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Abstract. In this paper, we introduce and study Kannan-type aggregate pairwise distance mappings
defined on four points, formulated through mapping conditions involving the sum of all pairwise
distances of a quadrilateral configuration. We analyze their structural properties and clarify their
connections with classical Kannan mappings, generalized Kannan-type mappings, as well as with
mappings involving the total pairwise distance of a quadrilateral. We further extend the theory by
introducing functional generalizations, namely the G-Kannan-type and B-Kannan-type aggregate
pairwise distance mappings on four points, in which the constant parameter is replaced by appro-
priate control functions. Under the assumptions of asymptotic regularity or approximating fixed
point sequence, with or without weaker continuity hypotheses, we obtain functional extensions
that improve the admissible range of the associated parameters. Finally, applications are provided
to the existence of solutions for fractional differential equations with boundary conditions and to
a nonlinear Diophantine equation.

Keywords: fixed point theorem, Kannan mappings, asymptotic regularity, fractional differential
equations, Diophantine equation.

1 Introduction

The Banach contraction principle occupies a central position in fixed point theory and is
widely regarded as one of its most fundamental and pivotal results. Its importance lies
not only in guaranteeing the existence and uniqueness of fixed points for a broad class
of self-mappings on complete metric spaces but also in providing a constructive method
for approximating those fixed points. This combination of theoretical depth and practical

1Corresponding author.

© 2026 The Author(s). Published by Vilnius University Press
This is an Open Access article distributed under the terms of the Creative Commons Attribution Licence, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original author and source
are credited.

https://orcid.org/0000-0002-6333-8127
https://orcid.org/0000-0001-8254-6688
mailto:ravindrak.bisht@outlook.com
mailto:radens@beotel.net
https://www.vu.lt/leidyba/en/
https://creativecommons.org/licenses/by/4.0/


2 R.K. Bisht, S. Radenović

utility has paved the way for its extensive use across numerous branches of mathematics
and the applied sciences (see [18, 33] and the references therein).

In 1968, Kannan [20] proved a fixed point theorem for a class of mappings that are
neither contractions nor contractive. Later, Subrahmanyam [32] established that Kannan’s
theorem uniquely characterizes metric completeness, a property not shared by the Banach
contraction principle. Specifically, a metric spaceX has the metric completeness property
if and only if every Kannan mapping on X has a fixed point.

A mapping T : X → X defined on a metric space (X, d) is said to be a Kannan
mapping if it satisfies the inequality

d(Tx, Ty) 6 λ
(
d(x, Tx) + d(y, Ty)

)
, x, y ∈ X, 0 6 λ < 0.5. (1)

Every Kannan mapping on a complete metric space has a unique fixed point [20].
Building on the foundational work of Banach and Kannan, researchers have sig-

nificantly advanced fixed point theory by establishing results under diverse contractive
conditions (see [7, 30] and references therein). These developments have led to broader
generalizations of classical theorems, achieved by relaxing contractive conditions, in-
tegrating additional distances, modifying topological structures, and redefining metric
spaces to enhance their applicability. The extension to multivalued mappings has further
expanded the scope, enabling the exploration of fixed points in varied contexts, including
common fixed points and best proximity points, while ensuring validity in generalized
metric spaces. These innovations not only unify and extend fundamental principles but
also reinforce the relevance of fixed point theory in numerous scientific and engineering
applications, as highlighted in [1, 3, 5, 11, 14–17, 19, 21, 22, 24, 29, 31, 33].

In 2023, more than a century after the Banach contraction principle, Petrov [25]
introduced a new class of mappings contracting the perimeters of triangles, defined for
three pairwise distinct points, together with an additional restriction excluding periodic
points of prime period 2. This development effectively extended the Banach contraction
principle to a three-point framework. In 2025, Petrov [26] further advanced this line
of research by introducing mappings that contract the total pairwise distances among
k points in metric spaces, accompanied by an existence theorem for their periodic points,
marking a significant evolution in the study of contraction mappings.

In this paper, |X| denotes the cardinality of a set X . The symbols N, Q, Qc, R, and
R+ denote the sets of natural numbers, rational numbers, irrational numbers (i.e., R \Q),
real numbers, and positive real numbers, respectively. Let T : X → X . A point x ∈ X
is called a fixed point of T if T (x) = x; it is called a periodic point of T if there exists
n ∈ N such that Tn(x) = x; and it is called a periodic point of prime order p if p ∈ N is
prime, T p(x) = x, and T k(x) 6= x for every 1 6 k < p [12].

Definition 1. (See [26].) Let k > 3, k ∈ N, and let (X, d) be a metric space with
|X| > k. A mapping T : X → X is called a mapping contracting the total pairwise
distances between k points if there exists α ∈ [0, 1) such that∑

16i<j6k

d(Txi, Txj) 6 α
∑

16i<j6k

d(xi, xj) (2)

holds for all k pairwise distinct points x1, x2, . . . , xk ∈ X .
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In 2023, Petrov and Bisht [27] introduced generalized Kannan-type mappings, a new
class of three-point analogues of Kannan mappings in metric spaces.

Definition 2. Let (X, d) be a metric space with |X| > 3. A mapping T : X → X is cal-
led a generalized Kannan-type mapping if there exists a constant λ ∈ [0, 2/3) such that

d(Tx1, Tx2) + d(Tx2, Tx3) + d(Tx3, Tx1)

6 λ
(
d(x1, Tx1) + d(x2, Tx2) + d(x3, Tx3)

)
holds for all three pairwise distinct points x1, x2, x3 ∈ X .

More recently, Banerjee et al. [4] introduced a four-point analogue of the Kannan-type
contraction as follows:

Definition 3. Let (X, d) be a metric space with |X| > 4. A mapping T : X → X is
called a Kannan-type perimetric contraction on quadrilaterals if there exists a constant
δ ∈ [0, 1/2) such that

d(Tx1, Tx2) + d(Tx2, Tx3) + d(Tx3, Tx4) + d(Tx4, Tx1)

6 δ
(
d(x1, Tx1) + d(x2, Tx2) + d(x3, Tx3) + d(x4, Tx4)

)
(3)

holds for all four pairwise distinct points x1, x2, x3, x4 ∈ X .

Remark 1. It is important to note that condition (3) focuses on the perimeter of the
quadrilateral formed by the images of the four points.

Various other works employing multipoint Banach contractions can be found in [8, 9,
19], including those developed within the framework of semimetric spaces based on the
triangle functions introduced by Bessenyei and Páles [6].

In this paper, we introduce the notion of a Kannan-type aggregate pairwise distance
mapping on four points, which generalizes Kannan-type perimetric contractions on quadri-
laterals by considering the entire structure of the quadrilateral, including its internal
connections and diagonals as follows:

Definition 4. Let (X, d) be a metric space with |X| > 4. We say that a mapping T :
X → X is a Kannan-type aggregate pairwise distance mapping on four points (or
a Kannan-type aggregate pairwise distance mapping on a quadrilateral) if there exists
a constant λ ∈ [0, 3/4) such that

d(Tx1, Tx2) + d(Tx1, Tx3) + d(Tx1, Tx4)

+ d(Tx2, Tx3) + d(Tx2, Tx4) + d(Tx3, Tx4)

6 λ
(
d(x1, Tx1) + d(x2, Tx2) + d(x3, Tx3) + d(x4, Tx4)

)
(4)

holds for all four pairwise distinct points x1, x2, x3, x4 ∈ X .

Remark 2. It is pertinent to note that for four points x1, x2, x3, and x4 in a metric
space, there are exactly

(
4
2

)
= 6 pairwise distances. Geometrically, these correspond to
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Figure 1. Geometric depiction of a Kannan-type aggregate pairwise distance mapping on four points.

the four boundary edges and the two diagonals of the quadrilateral determined by the
points. Thus, condition (4) captures the entire geometric configuration of the four points,
rather than only the boundary structure considered in (3) (see Fig. 1).

Example 1. Let (X, d) be a metric space, where X = {x1, x2, x3, x4} with metric

d(x, y) =


0, x = y,

1, {x, y} = {x1, x2},
4 otherwise,

and define T : X → X by T (x1) = x1, T (x2) = x2, T (x3) = x1, and T (x4) = x2.
Since

∑
16i<j64 d(Txi, Txj) = 4 and

∑4
i=1 d(xi, Txi) = 8, the condition 4 6 λ · 8

holds for all λ ∈ [1/2, 3/4), so T is a Kannan-type aggregate pairwise distance mapping
on four points for λ ∈ [1/2, 3/4). On the other hand, the cyclic sum

d(Tx1, Tx2) + d(Tx2, Tx3) + d(Tx3, Tx4) + d(Tx4, Tx1) = 4

gives 4 6 δ · 8, i.e., δ > 1/2. Since condition (3) requires δ < 1/2, T does not satisfy the
Kannan-type perimetric contraction condition on a quadrilateral.

This paper is organized as follows. Section 2 investigates the structural properties of
Kannan-type aggregate pairwise distance mappings defined on four points. In particu-
lar, we examine their relationship with classical Kannan-type contractions, generalized
Kannan-type mappings, and mappings involving the total pairwise distance of a quadri-
lateral. We also show that such a mapping may fail to be continuous at every point of its
domain except at its fixed points, which constitute the only points of continuity.

Section 3 establishes the main result of the paper, Theorem 1, which provides a fixed
point theorem for Kannan-type aggregate pairwise distance mappings on four points. The
theorem asserts that the number of fixed points is at most three, provided that T does not
admit periodic points of prime periods 2 and 3. Moreover, we prove that these mappings
are continuous at their fixed points.
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Section 4 extends Theorem 1 in two directions. First, we broaden the class of admissi-
ble constants in (4) by introducing functional generalizations, namely theG-Kannan-type
and B-Kannan-type variants. Under the assumptions of asymptotic regularity or approx-
imating fixed point sequences, together with weaker forms of continuity, we establish
functional extensions of the main result in Theorems 2 and 3, allowing the parameter λ to
vary over [0,∞), as shown in Corollaries 2 and 3. Second, by dropping the continuity or
weaker continuity assumptions and assuming only asymptotic regularity or approximating
fixed point sequences, we improve the admissible range of λ in (4) from [0, 3/4) to [0, 1),
as established in Theorem 4.

Section 5 is devoted to applications. Subsection 5.1 applies Theorem 1 to study the
existence of solutions to fractional differential equations with boundary conditions, while
Subsection 5.2 presents an application to study the solutions of a nonlinear Diophantine
equation.

2 Properties of Kannan-type aggregate pairwise distance mappings
on four points

The following proposition shows that the standard Kannan class with 0 6 λ < 1/4
is contained within the broader framework of Kannan-type aggregate pairwise distance
mappings on four points.

Proposition 1. A Kannan mapping with parameter λ ∈ [0, 1/4) is a Kannan-type aggre-
gate pairwise distance mapping on four points.

Proof. Let (X, d) be a metric space with |X| > 4, and let T : X → X be a Kannan map-
ping with parameter λ ∈ [0, 1/4). Consider four pairwise distinct points x1, x2, x3, x4 ∈
X . Applying (1) to all distinct pairs xi, xj (1 6 i < j 6 4), we obtain

d(Txi, Txj) 6 λ
(
d(xi, Txi) + d(xj , Txj)

)
, 1 6 i < j 6 4.

Summing over all such pairs, we get∑
16i<j64

d(Txi, Txj) 6 λ
∑

16i<j64

(
d(xi, Txi) + d(xj , Txj)

)
. (5)

Each d(xk, Txk) appears in exactly
(
3
1

)
= 3 of the six pairs, so

∑
16i<j64

(
d(xi, Txi) + d(xj , Txj)

)
= 3

4∑
i=1

d(xi, Txi).

Thus, it follows from (5) that

∑
16i<j64

d(Txi, Txj) 6 3λ

4∑
i=1

d(xi, Txi).
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Since λ ∈ [0, 1/4), we have 3λ ∈ [0, 3/4). Hence, T satisfies condition (4) of Defini-
tion 4, and therefore, it is a Kannan-type aggregate pairwise distance mapping on four
points.

Proposition 2. Let (X, d) be a metric space, and let T : X → X be a Kannan-type
aggregate pairwise distance mapping on four points with some λ ∈ [0, 3/4). If x is an
accumulation point of X and T is continuous at x, then the inequality

d(Tx, Ty) 6 λ

(
d(x, Tx) +

d(y, Ty)

3

)
(6)

holds for all points y ∈ X .

Proof. Let x ∈ X be an accumulation point, and let y ∈ X . If y = x, then (6) holds
trivially since both sides equal zero. Now assume that y 6= x. Since x is an accumulation
point, there exists a sequence {zn} ∈ X with zn → x, zn 6= x, zn 6= y, and all zn distinct.
Hence, x, y, zn, and zn+1 are pairwise distinct for all n ∈ N. Applying condition (4) to
these four points gives

d(Tx, Ty) + d(Tx, Tzn) + d(Tx, Tzn+1) (7)
+ d(Ty, Tzn) + d(Ty, Tzn+1) + d(Tzn, T zn+1)

6 λ
(
d(x, Tx) + d(y, Ty) + d(zn, T zn) + d(zn+1, T zn+1)

)
.

Since zn → x and T is continuous at x, it follows that Tzn → Tx and Tzn+1 → Tx. By
the joint continuity of d, we also have d(zn, T zn) → d(x, Tx) and d(zn+1, T zn+1) →
d(x, Tx). Taking n→∞ in (7) yields (6).

Corollary 1. Let (X, d) be a metric space, and let T : X → X be a continuous
Kannan-type aggregate pairwise distance mapping on four points. If all points of X
are accumulation points, then T is a Kannan mapping.

Proof. Applying Proposition 2 to the pairs (x, y) and (y, x) and adding the resulting
inequalities gives

2 d(Tx, Ty) 6
4λ

3

(
d(x, Tx) + d(y, Ty)

)
.

Dividing by 2, we obtain d(Tx, Ty) 6 (2λ/3)(d(x, Tx) + d(y, Ty)), where 2λ/3 ∈
[0, 1/2) since λ ∈ [0, 3/4). Thus, T is a Kannan mapping.

Remark 3. The assumption that x is an accumulation point in Proposition 2 is essential.
It guarantees the existence of a sequence of distinct points converging to x, which allows
condition (4) to be applied prior to taking limits. If xwere isolated, such a sequence could
not exist, and the conclusions of Proposition 2 and Corollary 1 may fail.

Proposition 3. Let (X, d) be a metric space with |X| > 4, and let T : X → X be
a mapping contracting total pairwise distance on four points with a constant 0 6 α <
1/6. Then T is a Kannan-type aggregate pairwise distance mapping on four points with
respect to the metric d.
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Proof. Let x1, x2, x3, x4 ∈ X be pairwise distinct. By (2), we get∑
16i<j64

d(Txi, Txj) 6 α
∑

16i<j64

d(xi, xj).

Applying the triangle inequality d(xi, xj) 6 d(xi, Txi) + d(Txi, Txj) + d(Txj , xj) to
each of the six pairs and summing, each d(xk, Txk) appears in exactly three pairs, so

∑
16i<j64

d(xi, xj) 6 3

4∑
i=1

d(xi, Txi) + 2
∑

16i<j64

d(Txi, Txj).

Substituting and collecting terms, we get

(1− 2α)
∑

16i<j64

d(Txi, Txj) 6 3α

4∑
i=1

d(xi, Txi).

Since α < 1/6 implies 1− 2α > 0, dividing gives

∑
16i<j64

d(Txi, Txj) 6
3α

1− 2α

4∑
i=1

d(xi, Txi).

Setting λ = 3α/(1 − 2α) ∈ [0, 3/4), T is a Kannan-type aggregate pairwise distance
mapping on four points.

We now present an example demonstrating that a Kannan-type aggregate pairwise
distance mapping on four points can be discontinuous at every point of its domain except
at its fixed point, which is its only point of continuity.

Example 2. Let X = [0, 2] be equipped with the usual Euclidean metric d, and define
a mapping T : X → X by

T (x) =

{
x
6 if x ∈ Q,
0 if x ∈ Qc.

Then T satisfies the Kannan mapping, that is,

d(Tx, Ty) 6
1

5

(
d(x, Tx) + d(y, Ty)

)
for all x, y ∈ X . Therefore, by Proposition 1, T qualifies as a Kannan-type aggregate
pairwise distance mapping on four points. Moreover, T is discontinuous at every point
of X except at x = 0, which is the unique fixed point of T .

3 Main results

The following theorem constitutes the main result of this work.
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Theorem 1. Let (X, d), |X| > 4, be a complete metric space, and let the mapping
T : X → X be a Kannan-type aggregate pairwise distance mapping on four points. If
T does not have periodic points of prime period 2 and 3, then T has at least one fixed
point in X . Furthermore, T has at most three fixed points.

Proof. Let x0 ∈ X be chosen arbitrarily. Define the sequence {xn} recursively by

xn+1 = Txn, for all n > 0.

If xn is a fixed point of T for some n, then we are done.
Now assume that xn is not a fixed point of T for any n > 0. Since the sequence is

defined by xn+1 = Txn, this implies xn 6= Txn = xn+1 for all n. If xn = xn+2 for
some n, then xn+1 = T 2xn+1; since xn+1 is not a fixed point, it has prime period 2,
contradicting the hypothesis. Similarly, xn = xn+3 implies xn = T 3xn; since xn is not
a fixed point, it has prime period 3, which is again a contradiction. Hence, for every n,
the four consecutive terms xn, xn+1, xn+2, and xn+3 are pairwise distinct.

Applying (4) to xn, xn+1, xn+2, and xn+3 and substituting Txk = xk+1, we obtain

d(xn+1, xn+2) + d(xn+1, xn+3) + d(xn+1, xn+4)

+ d(xn+2, xn+3) + d(xn+2, xn+4) + d(xn+3, xn+4)

6 λ
(
d(xn, xn+1) + d(xn+1, xn+2) + d(xn+2, xn+3) + d(xn+3, xn+4)

)
.

Rearranging terms, we obtain

(1− λ)d(xn+3, xn+4)

6 λ
(
d(xn, xn+1) + d(xn+1, xn+2) + d(xn+2, xn+3)

)
−
(
d(xn+1, xn+3) + d(xn+1, xn+4)

)
−
(
d(xn+2, xn+3) + d(xn+2, xn+4)

)
− d(xn+1, xn+2).

By the triangle inequality applied to the triples xn+1, xn+3, xn+4 and xn+2, xn+3, xn+4,

−d(xn+1, xn+3)− d(xn+1, xn+4) 6 −d(xn+3, xn+4)

and
−d(xn+2, xn+3)− d(xn+2, xn+4) 6 −d(xn+3, xn+4).

Omitting the negative term −d(xn+1 and xn+2), we obtain

(3− λ)d(xn+3, xn+4) 6 λ
(
d(xn, xn+1) + d(xn+1, xn+2) + d(xn+2, xn+3)

)
.

Therefore,

d(xn+3, xn+4) 6
3λ

3− λ
max

(
d(xn, xn+1), d(xn+1, xn+2), d(xn+2, xn+3)

)
.

Let δ = 3λ/(3−λ) ∈ [0, 1) and an = d(xn, xn+1) with a = max{a1, a2, a3}. Since
an+3 6 δmax{an, an+1, an+2}, an induction gives an 6 a δb(n−1)/3c for all n > 1.
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Therefore, for any p = 1, 2, . . . ,

d(xn, xn+p) 6
p−1∑
k=0

an+k 6
a δb(n−1)/3c

1− δ1/3
→ 0 as n→∞.

Hence {xn} is a Cauchy sequence in X . By completeness, xn → x∗ for some x∗ ∈ X .
Since any four consecutive terms are pairwise distinct, if x∗ = xk for some smallest

k, the sequence would be cyclic and hence not Cauchy. Thus, xn−1, xn, xn+1, and x∗ are
pairwise distinct for all sufficiently large n. We have

d(x∗, Tx∗) 6 d(x∗, xn) + d(xn, Tx
∗)

= d(x∗, xn) + d(Txn−1, Tx
∗)

6 d(x∗, xn) + d(Tx∗, Txn−1) + d(Tx∗, Txn−2) + d(Tx∗, Txn)

+ d(Txn−1, Txn−2) + d(Txn−1, Txn) + d(Txn−2, Txn)

6 d(x∗, xn) + λ
(
d(x∗, Tx∗) + d(xn−1, Txn−1)

+ d(xn−2, Txn−2) + d(xn, Txn)
)
.

This implies that

(1− λ)d(x∗, Tx∗)

6 d(x∗, xn) + λ
(
d(xn−1, xn) + d(xn−2, xn−1) + d(xn, xn+1)

)
. (8)

Taking n→∞, we get Tx∗ = x∗.
If there exist four pairwise distinct fixed points x, y, z, and w, substituting Tx = x,

Ty = y, Tz = z, and Tw = w into (4) yields

d(x, y) + d(x, z) + d(x,w) + d(y, z) + d(y, w) + d(z, w) 6 0,

a contradiction. Hence T has at most three fixed points.

Remark 4. Suppose that under the assumptions of Theorem 1, the mapping T has a fixed
point x∗, which is the limit of the iterative sequence

x0, x1 = Tx0, x2 = Tx1, . . .

such that xn 6= x∗ for all n > 1. Then x∗ is the unique fixed point of T .
Assume, for contradiction, that T has another fixed point x∗∗ 6= x∗. Clearly, xn 6= x∗∗

for all n > 1. Hence, for each n, the points x∗, x∗∗, xn, and xn+1 are pairwise distinct.
Let us denote

x1 = x∗, x2 = x∗∗, x3 = xn, x4 = xn+1.

Consider the ratio

Rn =

∑
16i<j64 d(Txi, Txj)∑4

i=1 d(xi, Txi)
.
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Since x∗ and x∗∗ are fixed points of T , the above ratio reduces to

Rn =
1

d(xn, xn+1) + d(xn+1, xn+2)

(
d(x∗, x∗∗) + d(x∗, xn+1) + d(x∗, xn+2)

+ d(x∗∗, xn+1) + d(x∗∗, xn+2) + d(xn+1, xn+2)
)
.

Since xn → x∗ as n→∞, it follows that

d(xn, xn+1)→ 0 and d(xn+1, xn+2)→ 0 as n→∞.

On the other hand, d(x∗, x∗∗) > 0 whenever x∗ 6= x∗∗. Consequently,

Rn →∞ as n→∞,

which contradicts condition (4). Hence, x∗ = x∗∗, and therefore x∗ is the unique fixed
point of T .

We now provide examples that illustrate Theorem 1.

Example 3. Let (X, d) be a metric space such that X = {x1, x2, x3, x4} and

d(xi, xj) = 1, for i 6= j, 1 6 i, j 6 3,

d(xi, x4) = 9, for 1 6 i 6 3.

Define the mapping T : X → X as follows:

T (x1) = x1, T (x2) = x2, T (x3) = x3, T (x4) = x1.

Then T is a Kannan-type aggregate pairwise distance mapping on four points for
λ ∈ [5/9, 3/4). Also, T does not contain any periodic points of prime periods 2 and 3.
Therefore, by Theorem 1, T has three fixed points: x1, x2, and x3.

Example 4. Let {ni, i > 1} be the Fibonacci-type sequence defined by

n1 = 1, n2 = 5, ni = 6ni−1 − ni−2 for i > 3,

which yields n3 = 29, n4 = 169, n5 = 985, n6 = 5741, . . . .
Let X = [1,∞) be equipped with the Euclidean metric. Define T : X → X by

T (ni) = ni−1 for i > 2, T (x) = 1 for all other x ∈ X.

Then T satisfies the Kannan-type aggregate pairwise distance condition with λ ∈
[3(
√

2 − 1)/2, 3/4). Moreover, T has a unique fixed point at x = 1, is nonlinear, and
also satisfies the conditions of Theorem 1.

Example 5. Let {mi, i > 1} be the Fibonacci-type sequence defined by

m1 = 0, m2 = 3, mi = 6mi−1 − (mi−2 − 2) for i > 3,

yielding m3 = 20, m4 = 119, m5 = 696, m6 = 4059, . . . .
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Let X = [0,∞) with Euclidean metric. Define T : X → X by

T (mi) = mi−1 for i > 2, T (x) = 0 otherwise.

Then T is a Kannan-type aggregate pairwise distance mapping with λ ∈ [3(
√

2 − 1)/2,
3/4). Moreover, T has a unique fixed point at x = 0, is nonlinear, and also satisfies the
conditions of Theorem 1.

We state the following proposition, which establishes the continuity of a Kannan-type
aggregate pairwise distance mapping on four points at its fixed points.

Proposition 4. A Kannan-type aggregate pairwise distance mapping on four points is
continuous at its fixed points.

Proof. Let (X, d) be a metric space with |X| > 4, and let T : X → X be a Kannan-
type aggregate pairwise distance mapping on four points with constant λ ∈ [0, 3/4). Let
x∗ ∈ X be a fixed point of T , i.e., Tx∗ = x∗.

If x∗ is isolated, continuity is trivial. Assume that x∗ is an accumulation point. It
suffices to test continuity using sequences (xn) with xn → x∗, all terms mutually distinct,
and xn 6= x∗ for all n. Such sequences exist since x∗ is an accumulation point.

Applying (4) to the four pairwise distinct points x∗, xn, xn+1, xn+2 and using Tx∗ =
x∗, d(x∗, Tx∗) = 0, we obtain

d(x∗, Txn) + d(x∗, Txn+1) + d(x∗, Txn+2)

+ d(Txn, Txn+1) + d(Txn, Txn+2) + d(Txn+1, Txn+2)

6 λ
(
d(xn, Txn) + d(xn+1, Txn+1) + d(xn+2, Txn+2)

)
. (9)

Dropping the nonnegative terms d(Txn, Txn+1), d(Txn, Txn+2), and d(Txn+1, Txn+2)
from the left-hand side of (9), we get

2∑
i=0

d(x∗, Txn+i) 6 λ

2∑
i=0

d(xn+i, Txn+i). (10)

Applying the triangle inequality d(xn+i, Txn+i) 6 d(xn+i, x
∗) + d(x∗, Txn+i) for i =

0, 1, 2 and substituting into (10), we obtain

2∑
i=0

d(x∗, Txn+i) 6 λ

2∑
i=0

(
d(xn+i, x

∗) + d(x∗, Txn+i)
)
.

Rearranging and using λ < 3/4 < 1 so that 1− λ > 0,

2∑
i=0

d(x∗, Txn+i) 6
λ

1− λ

2∑
i=0

d(xn+i, x
∗). (11)

Since the left-hand side of (11) contains d(x∗, Txn), we have

d(x∗, Txn) 6
λ

1− λ
(
d(xn, x

∗) + d(xn+1, x
∗) + d(xn+2, x

∗)
)
.
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As n→∞, d(xn+i, x
∗)→ 0 for i = 0, 1, 2, so d(x∗, Txn)→ 0, i.e., Txn → x∗ = Tx∗.

Hence T is continuous at x∗.

4 Fixed point theorems for asymptotically regular mappings and ap-
proximating fixed point sequence

The notions of asymptotic regularity and approximating fixed point sequences broaden the
applicability of contractive mappings, allowing fixed point theorems to hold for a broader
class of mappings.

In this section, we extend Theorem 1 in two directions. In the first approach, we
enlarge the class of admissible constants considered in (4) by introducing functional gen-
eralizations of Kannan-type aggregate pairwise distance mappings on four points, namely
the G-Kannan-type and B-Kannan-type aggregate pairwise distance mappings. Under the
assumptions of asymptotic regularity or approximating fixed point sequences, together
with continuity or weaker forms such as asymptotic k-continuity, these extensions provide
a study of functional versions of Kannan-type aggregate pairwise distance mappings on
four points (Theorems 2 and 3). These results encompass classes that permit λ to range
over [0,∞) (Corollaries 2 and 3). In the second approach, we assume only asymptotic
regularity or approximating fixed point sequences, which allows the constant λ in (4) to
be improved from [0, 3/4) to [0, 1) (Theorem 4).

Let (X, d) be a metric space. A mapping T : X → X is called asymptotically regular
[10] if it satisfies

lim
n→∞

d
(
Tn+1(x), Tn(x)

)
= 0

for all x ∈ X . A sequence {xn} ⊂ X is called an approximate fixed point sequence of T
if d(xn, Txn)→ 0 as n→∞.

Remark 5. Let (X, d) be a metric space, and let T : X → X be a self-mapping. Consider
an initial point x0 ∈ X and define the sequence {xn} iteratively by xn+1 = T (xn) for
all n > 0. If T is asymptotically regular for all x ∈ X and the sequence {xn} does not
possess a fixed point of T , then all the points xi, i > 0, are distinct. Indeed, if any two
points in the sequence coincide, the sequence {xn} would eventually become periodic,
violating the asymptotic regularity condition.

Let (X, d) be a metric space, and let T : X → X be a self-mapping. The orbit of
a point x0 ∈ X under T is defined by

O(T, x0) =
{
x0, T (x0), T 2(x0), . . . , Tn(x0), . . .

}
.

We now recall some weaker notions of continuity for mappings on metric spaces.

Definition 5. Let (X, d) be a metric space. A mapping T : X → X is said to be

(i) k-continuous [23] for a fixed integer k > 1 if, for every sequence {xn} in X , the
convergence T k−1(xn)→ t implies T k(xn)→ T (t) as n→∞;

(ii) asymptotically k-continuous [24] if, for every sequence {xn} in X satisfying
limk,n→∞ T k(xn) = t, it follows that limk,n→∞ T (T k(xn)) = T (t).
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Remark 6. The following relationships among various types of continuity are well known
(see [7, 24]):

(i) Every asymptotically k-continuous mapping is k-continuous, and hence continu-
ous.

(ii) A continuous mapping (or a k-continuous mapping) need not be asymptotically
k-continuous.

(iii) Continuity implies k-continuity, but the converse need not hold. In particular,
1-continuity is equivalent to continuity.

We now define a more general version of the Kannan-type aggregate pairwise distance
mapping on four points. First, we introduce the class G of functions G : R+4 → R+ that
satisfy the following conditions:

(i) G(0, 0, 0, 0) = 0; (ii) G is continuous at (0, 0, 0, 0).

Definition 6. Let (X, d) be a metric space with |X| > 4. We say that a mapping T :
X → X is a G-Kannan-type aggregate pairwise distance mapping on four points if there
exists G ∈ G such that the inequality∑

16i<j64

d(Txi, Txj) 6 G
(
d(x1, Tx1), d(x2, Tx2), d(x3, Tx3), d(x4, Tx4)

)
(12)

holds for all four pairwise distinct points x1, x2, x3, x4 ∈ X .

Theorem 2. Let (X, d) be a complete metric space with |X| > 4, and let T : X → X
be an asymptotically k-continuous, asymptotically regularG-Kannan-type aggregate pair-
wise distance mapping on four points. Then T has a fixed point, and the number of fixed
points is at most three.

Proof. Let x0 ∈ X and define the iterative sequence xn = T (xn−1) = Tn−1x0. Suppose
that {xn} does not converge to a fixed point of T . We aim to show that {xn} is a Cauchy
sequence. It suffices to prove that for all p > 0,

d(xn, xn+p)→ 0 as n→∞.

For p = 1, this follows directly from the definition of asymptotic regularity. For
p = 2, the triangle inequality gives

d(xn, xn+2) 6 d(xn, xn+1) + d(xn+1, xn+2).

Applying asymptotic regularity, we obtain

d(xn, xn+2)→ 0 as n→∞.

For p > 3, Remark 5 ensures that the points xn, xn+p−2, xn+p−1, and xn+p are
pairwise distinct. Using repeated applications of the triangle inequality, inequality (12),
and asymptotic regularity, we obtain

d(xn, xn+p)

6 d(xn, xn+1) + d(xn+1, xn+p+1) + d(xn+p+1, xn+p)

+ d(xn+1, xn+p) + d(xn+1, xn+p−1) + d(xn+p+1, xn+p−1) + d(xn+p, xn+p−1)
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6 d(xn, xn+1)

+G
(
d(xn, Txn), d(xn+p, Txn+p), d(xn+p−1, Txn+p−1), d(xn+p−2, Txn+p−2)

)
= d(xn, xn+1)

+G
(
d(xn, xn+1), d(xn+p, xn+p+1), d(xn+p−1, xn+p), d(xn+p−2, xn+p−1)

)
→ 0 as n→∞.

Thus, {xn} is a Cauchy sequence. By the completeness of (X, d), there exists a point
x∗ ∈ X such that xn → x∗ as n → ∞. Moreover, for each integer k > 1, we have
limn→∞ T kxn = x∗, and in particular,

lim
k,n→∞

T kxn = x∗.

Suppose that T is asymptotically k-continuous. Then, by the definition of asymptotic
k-continuity and the above limit, it follows that

lim
k,n→∞

T
(
T kxn

)
= T (x∗).

On the other hand, since limk,n→∞ T k+1xn = x∗, we conclude that

T (x∗) = x∗,

and hence x∗ is a fixed point of T .

There exist mappings that admit an approximate fixed point sequence without satisfy-
ing the asymptotic regularity condition (see [27]). The following theorem shows that, for
G-Kannan-type mappings, an approximate fixed point sequence is sufficient to guarantee
a fixed point.

Theorem 3. Let (X, d) be a complete metric space with |X| > 4, and let T : X → X be
an asymptotically k-continuous,G-Kannan-type aggregate pairwise distance mapping on
four points. Suppose that T has an approximate fixed point sequence. Then T has a fixed
point, and the number of fixed points is at most three.

Proof. Let x0 ∈ X . Define xn = T (xn−1) = Tn−1x0. Using repeated applications of
the triangle inequality, inequality (12), and the approximate fixed point sequence assump-
tion, we obtain

d(xn, xn+p)

6 d(xn, Txn) + d(Txn, Txn+p) + d(Txn+p, xn+p)

6 d(xn, Txn) + d(Txn, Txn+p) + d(Txn+p, Txn+p−1) + d(Txn, Txn+p−1)

+ d(Txn, Txn+p−2) + d(Txn+p, Txn+p−2) + d(Txn+p−1, Txn+p−2)

6 d(xn, xn+1)

+G
(
d(xn, Txn), d(xn+p, Txn+p), d(xn+p−1, Txn+p−1), d(xn+p−2, Txn+p−2)

)
→ 0

as n→∞. Thus, {xn} is a Cauchy sequence. The rest of the proof follows easily.
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In the next theorem, we show that dropping the requirement of continuity or asymp-
totic k-continuity allows us to compensate by restricting the constant λ to the interval
[0, 1) instead of [0,∞).

Theorem 4. Let (X, d) be a complete metric space with |X| > 4, and let T : X → X
be an asymptotically regular Kannan-type aggregate pairwise distance mapping on four
points with coefficient λ ∈ [0, 1). Then T has a fixed point, and the number of fixed points
is at most three.

Proof. Taking

G(t1, t2, t3, t4) = λ(t1 + t2 + t3 + t4), λ ∈ [0, 1),

inequality (12) reduces to the Kannan-type aggregate pairwise distance condition with
coefficient λ. The conclusion now follows from Theorem 2 up to the Cauchy sequence
argument, together with (8).

Let B denote the set of functions β : [0,∞)→ [0,∞) satisfying the condition

lim sup
t→0

β(t) <∞.

Definition 7. Let (X, d) be a metric space with |X| > 4. We say that a mapping T :
X → X is a B-Kannan-type aggregate pairwise distance mapping on four points in X if
there exist functions βi ∈ B, i = 1, 2, 3, 4, such that the inequality

∑
16i<j64

d(Txi, Txj) 6
4∑
i=1

βi
(
d(xi, Txi)

)
d(xi, Txi) (13)

holds for all four pairwise distinct points x1, x2, x3, x4 ∈ X .

Corollary 2. Let (X, d) be a complete metric space with |X| > 4, and let T : X → X
be an asymptotically k-continuous, asymptotically regularB-Kannan-type aggregate pair-
wise distance mapping on four points. Then T has a fixed point. Moreover, the number of
fixed points is at most three.

Proof. Define

G(x1, x2, x3, x4) = β1(x1)x1 + β2(x2)x2 + β3(x3)x3 + β4(x4)x4.

Then we haveG(0, 0, 0, 0) = 0, and the condition lim supt→0 βi(t) <∞ for i = 1, 2, 3, 4
implies that

lim
x1,x2,x3,x4→0

G(x1, x2, x3, x4) = 0.

Hence, the result follows from Theorem 2.

By setting β1(t) = β2(t) = β3(t) = β4(t) = λ with λ > 0 in (13), we obtain
a generalized Kannan-type aggregate pairwise distance mapping on four points with the
coefficient λ ∈ [0,∞). Hence, we immediately derive the following result.
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Corollary 3. Let (X, d) be a complete metric space with |X| > 4, and let T : X → X
be an asymptotically k-continuous, asymptotically regular generalized Kannan-type ag-
gregate pairwise distance mapping on four points with the coefficient λ ∈ [0,∞). Then
T has a fixed point. Moreover, the number of fixed points is at most three.

Remark 7. Theorems 2–4, along with their respective corollaries, remain valid if we
replace Kannan-type aggregate pairwise distance on a quadrilateral with Kannan-type
perimetric contractions on quadrilaterals.

5 Applications

Following [13], we apply Theorem 1 to study the existence of solutions to fractional
differential equations with boundary conditions.

5.1 Application in fractional boundary value problems

Let X = C([0, 1],R) be the space of continuous real-valued functions on [0, 1] with the
maximum norm

‖u‖ = max
t∈[0,1]

∣∣u(t)
∣∣.

Definition 8. [28] For a function u(t) defined on [a, b], the Caputo fractional derivative
of order α > 0 is defined as

cDα
a+u(t) =

1

Γ(n− α)

t∫
a

(t− s)n−α−1u(n)(s) ds,

where n− 1 < α < n, and Γ is the gamma function.

We consider the following fractional boundary value problem:
cDα

0+u(t) = f
(
t, u(t)

)
, t ∈ [0, 1], 3 < α 6 4,

u(0) = A, u′(0) = B, u′′(0) = C, u′′′(1) = D,
(14)

where f : [0, 1]× R→ R is continuous, and A,B,C,D ∈ R.

Definition 9. A function u ∈ C4([0, 1],R) is a solution of (14) if it satisfies the differ-
ential equation cDα

0+(u(t)) = f(t, u(t)) on [0, 1] together with the boundary conditions
u(0) = A, u′(0) = B, u′′(0) = C, and u′′′(1) = D.

Lemma 1. Let 3 < α 6 4, and let g : [0, 1]→ R be continuous. A function u is a solution
of the fractional integral equation

u(t) =
1

Γ(α)

t∫
0

(t− s)α−1g(s) ds− t3

6Γ(α− 3)

1∫
0

(1− s)α−4g(s) ds

+A+Bt+
C

2
t2 +

D

6
t3
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if and only if u is a solution to the fractional boundary value problem

cDα
0+

(
u(t)

)
= g(t),

u(0) = A, u′(0) = B, u′′(0) = C, u′′′(1) = D.

Proof. The proof follows the same structure as that of Lemma 3.4 in [2], suitably adapted
to the case 3 < α 6 4 with four boundary conditions.

Lemma 2. Let x1(t), x2(t), x3(t), x4(t), x5(t), x6(t) ∈ C[0, 1]. Then the following in-
equality holds:

max
t∈[0,1]

∣∣x1(t)
∣∣+ max

t∈[0,1]

∣∣x2(t)
∣∣+ max

t∈[0,1]

∣∣x3(t)
∣∣

+ max
t∈[0,1]

∣∣x4(t)
∣∣+ max

t∈[0,1]

∣∣x5(t)
∣∣+ max

t∈[0,1]

∣∣x6(t)
∣∣

6 6 max
t∈[0,1]

(∣∣x1(t)
∣∣+
∣∣x2(t)

∣∣+
∣∣x3(t)

∣∣+
∣∣x4(t)

∣∣+
∣∣x5(t)

∣∣+
∣∣x6(t)

∣∣). (15)

Proof. The proof follows easily from the fact that each summand on the left-hand side of
inequality (15) does not exceed

max
t∈[0,1]

(∣∣x1(t)
∣∣+
∣∣x2(t)

∣∣+
∣∣x3(t)

∣∣+
∣∣x4(t)

∣∣+
∣∣x5(t)

∣∣+
∣∣x6(t)

∣∣).
Define the operator T : X → X by

Tu(t) =
1

Γ(α)

t∫
0

(t− s)α−1f
(
s, u(s)

)
ds− t3

6Γ(α− 3)

1∫
0

(1− s)α−4f
(
s, u(s)

)
ds

+A+Bt+
C

2
t2 +

D

6
t3. (16)

By the above Lemma 1, the fixed points of T correspond exactly to solutions of the
boundary value problem (14).

Remark 8. The constant M , defined in (17) and used in Theorem 5, is obtained by
estimating the integral part of the operator T : X → X given in (16) in the maximum
norm ‖·‖ of X = C([0, 1],R). More precisely, M is obtained by taking the supremum
over t ∈ [0, 1] in (16) and estimating separately the two integral terms appearing therein.
These sup–norm estimates yield

M =
1

Γ(α+ 1)
+

1

6Γ(α− 2)
.

Theorem 5. Let 3 < α 6 4,

M =
1

Γ(α+ 1)
+

1

6Γ(α− 2)
, (17)

and let f : [0, 1] × R → R be a function continuous in its two variables such that for
all pairwise distinct functions u1, u2, u3, u4 ∈ X and for all t ∈ [0, 1], the following
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inequality holds:∣∣f(t, u1(t)
)
− f

(
t, u2(t)

)∣∣+
∣∣f(t, u1(t)

)
− f

(
t, u3(t)

)∣∣
+
∣∣f(t, u1(t)

)
− f

(
t, u4(t)

)∣∣+
∣∣f(t, u2(t)

)
− f

(
t, u3(t)

)∣∣
+
∣∣f(t, u2(t)

)
− f

(
t, u4(t)

)∣∣+
∣∣f(t, u3(t)

)
− f

(
t, u4(t)

)∣∣
6 K

[∣∣u1(t)− Tu1(t)
∣∣+
∣∣u2(t)− Tu2(t)

∣∣
+
∣∣u3(t)− Tu3(t)

∣∣+
∣∣u4(t)− Tu4(t)

∣∣], (18)

where K > 0 is such that KM < 1/8. If T has no periodic points of prime period 2
and 3, then the boundary value problem (14) has at least one solution and at most three
solutions.

Proof. We prove that under assumption (18), T is a Kannan-type aggregate pairwise
distance mapping. Let u1, u2, u3, u4 ∈ X be pairwise distinct. Since f is continuous
in both of its variables, we have that Tu1, Tu2, Tu3, Tu4 ∈ X .

Using the definition of T , for each t ∈ [0, 1], we have∣∣Tu1(t)− Tu2(t)
∣∣+
∣∣Tu1(t)− Tu3(t)

∣∣+
∣∣Tu1(t)− Tu4(t)

∣∣
+
∣∣Tu2(t)− Tu3(t)

∣∣+
∣∣Tu2(t)− Tu4(t)

∣∣+
∣∣Tu3(t)− Tu4(t)

∣∣
6

1

Γ(α)

t∫
0

(t− s)α−1
∑

16i<j64

∣∣f(s, ui(s))− f(s, uj(s))∣∣ ds
+

t3

6 Γ(α− 3)

1∫
0

(1− s)α−4
∑

16i<j64

∣∣f(s, ui(s))− f(s, uj(s))∣∣ ds.
Applying condition (18) at each point s ∈ [0, 1], we obtain∣∣Tu1(t)− Tu2(t)

∣∣+
∣∣Tu1(t)− Tu3(t)

∣∣+
∣∣Tu1(t)− Tu4(t)

∣∣
+
∣∣Tu2(t)− Tu3(t)

∣∣+
∣∣Tu2(t)− Tu4(t)

∣∣+
∣∣Tu3(t)− Tu4(t)

∣∣
6 K

1

Γ(α)

t∫
0

(t− s)α−1
4∑
i=1

∣∣ui(s)− Tui(s)∣∣ds
+K

t3

6Γ(α− 3)

1∫
0

(1− s)α−4
4∑
i=1

∣∣ui(s)− Tui(s)∣∣ ds.
Since |ui(s)− Tui(s)| 6 ‖ui − Tui‖ for all s ∈ [0, 1] and i = 1, 2, 3, 4, we have∣∣Tu1(t)− Tu2(t)

∣∣+
∣∣Tu1(t)− Tu3(t)

∣∣+
∣∣Tu1(t)− Tu4(t)

∣∣
+
∣∣Tu2(t)− Tu3(t)

∣∣+
∣∣Tu2(t)− Tu4(t)

∣∣+
∣∣Tu3(t)− Tu4(t)

∣∣
6 K

4∑
i=1

∥∥ui − Tui∥∥( 1

Γ(α)

t∫
0

(t− s)α−1 ds+
t3

6Γ(α− 3)

1∫
0

(1− s)α−4 ds

)
.
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Evaluating the integrals

t∫
0

(t− s)α−1 ds =
tα

α
,

1∫
0

(1− s)α−4 ds =
1

α− 3

and noting that tα 6 1, t3 6 1 for each t ∈ [0, 1], we get∣∣Tu1(t)− Tu2(t)
∣∣+
∣∣Tu1(t)− Tu3(t)

∣∣+
∣∣Tu1(t)− Tu4(t)

∣∣
+
∣∣Tu2(t)− Tu3(t)

∣∣+
∣∣Tu2(t)− Tu4(t)

∣∣+
∣∣Tu3(t)− Tu4(t)

∣∣
6 K

4∑
i=1

∥∥ui − Tui∥∥( 1

αΓ(α)
+

1

6(α− 3)Γ(α− 3)

)
.

Since the above inequality holds for each t ∈ [0, 1], it also holds if the left-hand side
is replaced by its maximum over t ∈ [0, 1]. Using the identities αΓ(α) = Γ(α + 1) and
(α− 3)Γ(α− 3) = Γ(α− 2) and the definition of M from (17), we obtain

max
t∈[0,1]

( ∑
16i<j64

∣∣Tui(t)− Tuj(t)∣∣) 6 KM

4∑
i=1

‖ui − Tui‖.

Now applying Lemma 2 to the six pairwise distance functions, we get∑
16i<j64

‖Tui − Tuj‖ 6 6 max
t∈[0,1]

( ∑
16i<j64

∣∣Tui(t)− Tuj(t)∣∣)

6 6KM

4∑
i=1

‖ui − Tui‖.

Thus, T is a Kannan-type aggregate pairwise distance mapping with the parameter
λ = 6KM . Since 6KM < 3/4 by assumption, we have λ ∈ [0, 3/4). By Theorem 1,
since X is complete and T has no periodic points of prime period 2 and 3, T has at least
one fixed point and at most three fixed points. Therefore, the boundary value problem (14)
has at least one solution and at most three solutions.

In the next subsection, following [24], we use the sequences from Examples 4 and 5
to derive solutions of a nonlinear Diophantine equation

5.2 Application in the solution of a nonlinear Diophantine equation

The sequences {mi} and {ni}, presented in Examples 4 and 5 as illustrations of Theo-
rem 1, generate infinitely many Pythagorean triples with consecutive integer legs. This
reveals a noteworthy connection between fixed point theory, functional equations, and
number theory; see [24], which marks the first work in this direction.
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Theorem 6. The Fibonacci-type sequences {ni} and {mi} from the above Examples 4
and 5 yield infinitely integral solutions of the Diophantine equation

X2 + (X + 1)2 = Y 2.

That is, m2
i + (mi + 1)2 = n2i for all i > 1.

Proof. A direct verification for the initial terms shows that

02 + 12 = 12 (m1 = 0, n1 = 1),

32 + 42 = 52 (m2 = 3, n2 = 5),

202 + 212 = 292 (m3 = 20, n3 = 29),

1192 + 1202 = 1692 (m4 = 119, n4 = 169),

6962 + 6972 = 9852 (m5 = 696, n5 = 985),

40592 + 40602 = 57412 (m6 = 4059, n6 = 5741).

Since both sequences satisfy recurrence relations that preserve the Diophantine identity
m2
i + (mi + 1)2 = n2i , the pattern continues for all i > 1. The general case follows by

simultaneous induction for i > 3, using the auxiliary identity

ni−1ni−2 = 2mi−1mi−2 +mi−1 +mi−2 + 2,

which is readily verified from the recurrence relations.

6 Conclusion

In this paper, we have introduced a new class of mappings, called Kannan-type aggre-
gate pairwise distance mappings on four points, in the setting of metric spaces. This
notion generalizes several well-known concepts, including Kannan mappings, generalized
Kannan-type mappings, and Kannan-type perimetric contractions on quadrilaterals. We
have investigated the fundamental properties of these mappings and have explored their
connections with related concepts. We have further introduced functional generalizations,
namely the G-Kannan-type and B-Kannan-type variants, and have shown that, under
assumptions of asymptotic regularity or the existence of approximating fixed point se-
quences, the admissible range of the associated parameter can be extended. Finally, as
applications, we have employed the main theorem to establish the existence of solutions
for fractional differential equations with boundary conditions and to obtain solutions to
a nonlinear Diophantine equation.
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