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Abstract. This paper investigates the approximate controllability of a system of fractional control
differential equations. The system involves Caputo fractional derivatives, Volterra—Fredholm in-
tegral equations, and impulsive effects. The analysis is carried out in the framework of Banach
spaces under nonlocal conditions of order » € (1, 2). The main objective is to establish sufficient
conditions for the approximate controllability of the proposed control problem. Assuming that the
associated linear system is approximately controllable, the analysis relies on tools from fractional
calculus, Krasnoselskii’s fixed point theorem, and the theory of resolvent operators. The obtained
results extend and improve several existing results in the related literature. Finally, two illustrative
examples are presented to demonstrate the applicability of the theoretical findings.

Keywords: fractional derivative, fixed point technique, approximate controllability, nonlocal
condition, impulsive term.

1 Introduction

The current study examines the approximate controllability of the following nonlinear
fractional control system:

¢ n
‘D"u(¢) = —Bu(¢) + h((,u((),/w(g, K, u(k)) dﬁ,/o(g, K, u(k)) dﬁ)
FEp(Q), ¢eU =01 ° 1
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u(0) 4+ p(u) = o, u'(0) 4+ q(u) = ug,

1
Au|¢:gk :Jk(U(Ck))7 k=1,2,...,m. (12)

where “D" represents the Caputo fractional derivative (CFD) of order r € (1,2), the
infinitesimal generator of a strongly continuous r-order cosine family {Q,(¢)},>0 on
a Banach space (2 is denoted by B, and the state u(-) takes values in (2 for ug, u; € {2.
Furthermore, in a Banach space V, E : V — (2 is a bounded linear operator (BLO),
the control function (-) is given in L?(J,R*), and A, @, o, p, ¢ will be defined later.
Moreover, the impulsive function Jy, : {2 — (2 is defined for the discrete time points
0= <G < <Gn<Cn+1=mn, wherek =1,2 ... m. The action of the impulse
is denoted by Au((x), which expresses the jump of the state u at time (i. This jump is
formally defined as Au(¢) = u(¢) — u(¢,, ), where u(¢, ) and u(¢;") are the left and
right limits of the functions {u(Cx) }¢c=c,, respectively.

Fractional differential equations (DEs) have attracted increased attention recently be-
cause they are more accurate than integer-order equations in describing a variety of events
that arise in physics, engineering, economics, and other scientific fields. Fractional deriva-
tives provide a remarkable tool for describing memory and genetic effects in a variety of
materials and systems. Therefore, scientific researchers have become increasingly inter-
ested in using fractional DEs in recent decades. This increase in attention is due to notable
developments in both the theory and real-world applications of these equations; see, for
example, [1, 19] and the references therein.

The design and study of control systems for use in industry and research is the main
emphasis of control theory, an important branch of applied mathematics. Control theory
links the basic concepts of controllability to observer design, pole assignment, and struc-
tural decomposition. In order to solve particular control problems, recent research has
investigated controllability in nonlinear dynamical systems in infinite-dimensional spaces.
While exact controllability requires the system to be precisely steered to any desired state,
approximate controllability ensures that the system can be directed to a neighborhood of
the final state. The determination of a control strategy that optimizes an objective function
over time is the domain of optimal control theory, which utilizes a cost function involving
both the control and state variables. Further exploration of control theory is available
in [8,11,26].

Modeling processes that exhibit abrupt changes in state at predetermined times neces-
sitates the use of impulsive DEs. These equations are widely used to describe discontin-
uous dynamics in real-world systems, with applications in population dynamics, control
theory, and medicine. For further details on the theory and applications of impulsive DEs,
see [2,7,9,14,21].

The purpose of controllability is to identify a control function that can guide a dynam-
ical system from an initial state to a desired final state. However, two common structural
constraints complicate this: the control input frequently only impacts a portion of the
system’s state, and real-world monitoring typically allows for the observation of only
a fraction of the whole state. As a result, determining the feasibility of regulating the
entire system is a necessary step toward fixing the problem. The structural constraints in
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control and observation give rise to the concept of approximation controllability. The
field of controllability for integer-order differential systems and fractional differential
systems, specifically those of order ¢ € (0, 1), has been extensively studied and well
developed in the context of Banach spaces, often using various distinct approaches, while
the approximate controllability approach addresses cases where exact controllability may
be unattainable. See [3,20, 28] for more details.

As a continuation of previous work in this direction, Shukla et al. [23] has presented
a good study on the approximate controllability for the following fractional problem:

‘Dlu(¢) = —Bu({) + k(¢ uQ)) + Ev(¢), ¢eU=[0,1],
u(0) = uo, u'(0) = uy.

In this context, “DY represents the CFD of order ¢ € (1,2). The operator B : D(B) C
2 — {2 is a closed linear operator defined on the Hilbert space (2. Furthermore, B is
responsible for generating a strongly continuous g-order cosine family on 2. The findings
are derived using the application of Schauder’s fixed point theorem (FPT).

In [22], Shu et al. presented the approximate controllability of a fractional control
system incorporating Riemann—Liouville fractional (RLF) derivatives of order ¢ € (1, 2).
This was accomplished after establishing conditions ensuring the existence and unique-
ness of the system’s moderate solutions. Kumar [13] investigated the approximate control-
lability of complex fractional systems, specifically neutral integro-differential inclusions
that feature noninstantaneous impulses and infinite delay. The proof relied upon using the
FPT for discontinuous multivalued operators in conjunction with the g-resolvent operator.
Shukla et al. [24] used the g-order cosine family theory and sequential approach to achieve
approximate controllability for a fractional order system with infinite delay. Also, they
used g-order cosine family theory, FPT, and stochastic analysis approaches to approximate
controllability for a fractional stochastic semilinear control system with order ¢ € (1,2)
in a Banach space. The majority of the publications listed above assume conventional
beginning conditions.

On the other hand, nonlocal conditions are frequently required to accurately describe
specific physical processes, and they outperform the standard initial condition u(0)=1wuy.
For example, nonlocal circumstances have been successfully employed to represent dif-
fusion phenomena [4]. Diethelm and Ford [5] provide a more in-depth assessment of
uses. There has been limited research on nonlocal conditions of order ¢ € (1,2), with
the majority of studies taking place in Hilbert spaces. Li et al. [6] studied the approxi-
mate controllability of semilinear systems using composite relaxation equations in Hilbert
space with nonlocal conditions, assuming the corresponding linear system is nearly con-
trollable. Lian et al. [15] studied the approximate controllability of a fractional semilinear
differential system of order ¢ € (1,2) under nonlocal conditions in Hilbert space. Yang
[27] successfully proved the approximate controllability of a Sobolev type fractional
control system with nonlocal conditions in a Hilbert space. However, it is crucial to
note that the study of approximate controllability for fractional nonlinear equations with
nonlocal conditions in a Banach space remains in its initial stage. A notable contribution
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in this emerging area comes from Zoubida et al. [28], who presented significant work on
the approximate controllability of a nonlinear fractional control system of order g € (1,2)
with nonlocal conditions in a Banach space.

Continuing the series of previous investigations, in this manuscript we study the effect
of adding the Volterra and Fredholm integral equations with pulses to study approxi-
mate controllability for system (1). The purpose is to identify the required circumstances
that make the proposed control problem roughly manageable. Assuming that the rele-
vant linear system is roughly controllable, the discussion is based on fractional calculus,
Krasnoselskii’s FPT, and resolvent operator theory. The provided results improve on or
outperform comparable findings in the literature on this subject. Finally, illustrative ex-
amples are given as applications to demonstrate the actual implementation of the stated
results.

The rest of the paper is organized as follows: In Section 2, we present the main
definitions and key auxiliary results that constitute the foundation of our forthcoming
study. Section 3 is dedicated to listing the necessary and fundamental assumptions that
support the achievement of the objectives of this manuscript. Section 4 addresses the
existence theory of mild solutions for the fractional problem (1), where appropriate con-
ditions ensuring existence are established. In Section 5, we investigate the approximate
controllability of the control problem (1) and present the analytical techniques required to
verify the obtained results. Section 6 contains two examples designed to support, clarify,
and demonstrate the effectiveness of the theoretical results. Finally, in Section 7, we
provide the conclusion of the manuscript.

2 Basic facts

This section highlights the main definitions and major auxiliary results that form the
basis of our forthcoming study. For more information, see Podlubny [19]. In this paper,
{2 denotes a Banach space with the norm ||-||, and C(U, 2) is the space of continuous
functions from U to {2 with the supremum norm ||-||c.

Definition 1. For the function u € C(U, {2), the RLF integral of order » > 0 with the
lower limit zero is given by

1

¢
I'u(() = ) /(g — k)" tu(k)dr, ¢ >0,
0

whenever, the right-hand side is pointwise defined on [0, o).

Definition 2. For the function u € C(U, {2), the CFD of order r € (m — 1, m) with the
lower limit zero is described as

¢

cpyr _ 1 A u(m)ﬂ K

D'uQ) = gy (€= R ) ar (>0
0
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Consider the following nonlinear fractional system:

‘D"u(() = Bu((), ¢e€U=][0,n],

u(0) = ug, u'(0) = uy, @

where B : D(B) C {2 — {2 is a closed and densely defined operator in a Banach space
2. Applying the fractional integral of order r to equation (2) allows us to find the solution
as follows:

¢
ul(¢) = % / )"~ Bu(r) d.
0

Definition 3. (See [18].) The r-order cosine family Q,.(¢) is classified as exponentially
bounded if and only if there exist two constants, [N > 1 and « > 0 such that the following
condition is satisfied:

Q)] < New<, ¢ > 0.
Definition 4. (See [23].) The RLF S, : [0,00) — L({2) associated with Q.. is derived by
5.0 =I"1Q(Q).

Lemma 1. (See [28].) Assume that (2 is a Banach space. For each ¢ € [0,m] and u € {2,
one has

AL
wulff.
I'(n)
Definition 5. (See [18].) Assume that A is a BLO on the Banach space {2, {Q,(¢) }¢>0 C
A(£2) is a strongly continuous r-order fractional cosine family, and B is the infinitesimal
generator of (),-(¢). Then for r € (1,2], {Q,({)}¢>0 is a solution operator of (2) if it
satisfies the following conditions:

15 (Q)ul| <

(i) Q,(¢)\is asolution to (2) for A € D(B);
(i) Q,(¢) is strongly continuous for ¢ > 0, and @, (0) = I, where [ is the identity
mapping;
(iii) Q-(¢)D(B) C D(B), and for A\ € D(B), we have BQ,({)\ = Q,(¢)BA
¢=0;
(iv) {P-(¢)}¢>0 denotes the sine family directly associated with the strongly con-
tinuous 7- order fractional cosine family {Q,(¢)}, and is defined by P.(¢)u =

Jy Qr(Ryu(r) dr. ¢ >

Following the approach adopted by Kexue et al. [12], Zoubida et al. [28], and Siva-
sankar et al. [25], we convert the control system (1) into an equivalent integral equation.
Such a formulation plays a crucial role in defining the mild solution of the system.
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Definition 6. A function u(-) € C(U, £2) is called a mild solution of problem (1) if it is
the solution to the following integral equation:

u(¢) = @r(Q) [uo — p(u)] + Pr(¢) [ur — q(u)]

T

S.(¢ — T)h(T,u(T), /w(T, K, u(k)) d/{,/a(T,/{,u(n)) dn) dr

0 0

+

+ [ S (C—T)BEe(r)dr + Y Sp(¢— )k (w(G)), ¢ TEU

0<(r<C

S O~

Let us now review the definition of approximate controllability pertaining problem (1)
as follows:

Definition 7. The control system (1) is approximately controllable on U if the closure of
the reachable set W (n); ug, u1, ¢) is dense in (2, i.e., W (n; ug, u1, p) = {2 for every pair
of states ug, u; € §2 and some corresponding control ¢ € L?(0,7, V), where

W(n;u()aul) = {W(nvu()vula@): B Lz(Ua V)a U= [OJI}}

In [17], Mahmudov and McKibben introduced the concept of approximate controlla-
bility for the following linear control problem as a natural generalization of the notion of
approximate controllability for linear first-order control systems:

Cun(C) = —BU(C) + E(p(<)7 C eU= [Oa 77];

u(0) = uo, u'(0) = uy. ®)

According to [28], for convenience in the subsequent analysis, the operators O, W (v, () :
(2 — (2 associated with (3) are defined as

n
:/sr(n_T)EE*s:(n—T)dT, W(y,00) = (vI+e0) ",

where v > 0, E* and S} are the adjoint of E and S,., respectively. Based on [16], O is
a BLO, and W (~, @) is continuous operator with ||[W (v, ()| < 1/~.

In the end of this part, we recall Krasnoselskii’s FPT [10], a result that will be applied
subsequently to establish the existence of mild solutions for problem (1).

Theorem 1 [Krasnoselskii’s FPT]. Assume that A is a nonempty, bounded, closed, and
convex subset of the Banach space (2, and that T1,%5 : A — (2 are given mappings such
that:

(1) %1 is a contraction,
(1) Ty is completely continuous,
(iii)) Tiu + Tov € A for any u,v € A

Then the equation T1u + Tou = u admits a solution on A.

https://www.journals.vu.lt/nonlinear-analysis
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3 Hypotheses

In this part, we list the necessary and essential assumptions that will help us accomplish
the desired task in this manuscript.

(A;) The uniformly bounded linear cosine family {Q,(¢)}¢>o0 generated by B is
compact and continuous in the uniform operator topology for any ¢ € U =0, n].
(Ay) The function /i : U x 23 — 2, 23 = 2 x 2 x (2, fulfills the assertions below:
(i) For all (u,v,w) € 23, h(-,u, v, w) is measurable;
(ii) Fora.e.( € U, h((,-,-, ) is continuous;
(iii) There exist constants Q1, Q2, and Q3 such that for all (u,v,w) € 23 and
(,v,w) € 23,

[[A(¢, u, v, w) = A(¢, W, T, @) || < Q1llu—all + Qallv — V]| + Qs[lw — .

(iv) For all ¢ € U, there exists a positive function 1) € L (U, R™") such that

¢ n
h((,u((),/w((,/@',u(ﬁ)) dK,/U(C,Ii,u(fi)) dli) < ¥(Q).

0 0

(A3) The functions w, o : U x U x {2 — {2 fulfill the axioms below:
(i) Forall (k,u) € U x 2, h(-,k,u) and o (-, k, u) are measurable;
(ii) Forae.( € U, k(¢,-,-) and o(¢, -, -) are continuous;
(iii) Forall {,x € U and all u, w € {2, there exist positive constants Q4 and Q5
such that

(¢ w) = (¢, D) < Qullu
and
o(¢, mu) — o (¢, k)| < Qsllu — l|.

(A4) The functions p,q : {2 — D(B) are continuous, and there exists constants (g
and Q)7 such that for all u,u € {2,

[p(u) = p(@|| < Qellu—all  and  [|g(u) — ¢(@)|| < Qrllu —al.

(As) The impulses Jy, : 2 — 2 (k = 1,2,...,m) are continuous, and there exists
B1 > 0 such that for all u € {2,

[Tk ()| < Brllu]-

Moreover, for any v € (0,1) and any ugq € {2, we choose a proper control ., such
that there exists a mild solution u(-, ug, u1, ¢~) € (U, £2) for system (1) satisfying

‘p’Y(Cvu)
= E*S2(n— Q) (vI + 0) " [ua — Qr(n) (uo — () — Pr(n) (ur — q(u))]

Nonlinear Anal. Model. Control, 31(Online First):1-25, 2026
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—E'S (-0 / (v +6]) "8, (n—7)
0

x h(T,u(T),/Tw(T,n,u(n)) dn,/na(T, R d,{) dr
0

0

—E*Si (1~ O (I +67) S8 (C— o) (u(én), T e [0,7). 4)
k=1

4 Existence of mild solutions

In this part, we discuss the existence of a mild solution to the fractional problem (1).
According to the definition of control (4), define the operator T : C(U, 2) — C(U, £2)
by
(Tu)(C)

= Qr(Q)[uo — p(w)] + Pr(¢)[ur — q(u)]

Sr(¢ — T)h(T,u(T),/lU(T,Ii,u(K)) dm,/a(nn,u(m)) dﬁl> dr
0

0

+

+ [ S (¢ =) Ee(r)dr+ > Si(¢— )k (ulér)), ¢ TeEU.

0<Cr<C

S, O —

Clearly, finding a mild solution of the fractional problem (1) is equivalent to finding a fixed
point of the operator ¥(-). To this end, we use the Krasnoselskii’s FPT. In order to apply
Krasnoselskii’s FPT, assume that F; = {u € C(U, 2): ||ul|c < s} foreach s > 0. Itis
clear that E; is a bounded, closed, and convex subset of C (U, (2).

Next, we define the operators T and T on E as follows:

(T1)(€) = Qr(¢) [uo — p(w)] + Pr(C) [ur — gq(w)],

(Tyu) (¢ / S,(¢—7) <T u(r), / (7. 5, u(k)) dr, ] G(T,,{,u(n))df@)dT

0 0

+/5(44)E¢ YA+ D 8u(¢ = Gk (u(Gh)).-

r 0<Cr<C
Now, we can state and prove our main theorem in this part.

Theorem 2. Under hypotheses (A1)—(As), the fractional control problem (1) admits at
least one mild solution on U, provided that {S,(()} is compact for every { > 0 and

N(Qs +Qr) < L

https://www.journals.vu.lt/nonlinear-analysis
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Proof. We split the proof into the following steps:
Step 1. Prove that there exist constants 77,7 > 0 such that

N
|04 (C )| < TE(TI + Tolullc)

forall ¢ € U and all u € C(U, §2), where
Nnrl( _ Nnr >
= ud|| + N2+ —=||¢| L~ wr+) |
=l sl

2 = [luoll + [lp(w)|| + [l [l + [la(u)]]

Ty =Q1+Q2Qu+ QsQ5 + > Br.

Based on (4) and the result of Lemma 1, we find that for {,n € U,
[+ (G w

E*S:(n— Q) (VI +60) ™ ua — Qu(n) (uo — p(w)) — Pr(n)(ur — q(u))]

_/nSr(n—T)h(r,u(r),/Tw(T,/i,u(m)) d/@,/na(T, K, u(k)) dli) dr

0 0 0
_ Z Sy (¢ = C) Tie (u(r)) H
k=1
< % ug — Qr(n) (uo — p(u)) — Pr(n) (ur — gq(u))
_ /Sr(n—T)h(T,U(T%/w(T?K“’“(’%)) dm,/a(T, K,U("f)) d/f) dr
0 0 0
_ Z Sy (¢ = Co) Tie (u(r)) H
k=1
< %{mn + Nuo — p(u)l| + Nlfus — q(u)]

T

h(T,u(T),/w(T r,u(k)) dr /na(r K, u(k)) df<;>
<7,0,/w 7 5,0)d /U(T,H,O)dfi)

Nonlinear Anal. Model. Control, 31(Online First):1-25, 2026
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n T n
h(T,O,/w(T,K,O) d/f,/U(T,/f,O) d/<a> dr ]
0

r 1 m
3t |
From our assumptions we have

||(p7(C,U)H

NENTIr—l
M{Iludll + Nlluoll + ||lp(w)]|]] + N [Jull + [|a(u)][]

" . ;
Nn"
() L/ <Q1||U||+Q2Q4/||u(/€)||d/1+Q3Q5O/||u(/£)||d/q> dr

~N

0
1 ,',’7‘—1 m
- / oo as] + 12 ;ﬁknw}

Mol {uudn £ [l + [[p(@)]| + | + [la)]]

r—1
T NF”W [Qlunc +Q2Qullulle + QsQsllulle

+ |9l oo ur+) + Zﬁkuncl}
k=1

N
<=EZ (Tl + TQHUHC)
v
This completes the step.

Step 2. Claim that ¥ is a contraction on F. For any ( € U and u,v € E, by
applying assertion (A4), we have

[(T1u) () = (T10)(Q) |
< [|Qr (O lp(w) — p(0)|| + [|P-(O)]|]|a(w) — g(v)]|
< NQsllu —v|| + NQr||u —v|| < N(Qes + Q7)[lu — v

Since N(Qg + Q7) < 1, we conclude that T, is a contraction.

Step 3. We claim that T is completely continuous. First, we illustrate that To is
continuous on Ej. Let {u,,} C F and u,,, — u in F,. Applying hypotheses (A;) and

https://www.journals.vu.lt/nonlinear-analysis
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(A3) along with this convergence, it follows that

h(T,Um,/Tw(T,Ii,um(Ii)) d/<a7/na(7,/<a7um(/<;)) dli) dr

0 0
n

— h(T,u,/w(T, H,U(H)) dli,/O'(T, Ii,u(ﬁ)) dﬁ) dr asm — oo,
0

0
and

m

Z (um(Gr)) = > Ji(w(Gr))  asm — oo

k=1

Applying the dominated convergence theorem, we find that

||(Tzum)() Tou)(Q)]|

(
0/ h<7 (1), [ (7, () O/U(T Ryt () dn)

- h(T, u(T), /T w(T, K, U(Ii)) dk, ] 0(7’, K, u(n)) d/{)
0

0

dr

M(NEW* i
gl L'(n)
)

¢ n
o/ (0 /
+ Bl 6, um, | @w(0,k,um)dr, [ o(d, Kk, up)dx
e [ ( (5, 4m) A5, [ (65, um)
0 0 0
4 ]
—h<5,u,/w(5, Ky u) dlﬁ:,/O’(5, Ky u) dn) ‘

0 0

+Z [EACE(e Jk(u(ck))H] da}

Fnkzm: e (um (Gr)) = T (u(G) ||
< /77 (T U (T /Tw(T,m,um(n)) d/i,/nO'(T, K, um(n)) dli)
0 0 0
—h<7-,u(7-), / & (r, 5, u(x)) ds, / o(r,n,u(n))dn) ar
0 0

Nonlinear Anal. Model. Control, 31(Online First):1-25, 2026
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Ng (]\ZE]\/VWT_1
I'(n)

~y
¢ ) n
[/ (5 um,/w (0, Ky U /cr(c?,n,um) dli)
0 0 0
s 5’
(5,u,/w (0, K, u) /a(é,m,u)dn)
0 0

£23 ()~ Jk(u<<k>>||] }

k=1

2
) {N(QG Q) —

dd

— 0 asm — +oo,

where § € [0,7n]. Thus, T is continuous on F. Next, we show that T is a compact
operator. To establish this, we show that the set {(Tou)({): u € E,} is relatively compact
in (2. This is followed by proving that the same set is uniformly bounded. For any ( € U
and u € E,, from Lemma 1 and Step 1 we have

[[(Z2u) ()
h(T,u(T),/w(T,H,U(H)) dfi,/a(T,fi,u(/@)) d/@)
0

0

T n
h(T,O,/w(T,H,O) dﬂ,/J(T,H,O) dli)
0 0

Y T n
+/ FL(T,O,/ZD(T,H,O)dH,/U(T,H,O)dﬁ)
0 0 0

C m
[l trallar + 3 ot
0 k=1

dr

dr

% <Q1ullc + QaQallulle + Q505 ullc

F ¥l Lo ey + *H% (ru)| + ZﬂkIIUC>
k=1

N N .
< ) <Q15 + Q2Q45 + Q3Q55 + 1Y Lo (ur+) + TE(T1 +Tos) + s Z 5k> )
k=1

https://www.journals.vu.lt/nonlinear-analysis
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Hence, sup,,¢ 5 [|(T2u)|| < oo, which means that {Tou: u € E,} is uniformly bounded.
Now, we claim that {Tyu: u € E,} is an equicontinuous family of functions on
U = [0,n)]. Forall ¢ € U and any fixed u € F, with 0 < {; < {3 < 7, one has

(| (ZT2u)(C2) — (Tau) (G|

C2 T n
< Sr(Ca T)h(r,u(r),/w(r,n,u(n)) dlﬂ?,/O’(T,KZ,U(I{)) dn) dr
0 0 0
§1 n
(G —T) ( w (T, Kk, u(k)) dk, O’(T,H,U(H)) d/<a> dr
[t [t
C2 C1
+ [ Sp(G—T)Ep(r)dr — [ S;(¢1 — 7)Ep(r)dr
/ !
+ Z S, (G2 = Ce) I (u(C Z Sy (¢ = Ce) I (u (Ck))H
0<Cr<C2 0<Cr<Cr
C1
|Sr(Ca=7) =S (G1—7) ||
0 n
{ <7' a /w T, K, u(k /U(T,/@U(/i))d/i)
0
—h(TO/WTﬁO)dKZ/O’(THO >H
7,0, | w(r,k,0)d o(r,%,0)d ) +HEQD.YT,U)||}
(oo oo
H 2 st -n - sita -l aue)|
0<Cr<C1
C2 T n
—|—/HST(§2 —’7’)”( h(T,u(T)7/w(T7n,u(m)) dn7/o(7,n7u(f~c)) df<¢> H
¢1 0 0

+ HE(,D,Y(T,U)H>dT

> S(G =)k (u(Gr)) H

C1<Cr<(C2

Nonlinear Anal. Model. Control, 31(Online First):1-25, 2026
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It follows from Lemma 1, Step 1, and hypotheses (A;)—(As) that
| (Tau)(C2) — (T2u) (G|

¢1
< / |5r(C2 = 7) = Sp(C1 — T)||{Q1IIUC + Q2Qu|ullc + Q3Qs|ullc
0

N
Wl + ST+ n”uc)}dT

+ 3 180G =) = Se(G = D1k (ulr)]

0<Cr<Ct

C2
+ % / {QIHUHC + Q2Qullullc + QsQs|lullc + ¥l o )

1
N,
+ TE(Tl + T2||u||c)} dr

ti X )]

(77 C1<Cr<(2
¢1
< / 15:(¢o = 7) = S:(¢1 — T)||{le +QaQus + QsQss
0 N
+ 1Yl oo (wr+) + T(Tl +T23)} dr

Nn" N,
+ n{le + Q2Q45 + Q3Q55 + [|P|| Lo (U r+) + TE(TI + T2S)}

I'(n)
Nors &2
X \C2—41|+$ Zﬁk
k=1

—0 as@%(l.

This follows because S,.(¢) (for ¢ > 0) is compact and uniformly continuous operator.
This proves that the family of functions {¥ou: u € E,} is equicontinuous. Consequently,
the Arzela—Ascoli theorem proves that To is compact.

Step 4. Show that Tiu + Tov € E; for every u,v € E,. Using Lemma 1, Step 1, and
assertions (A,)—(As), one has

[(F1u)(¢) + (T20) ()|
< [l@r([[[uo = p@)[| + [|2-(O)[[| 2 — a(w)

https://www.journals.vu.lt/nonlinear-analysis
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St

h(T,u(T),/Tw(T,KZ,U(H)) dﬁ,/na(r,/i,u(m)) dﬁ)

0

T 7
h(T,O,/w(T,H,O) dn,/a(T,n,O) d/<;>
0 0

N m
+ 220+ Tafule) +Zﬂknuu}

k=1
< N(l[uoll + [lp()ll + llua [l + llg(w)])

dr

+ IJY(ZT){QHUIIC + Q2Qullullc + Qs@s]lullc

N m
+ 0|l e r+) + TE(Tl + Lallullc) + Zﬂﬂu”}
k=1

s

Nn
I'(n)

= NE+ <Q1S+Q2Q4S+Q3Q5S

N m
+ 1Yl ) + TE(TI + Tas) + SZﬂk)
k=1

<T+I{V(’]7;<Q1+Q2Q4+Q3Q5+J\fn+’;ﬁk>s,

where N
ris (Wlemwan +
Thus, if s is chosen to be sufficiently large s > 0, we establish the bound || T;u+%2v|| < s.
This ensures that T1u + Tov € E whenever u,v € E,, where 17, 15, and = are defined
in Step 1. Thus, Theorem 1 guarantees the existence of a fixed point u(-) for the operator
T = %1 + %5 in E,. Consequently, the control system (1) possesses at least one mild
solution on the interval U = [0, n]. This successfully concludes the proof. [

NgT,
T =NE+ El).

S Approximate controllability

This section is dedicated to the study of the approximate controllability of the control
problem (1).

For this purpose, we assume that the linear control system (3) is approximately con-
trollable and that the function /% is uniformly bounded on its domain. Based on the results
of [16], we impose the following hypothesis:

(As) YW (7,0) = v(vyI+6{)~1 — 0asy — +oo in the strong operator topology.

Nonlinear Anal. Model. Control, 31(Online First):1-25, 2026
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Now, the main theorem in this section is as follows:

Theorem 3. Assume that hypotheses (A1)—~(Ag) hold and that Q.(C) and P,({) are
compact for every ( > 0. Then the control problem (1) is approximately controllable
onU.

Proof. Let u,(-) = u(-,uo, u1, p~) be a fixed point of T; + T in E. Thus, Theorem 2
establishes u (-) as a mild solution of (1), which is generated by the control

P~ (Csu)
= E*S:(n— ) (v + 07) " [ua — Qu(n) (uo — p(u)) — Pr(n) (ur — q(u))]

n

~E'Si0-0) [ (b1 eR) s =)

0 ’

X h(T u(7), /Tw(T K, u(k)) dFC,]U(ﬂFC,u(H)) dH) dr

0

—E*S (=) (I +68) D 80(C — G i (u(G)).-
k=1

Taking ( = 7, we obtain
Uv(ﬁ) =Qr(n) (UO - p(“’y)) + P(n) (ul - Q(u’y))

-I—/nSr(n—T)h(T,U’y(T),/TW(T,FL,U’Y(K)) dm,/na(T, K, Uy (K)) dn) dr
0 0

0

ug — Qr(n) (uo — p(uy))

+f sTm_T){BE*s:(n—ow(meg)
0

— P.(n) (u1 - Q(uv))

n 9 7
_/Sr(n_(;)h<57 u7(6)7/w(5, K, ury(li))dli,/0'<6a K, Uv(’i))dﬁ> dé]
=Y S (C = ) (uw(Ck))}dT
+ Z S(¢ = ) T (u(Cr))

0<Cr<C

= Qr (1) (uo — p(uy)) + Pr(n) (w1 — q(uy))

n
+/ST —7) (7’ Uy (T /w T, K, Uy (K)) di /U(T, K, Uy (K)) dn) dr
0 0 0

https://www.journals.vu.lt/nonlinear-analysis
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+6gW (v,67) {ud = Qr(n)(uo — p(uy)) = Pr(n) (ur — gq(u,))
n 4 U]
/Sr n—29) l (5 U (0 /w (8, K, uqy (k) dr /a(&muﬂm))dn)dé
0 0 0
- Z Sr(¢ = Ck)Jk (%(Ck))] do
k=1

+ Z S (¢ = Cr)Jk (U(Ck))}-

0<Cr<C
From (I — O)W (v,0{) = yW (v, O07) it follows that

+ (AL +y I+ )W g —Qr (1) (o —p(uy)) = Pr(n) (ur —q(uy))

e <
o U]
(5 u,y((;),/w(é, K, Uy (K)) dm,/a(é,/{,uv(n)) d/<;>

n

/Sr(n 5)
0
=D S (C=G) (uw(ck))] ds
k=1
+ Y ST(CCk)Jk(u(gk))}
0<¢r<(¢

=uq — YW (7,6y) {Ud —Qr(n)(uo — p(uy)) = Pr(n) (u1 — q(u,))

/nS,« (n—29)h (6 U (60 /612 8, K, uy(K)) dr /na(é,/@uy(m)) dm) dd
0 0 0

- zm: S (¢ = Cr) Ik (%(Ck))}

k=1
= Uqg — ’YW(’% QQ)H(UW)v

Nonlinear Anal. Model. Control, 31(Online First):1-25, 2026
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where
H(uy) = ua — Qr(n) (uo — p(uy)) — Pr(n) (u1 — q(us))
n s n
Syp(n —9) <5 U (6 @ (0, K, uy (k) d&, [ o(8, K, uqy(K)) d/{) )
i [t |
- Z Sp(C = Ce) i (uqy (Cr))-
k=1

From (A;)-(Ag) we have that the functions A, w, o, and Ji (k = 1,2,...,m) are
uniformly bounded on U. Hence, the sequence

o U]
{h(d,u.y((S),/w(é, K, u,y(li)) dli,/o(é,n,u,y(/—i)) dli)}

0 0

is uniformly bounded in U. Consequently, by passing to a subsequence if necessary, we
may assume that it converges weakly to i’ in L?(U, 2), and that Ji (u. ) converges weakly
to Ji(u) in L2(U, Q). It is evident that

¢ = ua — Qr(n)(uo — p(u)) — Pr(n) (u1 — q(u))

k=1

- /Sr(n — O A8 — > 8, (C — Gu) Tk (ul)).
0

Therefore, for § € [0, 7),
HH(uv) - ¢||

< s n
/Sr(n —9) |:h (5, uw(é),/w(& K, Uy (K)) dﬂ,/a(d, Ky Uy (K)) dn) — h/:| ds

0

m

1 D25 (C = G) [Tr (ul(Cr)) — Tr (u(Cr))] H

k=1
¢

5 "
< c:%pn] /Sr(n —9) |:h (5, u~(0), b/w(é, K, Uy (k) dr, b/a(é, K, Uy (K)) dli) — h:| dd
+gsup] Z (¢ = ) [ (u(r)) — (u(Ck))]H (5)
€[0,n e

The compactness property of the operator .S,.({) for every { > 0 leads directly to the limit
|H (uy) — ¢|| — 0 asy — 0. Moreover, based on Ed. (1), we derive

sy (m) = || = 17 (3, OG) )] + [l (v, €8) ||| () — ]
< W (. €)@ + [ H(wy) = 4]

https://www.journals.vu.lt/nonlinear-analysis
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Hypothesis (Ag) ensures that the approximate controllability of (3) is equivalent to the
strong convergence YW (v, ©() — 0 as v — 07. Drawing upon (Ae) and estimation (5),
this convergence proves that ||u, () — ug|| — 0 as vy — 0T, thereby guaranteeing the
approximate controllability of problem (1). This completes the proof. O

6 Application under illustrative examples

In this section, we provide two examples:
(i) The first example validates the functions appearing in hypotheses (A,)—(A4).
(i) The second example demonstrates the existence of a solution for a fractional
control system, serving as an application.

Example 1. Assume that 2 = L?([0,7]), U = [0,7]. Define the functions w : U x U x
N—=02,0:UxUxN—=2,h:Ux2—=02,J,:Ux2—=02,p: 02— (2, and
q: 82— by

e—21~c

a7 N S Oaﬂ-a
CEa e BECAL

w((, Kk, u) = ;oG k,u) =

4+|U(f€,g)|
¢ n

Cu, | w(( k,u)dk, | o(( k,u)d )
oo s

~ (¢, 9)] et e
‘(4+e<X1+m«ynr+!2+|Mmg>d'*/9+wmgnd’

Je(w(C)) = In(k)u(Ce), k=1,2,...m,
pl)(e) = 3 Lu(C)(o). =%,

Jj=1 Jj=1

w \55

respectively, where ¢ is a positive integer, 9 > 0; > 0. Furthermore assume that there exist
positive constants 27 and x5 such that Z |19 | < z; and Z 1 10] < 2. Now, we
check our assumptions as follows:

e It is clear that the function # is measurable and continuous. For u, u’ € (2, we have

¢ n
h((,u,/w((,ﬁ,u)dn,/U(C,Kz,u)dn)
0

0

q n
( uo/wc,nu /O‘(C,Iiu )H

0
¢ - —2n
w4+ S =+ S = ),

=
S 44e¢
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Thus, Q1 = e ¢/(4+e7%), Q2 = e /2, and Q3 = e~27/9 for all ¢ € [0,7).

Moreover,
¢
(c,u,/w ¢\ rr) /U(C,/{ . )H

0
H e e™m  e™
(

1 1 1
4+ef<)+TJr 0 | Sare< 2 T

= ¥(¢)

for 1y € L?([0, 7]). Hence, condition (A;) holds.
e From the definition of the functions zo and o we find that o and o are measurable
and continuous. Moreover, for u, v’ € {2, one has

e—K,

[§]
4+ u(k, g)| 4+ (K, g)l H

@ (. 5, u) = w(C, k)| = H

< =]

and
e B e
9+ [u(k, g)| 9+ |u(k, )|
o2
< 5”“ =

o (¢, ) = o (¢, )| =

—2K —2K H

Thus, Q4 = e¢/4 and Q5 = /9. This validate hypothesis (A3).

e Assume that D(B) = L*([0,n]). Clearly, the functions p,q : 2 — D(B) are
continuous, and for all u, v’ € {2, we can write

t t
9, ) [9;]
o) = p) | = || 30 Zu(©) = 3 @) < 30 FHu -l
j=1 j=1 j=1
< Sllu—|
and
s 9 e
law) = ) = | 3 Zutc) - 3 Lo « 32 Wl ju—w
j=1 j=1 j=1
Ty
< Zju-v|
Thus, Qg = x1/2 and Q7 = x5/3 for any x1,xo > 0. This fulfills assumption (Ay).
e It is obvious that the impulses Ji, : 2 — 2 (k = 1,2,...,m) are continuous, and
for all u € (2, we get
[k ()]} = [[In(k)u(Gh)]| < Ellul.

Thus, 8 = k > 0. Then assertion (Aj) is true.

https://www.journals.vu.lt/nonlinear-analysis
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Example 2. Consider the following fractional control system:

¢
ey 0? e |u(¢, 9)| e "
D'p(¢.9) = 39 250 9) + A+e )1+ [ulCa)) +/2+|u(ﬂyg)|dﬁ

n
+/9+um g dﬁE(p((ag)a CEU:[O,]-], gG[O,W],
’ (6)
)

p(¢,0) = p(¢,m) = p'(¢,0) = p'(¢,m) =0,
t ?9 t 9

GO+ 5 oG g) =polg), H(G0)+ DS 0(Gr0) = pilg), g €07
j=1 j=1

[P(C;jag) - P(CQ,Q)} = Jk(P(Ck,g)), k=1,2,...,m, g €[0,7],
where °D1 is the CFD of order ¢ € (1,2), ¥;,0; € R, t € N. Also, assume that there
exist 1, z2 > 0 such that Z;zl |¥;] < 21 and Z;=1 10;] <z
Let 2 = L2([0, 7]). Define the mapping B : D(B) C 2 — 2by B(p) = —8%(p)/
0g? with the domain
= {p(-) € £2: p, p are absolutely continuous, p” € £2, p(0) = p(7) = 0}.

It is well known that the operator —B is densely defined in the Banach space (2, and it
is the infinitesimal generator of a uniformly bounded strongly continuous cosine family

{Q(O}czo0-
Moreover, the operator — B possesses a discrete spectrum defined by the eigenvalues
m = —m?7? and the corresponding normalized eigenvectors e, (g) = /2/m sin(mmg)

for g € [0,7] and m € N.
Obviously, {€,, } men forms an orthonormal basis for §2. The operator B can then be
expressed as the spectral decomposition

o0
Bp=—=>_ pim(p,em)em, p€ D(B).

m=1

The corresponding cosine and sine functions are given by

Op =Y cos(v/EmC){p,em)em, p € L2,

m=1
and
=1
P(Q)p = sin(y/wmC){(p, em)em, p € §2.
2

It is straightforward to verify that for every ¢ > 0, the operator P(() is compact, and for
all ¢ > 0, Q(C) is strongly continuous with the uniform bound ||Q(¢)|| < 1.
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Now, problem (6) is equivalent to the nonlocal abstract problem (1) in {2 with u(¢)(g) =
p(¢, g), the functions @, o : U x U x 2 — {2 are described as

e F 6725
w((, Kk, u) = T4 u(mg) U(C»Hau):ma g € 0,7,
the function /i : U x 23 — (2 is obtained by

¢
Cu, [ w(( ku)dr, [ ok, u)dff)()
(oo [t |

e~<[u(,g) C h
<4+e-<><1+|u<<,g>|>*/2+|mg /+|mg d gl

oo\fb

t 19 t
= Sul¢ =D Ju
j=1 j=1

and

Je(w(Cr))(9) = Je(p(Cr, 9)) = [p(¢F9) — p(¢hh9)], k=1,2,...,m

It has been rigorously established that assumptions (A;)—(As) hold. Let / be an infinite-
dimensional space given by

oo oo
F:{@:ij)ej 63 2@1761 }7
=2 j=2

endowed with the norm ||p|| = Z;?;(gpj, ej)2, and let E : F — {2 be a linear contin-
uous mapping described as

Ep =2piei(g) + Z‘Pjej(g)
Hence,
Zgoj,ej ej(g) € L*(U,F),
j=2
and

Ee(¢) =2¢1(¢ +Z<% vejve;(g) € L*(U, 02).

Clearly, | F|| is bounded, and assertion (Ag) holds. Hence, all auxiliary assumptions
of Theorem 3 are satisfied. Then the fractional control problem (6) is approximately
controllable on [0, 1].

https://www.journals.vu.lt/nonlinear-analysis
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7 Conclusion

This paper investigates the approximate controllability of a class of fractional control DEs.
The considered system is characterized by the inclusion of CFDs, Volterra—Fredholm
integral terms, impulsive effects, and nonlocal conditions of order » € (1,2) in the
setting of Banach spaces. The main objective is to establish sufficient conditions guar-
anteeing the approximate controllability of the proposed control problem. Assuming that
the associated linear system is approximately controllable, the analysis is developed by
employing techniques from fractional calculus, Krasnoselskii’s FPT, and the theory of
resolvent operators. The obtained results extend and improve several related contributions
available in the existing literature. To demonstrate the applicability of the theoretical
findings, a concrete example is presented. The present study also involves a number of
mathematical and practical challenges. The memory and hereditary nature of fractional
derivatives substantially increase the complexity of the analysis when compared with clas-
sical integer-order systems. Moreover, the coexistence of Volterra and Fredholm integral
operators produces both local and global interactions, which make the verification of com-
pactness, continuity, and fixed-point assumptions more subtle. The nonlocal conditions
add further difficulty since the initial state depends on the entire history of the solution,
while impulsive effects introduce discontinuities that require suitable piecewise analytical
frameworks. Future research may address extensions to stochastic and uncertain systems,
variable-order and distributed-order fractional models, time-delay equations with state-
dependent impulses, as well as efficient numerical schemes and computational methods
for applications arising in engineering, biology, and networked control systems.
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