consider system (37). First, we fix the values of proportional gains (deriva-
tive gains) at k12 = 0.1, k22 = 0.2 (k11 = 0.08, k21 = 0.11). Then we vary the
derivative gains (proportional gains) as follows: k11 = k21 = −0.09, k11 = k21 = 0.01,
k11 = k21 = 0.11, k11 = k21 = 0.21 (k12 = k22 = −0.02, k12 = k22 = 0.03,
k12 = k22 = 0.09, k12 = k22 = 0.13) in turn. From Figs. 6 and 7 we can see that
smaller derivative gains or proportional gains will stabilize the number of symptomatic
and asymptomatic patients to the equilibrium point earlier. It can also be understood that
there may be a threshold of the control gains less than which the controlled system is
stable and otherwise loses stability.

Remark 5. Figure 8 shows the impact of the parameter α on the spread of the infectious
disease. It can be seen that as α increases from 0.09 to 0.24, the numbers of symptomatic
and asymptomatic patients at the steady state both decrease. This is because α is used to
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Figure 8. The waveform plots of Is(t) and Ia(t) for system (37) with selected parameters except α when
τ1 = 3, τ2 = 1.5, q = 0.9.

measure the effect of media coverage on individual behaviour change. Increasing α helps
to reduce interpersonal contact and then reduce the possibility of disease transmission.

6 Conclusion

This paper focuses on the stability and Hopf bifurcation of a fractional delayed epidemic
model with media coverage and asymptomatic infection. Based on fractional proportional-
derivative (PD) control method, sufficient bifurcation conditions are established by taking
the sum of the two time delays and the order of fractional derivatives as bifurcation
parameters, respectively. The effectiveness of the proposed theoretical results is illustrated
through a simulation example.

The main contribution of our work consists of three aspects:

(i) We extend the integer-order epidemic model in [22] to a fractional-order model,
which enables greater accuracy and flexibility in fitting real epidemic data and
predicting transmission trends. In addition, the introduced fractional-order PDq

controller provides more flexible adjustment capabilities, allowing for a more
precise match to the dynamic characteristics of the controlled system.

(ii) For the considered fractional epidemic model, we first establish the existence of
a positive equilibrium point, and then investigate its stability and Hopf bifurcation
by taking the time delay and the order of the fractional derivatives as bifurcation
parameters, respectively. Several novel sufficient bifurcation conditions are de-
rived based on the Hopf bifurcation theory for fractional delayed dynamical sys-
tems, and the critical values of the bifurcation points are obtained using Maple 13.

(iii) We examine the effects of the feedback control gains and media coverage on
stability and Hopf bifurcation through illustrative examples. The results show
that smaller control gains lead to earlier stabilization of the equilibrium, and
that there exists a threshold value below which the controlled system remains
stable and above which it loses stability. Furthermore, the steady-state numbers
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of both symptomatic and asymptomatic individuals decrease as the parameter α
increases, highlighting the significant impact of media coverage on the spread of
the infectious disease.
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