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Abstract. This paper investigates the existence of positive solutions for a resonant system
of nonlinear differential equations subject to coupled integral boundary conditions involving
Riemann-Stieltjes integral. Our analysis is based on Leggett—Williams norm-type theorem for
coincidence equations due to O’Regan and Zima. By employing a general abstract framework, we
obtain new existence criteria that complement and extend recent results in the literature.

Keywords: positive solution, coupled integral boundary value problem, Riemann—Stieltjes integral,
resonance.

1 Introduction

Coupled boundary conditions emerge naturally in the study of reaction-diffusion equa-
tions and Sturm-Liouville problems [2, 3, 15, 25], finding extensive applications across
diverse scientific and engineering fields, such as in the analysis of the heat equation [9,16]
and within mathematical biology [4, 15]. Coupled boundary conditions for the ordinary
differential systems was first studied by Asif and Khan [5]. Following this, a wealth of
research has emerged concerning the existence, uniqueness, and solvability of coupled
boundary conditions for the ordinary differential systems and fractional differential sys-
tems (see [1,7,12,14,23,24]). For example, Asif and Khan [5] studied the existence of pos-
itive solutions to a nonlinear singular system with four-point coupled boundary conditions
by the well-known Guo—Krasnosel’skii theorem on cone compression-expansion. Yuan et
al. [24] investigated the existence of multiple positive solutions to systems of nonlinear
semipositone fractional differential equations with coupled boundary conditions using
a nonlinear alternative of Leray—Schauder type and Krasnosel’skii’s fixed-point theorems.
In [23], Su and Zhang obtained the existence of the positive solutions of second-order
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coupled differential system with coupled integral boundary value conditions and nonlin-
earities depending on the first derivatives through posing some inequality conditions and
the spectral radius conditions on the nonlinearities.

In the aforementioned papers, the addressed boundary value problems for differential
systems are exclusively nonresonant. In the case of resonance, Cui [6] studied the exis-
tence of solutions for the coupled integral boundary value problem at resonance using
the coincidence degree theory; Sun and Bai [21] proved the existence of solutions for the
system of fractional three-point boundary value problems at resonance by employing the
Moore—Penrose generalized inverse matrix. However, in [6,21], the existence of positive
solutions is not considered.

While the existence of positive solutions has been extensively studied for differential
systems with coupled boundary conditions at nonresonance (see, for example, [7, 12, 14,
23,24]) and for boundary value problems of differential equations at resonance (see, for
example, [10,13,18,22,26]), the conditions for such solutions in coupled systems at res-
onance remain an open question. To the best of our knowledge, this problem has received
little attention in the literature. The aim of this paper is to investigate the existence of
positive solutions for the following coupled integral boundary value problem:

—¢"(t) = Fi(t, ¢(t),9(t)), te(0,1),
PI(t) = Fa(t, (t),¢(t), te(0,1),
¢'( , o ue(d) e’ (1) = aly],
P'( 5 Y219 (1) + y22¢' (1) = B,

where v;1 > 0, vi2 = 0 (i = 1,2), and «[¢)], B[] are two linear functionals on C10, 1]
defined by

(1

)
0) =0
0) =0

1

1
oyl = [waaw.  sldl = [ as)
0 0

involving Riemann-Stieltjes integral; here A and B are functions with positive measures.
The coupled integral boundary value problems under consideration are at resonance. This
resonance occurs because the associated linear homogeneous system, —¢” (t) = 0 and
—1""(t) = 0, admits nontrivial solutions when the resonant condition «[1]3[1] = 11721
is satisfied. The existence of positive solutions is established using a Leggett—Williams
norm-type theorem developed by O’Regan and Zima [18]. The method and theoretical
framework employed in this paper are based on [10,17,18].

2 Preliminaries
Let us first recall some facts on Fredholm operators and the Leggett—Williams norm-type
theorem due to O’Regan and Zima [18].

Definition 1. (See [17].) Let X and Y be real Banach spaces. A linear operator L :
dom L C X — Y is a Fredholm operator of index zero if Im L is a closed subspace of Y
and dimker L = codimIm L < oo.

https://www.journals.vu.lt/nonlinear-analysis
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It is well known that for a Fredholm operator L with index zero, there exist two
continuous projectors P : X — X and @ : Y — Y such that

ImP =ker L, X =ker L & ker P,
Im L = kerQ, Y=ImL&ImQ,

and an isomorphism J : Im () — ker L. Moreover, the operator
Lp:domLNker P — ImL

is invertible, and its inverse is denoted by Kp (the generalized inverse of Lp). Thus,
by [17,20], Lx = Nz is equivalent to

z=(P+JQN)z+ Kp(I —Q)Nz.

Definition 2. (See [8,11].) Let X be a real Banach space. A nonempty closed convex
set C'is said to be a cone, provided that

(1) dx € Cforallz € C and A > 0, and
(i) z,—x € C implies x = 6.

It is well known that the cone C' induces a partial order on X, defined by
r<y ifandonlyif y—ze€C.

Lemma 1. (See [19].) Let C be a cone in X. Then for every u € C \ {0}, there exists
o(u) > 0 such that
[z +ull = o(u)|zll, =e€C.

LetV = P+JQN+Kp(I—Q)N and ¥, = Wory, wherey : X — ('is aretraction.

Theorem 1. (See [18].) Let C be a cone in X, and let 1 and §25 be open bounded
subsets of X such that 21 C 25 and C N (22 \ 1) # (. Assume that the following
conditions are satisfied:

(i) L is a Fredholm operator of index zero;
(i) QN : X — Y is bounded and continuous, and Kp(I — Q)N : X — X is
compact on every bounded subset of X,
(ili) Lz # ANz forallx € C NIy NdomL and X € (0,1);
(iv) ~y maps subsets of {25 into bounded subsets of C
V) dg([I = (P 4+ JON)Y]|xer ., ker L N £25,0) # 0, where dp stands for the
Brouwer degree;
(vi) Thereis aug€C\ {0} such that for x € C(ug)NOA, ||z|| <o (uo)||Px|, where
Cug) ={x € C: pug < zforsomep > 0}, and o(ug) satisfies ||z +ugl| >
o (uo)||z|;
(vii) (P + JQN)v(0f2%) C C;
(Vlll) W’Y(QQ \ .Ql) cC.

Then the equation Lx = Nx admits a solution in C N ({22 \ (21).

Nonlinear Anal. Model. Control, 31(4):901-919, 2026
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3 Main result

For simplicity of notation, we set

1—s+22 0<t<
(RS HNE AN
~X X

1—t+§jj,

=

Gui(t,s) = ki(t,s) — M&}]‘F’Yll)kfg(s + ﬁ?ﬂ kp(s) — a[l?[i]%lkl(s
Gualt,5) = 5oy ha(s) + g kal®) = k(o)

Gan(t,8) = 5 b k(o) 4 5o (s) = )

Gaa(t,s) = kalt, ) + mk"‘ o) + 2]\741?32}1 Fa(s) — ﬁ@(s).

Consider the Banach spaces X x X =Y x Y = CJ0,1] x C[0, 1] with the norm
[(w,v)|| = max{[Jul],||v]|}, where [Jul| = max;e[,1]|u(t)]. Note that, for i = 1,2,
k;i(t, s) is the Green’s function of the following boundary value problems:

—"(t) =0, te(0,1),
©'(0) =0,  71p(1) + ¢’ (1) =0.

Then we can associate Eq. (1) with the perturbed Hammerstein integral equations

ﬂﬂ:iﬂm+/h@@ﬂ@ﬂ%¢@ﬂa
0

71
(2)
1
0lt) = =16l + [ kalt ) Fa(s.9(5).0() ds.
0
Thus, we can write (2) as a coincidence equation
L(g,v) = N(p,9), 3)

https://www.journals.vu.lt/nonlinear-analysis
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where L : X x X — Y X Y is given by
1

L(p,4)(t) = (@(t) - EOZWL P(t) — ;15[@])7 te[0,1], )

and N : X x X — Y x Y is given by

) = ( [ (5.0l 66) as, [ k2(t,s>F2(s,so<s>7w<s>)ds)-

To study problem (1), we use the following assumptions.

(Hy) Let Fy, F5 : [0,1] x [0,+00) X [0,+00) — R be continuous, and let there exist
nonnegative constants a;; (¢ = 1,2, j = 1,2, 3) such that

|Fi(t, 2, y)| < ana + arzy + ass, |Fo(t, 2, y)| < anx + azy + ass,

azi1aizy21 + 2a12]|B|| < v21(2 — az2)(2 — an),
and

azraizvi1 + 2az1||af| < v11(2 — a11)(2 — az2),

where ||«|| and || 3| denote the norms of linear functionals v and 3, respectively.
(H,) There is a constant A > 0 such that

Fl(t,x,y)<0, té[o,”,xEA,yE[O,—l—OO%
and
Foltiey) <0, te[0.1], z € [0, 400), y > A

(H3) There exist constants d, M > 0 such that
Fi(t,z,y) > =0z, tel0,1], z,y € [0,400),
Fg(t7$,y) > _6y7 te [07 1]7 xaye [07+OO)7

1] Y11 .
— 556Gt s) 20, — > 6Gy(t 0, j=1,2
Y11 + 01[1} 1J( S) Y11 + a[l] 2J( S) J
1 M 1 MpB[1
_ Mo, _ MBI s >0,
Y11 + a[l] 27911721 Y11 + a[l] 27911721
1
Mé

N 27%17210/ (0‘[1]7111433(3) + 7115[1]]%(5)) ds > 0.

(Hy) There exist r € (0,00), to € [0,1], @ € (0,1], T € (0,1), and continuous
functions g; : [0,1] — [0, 00) and h; : (0,7] — [0, 00) such that for all ¢ € [0, 1]
and z,y € (0,7, Fi(t,z,y) = g1(t)hi(x), Fa(t, 2, y) = g2(t)ha2(y), hi(s)/s"
(i = 1,2) is nonincreasing on (0, r], and

/ hg (T)

i1(to, 8)g1(s) ds+ Gia(to, s)g2(s) ds

O\H
V
—_
=1l
1S
Il
\’H
[N}

o
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Now we begin with the following lemmas to obtain our main results.

Lemma 2. Let L be defined by (4). Then

(1) ker L = {(%1/)) = C(O‘[l]v’yll)a ce R}r
(ii) Im L = {(u,v): B[1]afv] + v118[u] = 0}.

Proof. Clearly, L(y, ) = (0,0) has the solution ¢(t) = a[¢]/y11, ¥(t) = Ble]/Ye1.
Using the boundary condition, we have
olt) = ——alt] = ——a[Bl¢]] = — —Blglal] = ~—v(D)all]
Y11 Y11 Y21 Y11 Y21 Y11
Thus,
ker L C {(cp,z/;) = c(a[1],711), c € R}

On the other hand, suppose that (¢, 1) = (a[1],711). Then

M%w<ﬂ01QWLMﬂlﬂwo

Y11 Y21

- (a[l} — L04[“711]a Y1~ 71215[0‘[1]0

71
_ (07 iy — 7121/3[1}04[1]) ~ (0,0).

Thus, we conclude that (i) holds, and dim ker L = 1. Note that if «[1]3[1] # 711721, then
ker L = {6}.

Next, we will prove (ii). If (¢,9) € dom L and L(yp,v) = (u,v), then by the
definition of L we have

1
p(t) = Ea[w} +u®),  Y) = Eﬁ[ ol +v(t).

Applying boundary conditions, we obtain

mﬂ=Wiﬂwmu+mm=Wi(;ﬁwmm+uw0mu+mm

= Ble] + —av][1] + Blul.
Y11

Thus,
Im L C {(u,v): B[1]av] + y18[u] = 0}.
On the other hand, if (u, v) satisfies B[ Jafv] + y118[u] = 0, we can construct ¢ and 1
such that L(p, 1) = (u, v). Let ¢(¢) = u(t), (t) = v(t) + Bl¢]/21. Then
=afv L all] = Ma v L o
alv] = ale] + —plglalt) = 2oy + glglaln
all]

=~ (ltlafe] + 1 flul) =0

https://www.journals.vu.lt/nonlinear-analysis
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Thus,
L) = (1l0) = ~alul, 60 = 5 ) = (e.0) = (uv0).
and
{(u,v): Bl)afv] + m11B[u] =0} C Im L.
Hence, (ii) is proved. O]

Lemma 3. Let L be defined by (4). Then L is a Fredholm operator of index zero. More-
over, the linear continuous projector operators P : X x X - X x X and@Q :Y xY —
Y XY can be defined as

Plp, ) = /wa+wwﬁﬂwﬂm%o,
0

afl] + 711
1

Q(u,v) = (B]afv] +v118[4]) - (af1],711)- (5)

2
27911721
Furthermore, the operator K p, the inverse of L p, can be written by

Fo(t) dt

)

o= 8

o[1]B[u] — y11721 fol(u(t) +o(t)) dt)
Yor (a[1] + v11) '

Proof. For (p,9) € X x X and (u,v) € Y x Y, we have

1 1
9 1
P(p, ) = ([1]“‘711( O/ t) +(t)) dt-i-Wuo/ t) + ( ))dt>

x (afl], 1)
er/1 t-(a[l],y11) = P(p, %), (p,0) € XxX,
g
@ (u.v) = ZEHQWM[]+%M[DwH[%ﬂ+%MMMD@Mnu)
:4%;%MMMM+%ﬁMKMﬁMMH+mmmwmﬂqm%Q
= g (Bllale] + Bl (0{1l7m) = Qu.v). (o) €Y x Y

Nonlinear Anal. Model. Control, 31(4):901-919, 2026
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Then P and @ are projection operators. Also, ker @ = Im L and Im P = ker L. Since
@ is a projection operator, we obtain ¥ X ¥ = ImQ@Q ¢ kerQ = Im@Q & Im L, and
dimker L = codim Im L = 1. Therefore, L is a Fredholm operator of index zero.

Let Lp be the restriction of the operator L to ker P N dom L. Take

1 1
u=p——aly], v=v¢——p[]
711 Y21

for (p,4) € ker P = {(p,4)) € X x X: [, (p(t) +4(t)) dt = 0}. Then

711 Y1121 Y21
This gives
~mafu] i fy (u(t) + () dt
o= o1 + 71
_afl]Bu] —y11721 fol(u(t) +o(t))dt
afl] + 711
and
alv] = al] + —Bl¢lal1]
_ afl] all]B[u] — 11721 fol(U(t) +o(t)) dt
—afy] +
721 ofl] + 711
_ ymafv] = aflyn fi (u(t) + o(t) dt

afl] + 711
Thus, for (u,v) € Im L, the inverse Kp of Lp is given by
1
afv] — all] [y (u(t) +v(t)) dt
afl] + 911

a[1)8[u] — 11721 f, (u(t) + v(t)) dt)
Y21 (a[1] +y11) '

)

kuwmw=(mw+

v(t) +

For ¢ € R, define
Jle(a1],71)] = eM (a[1],711),

where M is a positive constant given in (Hz). Obviously, J : Im ) — ker L is an isomor-
phism.

https://www.journals.vu.lt/nonlinear-analysis
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Now, coincidence equation (3), that is,

o(t) = %yu !(MW¢W@W@N&
1 1
Mﬂwﬁm+!b@Qﬁﬁﬂ$¢®N&

is equivalent to

(0, 0) =¥(p, ) = (P+JQN)(p, ) + Kp(I — Q)N(p,v),

that is,

1 1
s)ds + /
’YllJrOé 0/()0 ’YnJrOé / vls

1 1
/GutS)Fl(SSO / t3F2390 )¢())d3’
0
1 1 (©)
_ Y11 Y11
oy +all o/w ’Yu-i-a 0/1/1

+/@wmm@wﬂwmm+/%m@%@w@W@m&
0 0

Also, from the above proof we obtain

(P + JQN) (¢, )
1
:( 7 (7114‘04 /
0

M /wm;ﬂsw>mm+mmmwwwﬁwmma
0

2’711’721
(el M
B <’Yu + a[l} 0/ (QD(S) +77Z)( )) ds + 2711 / kA(S)FQ(‘Sv(p(S)ﬂ/}(S)) ds

Nonlinear Anal. Model. Control, 31(4):901-919, 2026
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1
711+0¢ 0/ 2711721 /k Do, ¢(9), ¥(9)) ds

kB( V1 (s,¢(s),1(s)) dS) :

2’)’21

Using the Arzela—Ascoli theorem, we obtain the following lemmas without proof.

Lemma 4. QN : X x X — Y X Y is bounded and continuous, and Kp(I — Q)N
X x X — X x X is compact on every bounded subset of X x X.

Lemma 5. Under hypotheses (H;) and (Hy), the set

2 = {(p,) € CNdom L: L(p, 1)) = AN(p, 1), A€ (0,1)}
is bounded.
Proof. Take (¢,v) € £2, then N(p,1) € Im L = ker Q. By (5), we have

6[1]/F2(ta90(t)a¢( +711/F1 ¥(t)) dB(t) = 0. (7)
0 0

Subsequently, we discuss two cases.

Case 1. There exists to € [0, 1] such that F (o, ©(t0), ¥ (to)) = 0. So, by (Hz), we
have 0 < (o) < A. By (1), we obtain

wm:ww—/m@ﬂawmmz—/m@ﬂﬁwmm,

= ¢(to) —/t/TFl (s, 0(s),4(s)) dsdr.

This, together with (H;), implies that

T

1
to)+//’F1 s, p(s )|dsd7’
0

T

/ dsdr

0

<A+ (anllell + arzl[¥]l + ars)

o—__

ail aio a3
= A 4 |wn+( +A)

Consequently, we have

2A + a3 a12

< . 8
il < =8 4 2y ®)

https://www.journals.vu.lt/nonlinear-analysis
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In view of (2), we can find that

wmz/@wﬁﬁﬁw@mm»m+iﬂm
0

Y21
1
_ I
< (a21||<P|| + agal[?]| + a23) kao(t,s)ds + — || |
0
Hﬂ” az
<
< (2 + LDy o+ 22 +
< as1a127y21 + 2012 8] + a22721(2 —a11) 1]l + D,
2921(2 —an1)
where
D, = 92, (a21721 +2(|8]) (24 + a13)
1= — —+ .
2 2921(2 — a11)
This leads to
2D17v21(2 — a11)
[l < .= Ds.

Y21(2 — a22)(2 — a11) — ag1a12721 — 2a12||6]|

This, together with (8), implies that (2 is bounded.

Case 2. Fi(t,p(t),¥(t)) < 0 for all t € [0,1]. Then (7) implies that there exists
to € [0,1] such that F5(to, ¢ (to),%(to)) = 0. So, by (Hz), we have 0 < ¥(ty) < A.
Similar to the proof of Case 1, we have

1

ww<wWﬁ+//uas¢ ())] dsdr

0
a2 az3
< |+nw+(A+2).
Consequently, we obtain
2A + a3 a9
9]l < + lell-

— @22 2 —ago

In view of (2), we can find that

/htsmsw>w»w+%ym

[l

1
< (anllell + a2l +a13)/k1(t78)d + %1|||¢|
0

Nonlinear Anal. Model. Control, 31(4):901-919, 2026
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aiy ai2 HOZH a13
<ol + (%2 + 2Dy gy 4 22

a12a21711 + 2021”04“ + CL11’711(2 — ag2)
< |l + D,

h 2711(2 — ag2)
where
a1z | (a12711 + 2[|af|) (24 4 ag3)
Dy =—"7+ .
2 2’)/11(2 — a22)
This leads to
2D5711(2 — azz)
el < .= Dy.
111(2 = @11)(2 — ag22) — az1a12711 — 2a91 |||

Hence, it follows from (8) that {2 is bounded. O]

We now prove the main result of this article.

Theorem 2. Suppose that conditions (H,)~(Hy) hold. Then problem (1) has at least one
positive solution in X x X.

Proof. Consider the cone of nonnegative function in X x X
C={(p¥) € X x X: o(t) 20, ¥(t) >0, t € [0, 1]}.
Let

2 ={(p.¥) € X x X: T|| (0, 9)|| < 0(®)
D ={(p,¥) € X x X: || (0,9 H < R},

)] <r, telo,1]},

where

R — maX{Dg,D4, Ama’x{a[]‘Lvll} Ama‘x{a[]‘L’Yll} } + T’

afl] 7 711
T is a positive constant given in (Hy). Clearly, £2; and (25 are open bounded subsets of
X x X, and 1 C (2. Define (v(¢,9))(t) = (Jp(t)], [¢(¢)]) for (¢,9) € X x X. Then
v : X x X — C is a retraction that maps bounded subsets of {2, into bounded subsets
of C. Consequently, (iv) holds. From Lemmas 2-5 it follows that assumptions (i)—(iii) of
Theorem 1 are fulfilled.

To prove (v), we consider (¢,v) € ker L N §25. Then (p,1) = c(a[l],~11) with
€ [~ R, R], where R = R/ max{a[1],711}. Forc € [-R, R] and \ € [0, 1], consider

H(e,\) = [I = AP + JQN)7] (call], evn1)

= ( —)\<|c| + éw /(711kB(S)F1(S,OJUHC\,’YHM)
0

2711721
+ B[1]kA(s)Fy (s7 all]|d, ’}/11|C|)) ds)) (a[l], 'yll).

https://www.journals.vu.lt/nonlinear-analysis
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Assume that H (c, \) = 0 for (,1) = c(a[1],711) € 952. Then, according to (Hs),

1

c= )\<|C| + Mﬂim/(%l@(s)ﬂ (s, a[1]lel, v lel)
0
+5[1}]‘1A(5)F2(5704[1]|C|7’>’11C|))d5>

1

> M| (1 - jyi(s/(a[l]fynkg(s) + 711/3[1]k,4(3))d5> > 0.

2911721
0

Hence, H(c, \) = 0 gives ¢ > 0. Since (¢, ¢) = c(a[1],711) € 042, we have |¢| = R;
and, together with ¢ > 0, this implies ¢ = R. Furthermore, we conclude that A # 0. In
this case, noting that «[1]R > A and 11 R > A, we would have by (Hz3)

0<R(1-N)
1 1
MM\ _ . _ _
= 227 <O/'711kB(S)F1 (s,a[l]R, 1 R) d3+0/ﬂ[1]kA(s)F2 (s, a[1]R, 11 R) dS)
<0,

which is impossible. So, H(c, ) # 0 for (¢, ) = c(a[l],111) € 023 and A € [0,1].
Therefore, by the homotopy invariance property of topological degree, we have

dp([I — (P+ JQN)~] |kerL, ker L N {2, §) = dp(I, ker LN £25, 0) # 0,

which shows that (v) of Theorem 1 holds.
Let (¢, ) € {22\ £21. By (6), we conclude that

(2 (,9)) ()
= ([(P+ JQN + Kp(I — Q)N) o 7] (¢, ¥))(t)

1 1
(’Y11+Oé /(p ’711+Oé /1/1

0

0
1
/Gllts)Fl(scp dS+/G12tSF28<p()’(/J( ))d

0

1

)ds + ———— /

711+Oé /<p ’711+Oé / vis

0

+/G21(t75)F1(57§0(3)a77[}(5))ds"’/G22(t75)F2(5a§0(5)7¢(5))dS)
0 0
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1 1
afl] )
<O/<711+a —0G11(t, s )’(p ‘ds+/(’Y11+OZ[1] 0G15(t, s W ’ds,

0
1

1
Y11 Y11
—0Go (t, )| d 0Gaal(t, )| d
0/(,}/11_~_OZ 21(t, s >’%0 | 5+/(711_~_a[1] 22(t, s >|1/’ | 5)

0
> (0,0).

which implies (viii). By (Hy) and (Hy), for (¢, %) € 0§22, we have
(P+JQN)(p,v)

= <2wa1721 (M1kp(s)Fi (s, ¢(s),¥(s)) + Bka(s)Fa(s, 0(s),1(s))) ds

1
’Y11+Oé /
0

< 1 My
1+ fl] 29892

s | (af1],711)

\_/

|

+

kB(s)> |g0(s)| ds

St — ot

1 Mp1]
(ot~ o) >ds)< 1))
> (0,0).

This means that (vii) holds.

It remains to show that (vi) is satisfied. Let (¢, o) = (1, 1), then we have (g, ¥g) €
C\A{0}, Clpo. vo) = {(e,¥)] ¢(t) > 0,%(t) > 0}, and we take o(po, o) = 1. Let

(p, 1) € Clpo, o) N ON21. Then T|[(p, V)|l < p(t),%(t) < r,t € |0,1]. Therefore,
combining with (H3) and (Hy), we get

)

1 1
of1] a[l 9Tt

1 1
M1 Y11 2Ty
>T<m+am [t ds>|><sa,w>||mwmnw,wu,

https://www.journals.vu.lt/nonlinear-analysis
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and

1 1
/Gzl to, s)F1 (s, 0(s), 1 (s) d$+/GiQ(to,S)FQ(S#P(S)JMS)) ds
0 0

Gia(to, s)g2(s)ha (¢ (s)) ds

WV

— O —

Gi (to, $)g1(s)ha(ip(s)) ds +

o _

WV

1
”w%@ds+Jl%xmwmx@hjf“”w%@ds

Gt ()55 )

Gir(to, 8)g1(s)T?|| (0, 9)||" ds

WV
>~ ©°
< [~
Q ’%\
S~—
O\H

1
h a
+—ij/GQ@m@m@ﬂ“m%ww s
0
L (r) 1 1
> ( lr /Gzl(to 5)g1(s i2(to, s)g2(s d8>TaH @, 9|
0 0

and

(2 (¢, 9)) (t0)
= ([(P+JQN + Kp(I - Q)N ) (e, ) (to)

1

1
- <711a+[13y[1} 0/ Ddst o +a 0/¢

1
/Gnts)Flsgo dS+/G12tSF25s0 ,Y(s)) ds,
0
1 1
Y11 Y11
s)ds + /
Y1+ afl 0/90 711 +afl , Vi

1 1

+/GQI(taS)Fl(Sv‘p(S)7¢(S>) ds+/G22 t,s)F(s,¢(s), 9(s)) dS)
0

2Tall] 2T’Y11
> (T )] + =Dl 222 )]+ (-1 6,00
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This implies ||(, 1) || < o(@o, Yo) || (¢, )| for (v,) € C(po,10) N OL21. So (vi) is

satisfied, and the assertion follows.

4 An example

Consider the following coupled integral boundary value problem:

—"(t) = Fi(t, 9(t),%(1), —¢"(t) = Fa(t,0(t),9(t), te(0,1),
7 i 8 i
P0)=0, ¢1)=¢ [¥(t)d,  ¥(0)=0, ¥(1)=3 [ @(t)dt
4 3
with
TP Y
Fi(t,p,0) = g sin—- — 1+¢2(1+t)
and
F2(t7§0aw)

V247 = 29+ 3) Farctang +e7?, 1 €[0,1], ¢ € [0,+00),
VB FIR - VP —T) +arctanp+e?, 4 € (1,+00), ¢ € [0,400).

Problem (9) has at least one positive solution.
To verify this claim, we compute the following quantities:

1—s, 0<t<s<],
ki(t,8) = kao(t, s) = ’
1(t:8) = ka(t, ) {l—t, 0<s<t<l,
7 8
Y1 =721 =1, Y2 =722 =0, A(t)=§t7 B(t)_?fv

B =) =~ Ral) = okl hals) = Shs)
Gt ) = ka(t, 5) + (A; - E)kl(s), Gralt, ) = (71M - 370>k:1(s),
Ggl(t,s) = (2,]7\4 — 145>k1(8)7 Ggg(t,s) = kz(t,s) + <]2W - fb)kl(s)

and
M M
_ 7 / (a[lhukB(s) + 7115[1]1@1(3)) ds=1-— =

0
Let a;; = aga = 1/5, a12 = ag1 = 0, a1 = azs = 15, A = 225. Then we have

Fi(t,p,7,y) <0, tel0,1], ¢ > A, ¢ €[0,+00),
Fy(t,p,9) <0, te[0,1], ¢ €[0,400), ¥ > A,

O

https://www.journals.vu.lt/nonlinear-analysis
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and
|Fu(t,0,9)| < a1 + a129) + ass,
|Fa(t,0,0)| < as10 + asot) + asgs.

Thus, (H;) and (H,) are satisfied.
Taking M = 5/3 and § = 2/5, we have

Fi(t,0,9) > =6p, te[0,1], v, € [0,+00),
F2(t7¢a¢) > —5¢7 t e [07 1]7 <P7¢ 6 [07+OO)7

and
1

Mé -
- 27%17210/ (a[ly11k5(s) +1B[1ka(s)) ds = 9> 0.

Therefore, condition (H3) of Theorem 2 holds.
Letr =1,a=1,T =1/2, hi(p) = (6/5)sin(mwp/2), ha(¢)) = 2/P + 2, g1(t) =
g2(t) = 1. So, as ¢, € (0,7],

Fi(t,p,v) = g1(t)hi (), Fy(t, @, v) = g2(t)ha(1)).

Therefore,
)91( 92 )
hl(r) 8 ha(r) 119 119 1-T
— = = — 4+ 2V3—~~1212> 1
r 15 + r 720 5 15 + f720 Ta ’ (10)
and
1 1
Ga1(to, 8)g1(s) Gaa(to, 5)ga(s) ds
0 0
hi(r) 2 ha(r) 616 22 61 1-T
= 77" ———— + 23—~ 2392 > 11
r 415 r 905415 + \/590 39 Ta (b

From (10) and (11) we obtain that condition (Hy4) holds. By Theorem 2, problem (9) has
at least one positive solution.

5 Conclusions

This paper investigates a resonant system of nonlinear differential equations subject to
coupled Riemann-Stieltjes integral boundary conditions. Through the application of the
Leggett—Williams norm-type theorem for coincidence equations, a new existence result is
obtained. In the future, we intend to study the existence of multiple positive solutions for
resonant coupled integral boundary value problems.
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