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Abstract. This paper develops an event-triggered distributed optimization algorithm (DOA) for
directed multi-agent systems. The algorithm is designed to solve fixed-time optimization problems
with equality constraints, while also compensating for input time delays. Firstly, the time-delay
system is transformed into an equivalent delay-free model by using the method of model order
reduction. Secondly, to reduce the consumption of communication resources, an event-triggered
communication scheme is utilized. Subsequently, based on Lyapunov stability theory, it is proved
that the designed DOA can converge to the optimal solution within a fixed time. Finally, a numerical
simulation shows the effectiveness and advantages of the event-triggered DOA for multi-agent
systems.

Keywords: distributed optimization, fixed time, event-triggered communication scheme, input time
delay.

1 Introduction

Optimization problems hold a central position in numerous scientific and engineering
disciplines. Traditionally, these problems were solved using centralized algorithms [11,
19, 20]. However, in large-scale networks, where communication resources are limited
and data cannot be centrally processed, centralized algorithms have become increasingly
less applicable. For this reason, distributed optimization algorithms (DOAs) emerged as
an important solution [4, 12, 21], which mainly includes distributed subgradient method,
alternating direction method of multipliers, Newton method, and so on. Those methods
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address the overarching problem by breaking it down into a range of interconnected
subproblems, which are addressed in a coordinated manner. Each agent only has local
information about the data and communicates only with the neighboring nodes in the net-
work, without the need for large-scale data transmission and reducing the communication
burden.

In fact, the methods mentioned above are all asymptotically convergent. In practical
applications, the primary objective is to achieve an optimal solution within a finite time.
Because of this, discontinuous finite-time schemes were devised to address the convex
optimization problems (CVOPs) in prior work [5, 28]; subsequently, a continuous finite-
time algorithm was developed to solve the unconstrained optimization problem discussed
in [17]. However, in these finite-time protocols, the estimated time depends on the ini-
tial conditions of the agents. To overcome this limitation, fixed-time DOA has garnered
significant research interest. The estimated time is bounded above by a constant that is
independent of the initial conditions, which means that regardless of the initial value,
it will reach convergence within a specified time interval. The definition of fixed-time
convergence was introduced and proven in [15]. Subsequent research has expanded this
framework into DOA across different network settings. For example, a two-stage fixed-
time algorithm employing dynamic event-triggering was designed in [25] for multi-agent
systems (MASs) with strongly convex objectives; two fixed-time distributed adaptive
algorithms were proposed in [9] to address a family of CVOPs for MASs. Further de-
velopments include an edge-based fixed-time protocol in [13], which can deal with both
time-varying and time-invariant objective functions, as well as a continuous fixed-time
method in [1] developed for equality constrained optimization. Although [1,13] proposed
fixed-time protocols to solve the distributed optimization problem (DOP), they were all
applicable to undirected networks. In [2], a fixed-time DOA was introduced to solve the
economic dispatch problem (EDP) for directed graphs; similarly, in [24], a DOA was
proposed to address the DOP with communication delays and external disturbances in
a directed network. In conclusion, the current work has made significant progress within
the domain of distributed optimization at fixed times. From the construction of basic
theories to the creation of algorithms for convex optimization, equality constraints, and
so on, and successfully expanding the application from undirected graphs to more general
directed graph networks, the related algorithms ensure the convergence of the system
within fixed time.

However, most of the above research assumes that the information exchange between
agents is completed instantaneously. In practical work, due to the nonideal data trans-
mission and processing after reception, time delays are inevitable and have a substantial
impact on the stability of the system [8, 22]. So dealing with time delays has become
an important research topic. For instance, in [7], by incorporating virtual agents and
redesigning communication links, desired delay properties were attained, enabling the
reuse of established DOA to address the DOP. On the other hand, a DOA aimed at time-
delay systems was developed in [26].

It should be noted that the aforementioned approaches necessarily involve continu-
ous communication and controller updates, which may lead to energy waste. To avoid
these above issues, the event-triggered method has been proposed [3, 10, 14]. By only

https://www.journals.vu.lt/nonlinear-analysis

https://www.journals.vu.lt/nonlinear-analysis


Event-triggered distributed fixed-time optimization for multi-agent system 3

exercising control at critical moments, the overall energy consumption of the system is
optimized. Additionally, the event-triggered method prevents all agents from transmitting
data simultaneously, effectively avoiding network congestion and data collisions, while
enhancing reliability and real-time performance. Leveraging an event-triggered mecha-
nism, a distributed primal-dual protocol was designed for dealing with a set of CVOPs
in prior work [6]; an event-triggered DOA in [16] involving two stages was designed to
address a fixed-time consensus-constrained DOP, where each agent possesses a strongly
convex local objective function; within undirected networks, the event-triggered method
was presented in [29] to address the DOP subject to equality constraints; in [27], an event-
triggered DOA was designed to investigate the DOP subject to equality constraints; as
reported in [18], leveraging an event-triggered mechanism, a DOA was also designed
to address the DOP; more recently in [23], to address the issue of inadequate power
supply, a fixed-time DOA, which employs an event-triggered mechanism, was developed.
Existing research has achieved a series of results in event-triggered DOP. However, there
remains potential for further extension. First, unlike undirected networks, directed graphs
yield asymmetric Laplacian matrices, which complicates the construction of Lyapunov
functions and the derivation of a uniform convergence time bound that is independent
of initial conditions. Then the presence of input delays makes the control design more
challenging. A model order reduction technique must be carefully applied to transform
the delayed system into an equivalent delay-free model, while preserving the optimal
solution. Finally, reducing communication overhead without sacrificing convergence per-
formance is nontrivial, especially when the system must converge in fixed time. The
triggering condition must be designed to avoid Zeno behavior and to ensure that the event-
triggered error does not affect the fixed-time convergence guarantee. Therefore, combin-
ing equality constraints, input delays, directed communication, and event-triggered up-
dates in the fixed-time optimization framework is technically demanding, and the research
on this topic is necessary and meaningful.

Influenced by those discussion, the main content aims to design an event-triggered
distributed fixed-time optimization algorithm to address the DOP with equality constraint
and time delay in a directed network. The principal contributions of this work can be
stated as:

(i) The DOA proposed in this paper employs an event-triggered communication
protocol to alleviate communication overhead. Additionally, compared to the
original algorithm, which was mainly used to solve the case where the objective
function is the quadratic function, the new algorithm is applicable to cases of the
convex function.

(ii) The influence of the input time delay is considered, which is more in line with
the actual situation. Subsequently, the method of model order reduction is used to
solve it, which can transform the time-delay system into an equivalent delay-free
model.

(iii) The fixed-time algorithm designed in this paper can estimate the upper bound
of convergence time more accurately, enabling the system to reach the optimal
value more quickly. The estimation bound mainly relies on λ2 and λn.
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The outline of this paper is as follows. Section 2 is devoted to the preliminaries. In
Section 3, the fixed-time DOA is introduced and its convergence is rigorously analyzed.
Simulation results are reported and discussed in Section 4. The paper ends with conclud-
ing remarks in Section 5.

Notations. Let Rm denote the m-dimensional real space, Rn×m the space of real n×m
matrices, and N the set of natural numbers. AT denotes the transpose of matrix A, 1n is
the n × 1 column vector of all ones. The symbol ⊗ denotes the Kronecker product, |·|
the absolute value, ‖·‖ the Euclidean norm, ∇f the gradient of f , and ∇2f the Hessian
matrix of f . Moreover, diag(·) denotes a diagonal matrix, A matrix A ∈ Rn×n is called
positive if aij > 0 for all 1 6 i, j 6 n. Let z = [z1, z2, . . . , zm]T ∈ Rm be a column
vector. Then

Sig(z)ω =
[
sig(z1)ω, sig(z2)ω, . . . , sig(zm)ω

]T
, sig(zi)

ω = sign(zi)|zi|ω,

Sign(z) =
[
sign(z1), sig(z2), . . . , sign(zm)

]T
,

and sign(·) is a sign function.

2 Preliminaries and problem formulation

In this section, the DOP is first introduced. Then the basic agent dynamics are presented.
In addition, several useful lemmas that will be used in the subsequent analysis are pro-
vided at the end of this section.

2.1 Optimization problem formulation

The DOP with an equality constraint can be described in this subsection, where every
network nodes have a local objective function fi(xi), which is only known by node i.
The global objective function, denoted as f(x), is defined as the sum of all the local
objective function, i.e., f(x) =

∑n
i=1 fi(xi). The DOP is defined as follows:

min f(x) =

n∑
i=1

fi(xi) (1)

s.t.
n∑
i=1

xi(t) =

n∑
i=1

xi(0) = ξ, (2)

where xi ∈ Rm, ξ is the m × 1 column vector. The objective is to minimize the sum
function f(x) and satisfy the equality constraint (2).

Remark 1. In fact, the DOP (1)–(2) arises from a set of operational constraints. Taking
economic dispatch in the smart grid as an example, the variable xi(t) is defined as the
active power output, fi(xi(t)) denotes the local cost function, ξ denotes the total demand,
and f(x(t)) denotes the total cost function. The primary objective is to minimize the
overall cost subject to the constraint that all demand must be met.
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2.2 Agent dynamics

Consider the multi-agent system with n agents. The communication topology is repre-
sented by a directed graph G = {V, E , A}, where V = {v1, v2, . . . , vn} denotes the set
of agents, E ⊆ V × V denotes the set of communication links, and A = [aij ] denotes
the adjacency matrix. If (vi, vj) ∈ E , agent j is a neighbor of agent i with aij = 1;
otherwise, aij = 0. It is assumed that there are no self-loops, i.e., aii = 0. The graph is
termed strongly connected when there is a path between each pair of distinct nodes. It is
weight-balanced if

∑n
j=1 aij =

∑n
j=1 aji for all i = 1, 2, . . . , n.

The Laplacian matrix L , [lij ] ∈ Rn×n of graph G is defined by lij = −aij when
i 6= j and lii =

∑n
j=1 aij . For a strongly connected and weight-balanced graph, it holds

that L1n = 0 and 1T
nL = 0, and the smallest positive eigenvalue of L + LT is denoted

by λ̃2(L+ LT) > 0.
Under this communication topology, the continuous-time dynamics of each agent i,

considering input time delay, can be described as follows:

ẋi(t) = ui(t− τ), i = 1, 2, . . . , n,

where xi(t) ∈ Rm corresponds to the state, ui(t) represents its control input, and τ > 0
denotes the input time delay.

Under the input time delay, the following substitution is made:

Ωi(t) = xi(t) +

t∫
t−τ

ui(s) ds,

so

Ω̇i(t) = ẋi(t) + ui(t)− ui(t− τ) = ui(t).

Based on this transformation, the delayed system can be converted into an equivalent
delay-free form. Moreover, it can be verified that the original equality constraint remains
unchanged. Since

∑n
i=1 xi(t) = ξ,

∑n
i=1 ẋi(t) = 0 =

∑n
i=1 ui(t− τ),

n∑
i=1

Ωi(t) =

n∑
i=1

[
xi(t) +

t∫
t−τ

ui(s) ds

]
=

n∑
i=1

xi(t) +

t∫
t−τ

n∑
i=1

ui(s) ds

=

n∑
i=1

xi(t) = ξ.

Now, replacing xi(t) with Ωi(t) transforms the optimization problem into the following
form:

min f(Ω) =

n∑
i=1

fi(Ωi), (3)

s.t.
n∑
i=1

Ωi(t) =

n∑
i=1

Ωi(0) = ξ. (4)
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Remark 2. The original optimization problem (1) and the transformed optimization
problem (3) are equivalent. In fact, as t → +∞, in problem (1), xi(t) converges to its
optimal value x∗i ; in problem (4), Ωi(t) converges to its optimal value Ω∗i . Additionally,
the mapping between them is given by

Ωi(t) = xi(t) +

t∫
t−τ

ui(s) ds.

Thus, when t→∞, ui(t)→ 0, so Ωi(t)− xi(t)→ 0 and

x∗i = lim
t→∞

xi(t) = lim
t→∞

Ωi(t)− lim
t→∞

(
Ωi(t)− xi(t)

)
= Ω∗i .

Therefore, ui(t) can be designed such that when Ωi(t) in the transformed system
converges to Ω∗i , xi(t) also converges to Ω∗i . Hence, the optimal solutions of the original
and transformed optimization problems are identical. Additionally,

lim
t→∞

n∑
i=1

fi
(
xi(t)

)
=

n∑
i=1

fi(x
∗
i ) =

n∑
i=1

fi(Ω
∗
i ) = lim

t→∞

n∑
i=1

fi
(
Ωi(t)

)
,

which shows that the objective function values of the two optimization problems are
equivalent.

Eventually, this substitution transforms original optimization problem with the input
time delay into delay-free model. Thus, this problem can be transformed into the MAS
consisting of the identical agents Ωi(t), each agent possesses a local objective function
denoted as fi(Ωi(t)). The task is to collaboratively optimize f(Ω), while considering
global equality constraint.

Remark 3. Comparing with [27], this paper considers input delays and transforms the
delayed system into a delay-free system by using model order reduction, which is more
consistent with communication/actuation delays in practical engineering.

Assumption 1. The directed communication topology is strongly connected and weight-
balanced, and the matrix LL is generalized positive semidefinite, i.e., xTLLx > 0 for all
x ∈ Rn.

Assumption 2. The objective functions fi(xi(t)) are strongly convex, and there exists
a constant δ > 0 such that ‖∇2fi(xi(t))‖ > δ for all xi(t) and for all i.

Remark 4. Assumption 1 is crucial for the subsequent fixed-time convergence analysis.
In particular, strong connectivity ensures that every agent can indirectly influence every
other agent through directed paths, which is necessary for the global information to prop-
agate across the network and for the fixed-time convergence to the optimum. Moreover,
the weight-balanced condition guarantees that the global equality constraint is invariant
under the algorithm (5).
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2.3 Some useful lemmas

Next, we will introduce several important lemmas, which will offer the necessary theoret-
ical foundation for the subsequent analysis of the optimization problems.

Lemma 1. (See [1].) Let ε1, ε2, . . . , εn > 0. Then
n∑
i=1

εai >

(
n∑
i=1

εi

)a
, 0 < a 6 1,

n∑
i=1

εai > n1−a

(
n∑
i=1

εi

)a
, 1 < a <∞.

Lemma 2. (See [2].) Assume that there exists a continuous radially unbounded function
V : Rn → R+ ∪ {0} such that:

(i) V (x) = 0⇔ x = 0;
(ii) There exist constants µ, α, β, p, q, k > 0 with pk < 1 and qk > 1 for which

V̇ (x) 6 −µV
(
x(t)

)
− αkV pk

(
x(t)

)
− βkV qk

(
x(t)

)
.

Then the origin of the system is globally fixed-time stable, and the estimated time T (x0)
is set as follows:

T (x0) 6 T̂ =
ln(1 + µ

αk )

µ(1− pk)
+

ln(1 + µ
βk )

µ(qk − 1)
.

Remark 5. Comparing with the estimated time T̃ mentioned in Lemma 1 of [15], a more
precise setting time T̂ can be get by using the Lemma 2. In fact, selecting the appropriate
function f(ς) = ln(1 + ς) − ς , when ς > 0, f(ς) < f(0) = 0. Let ς = µ/αk. It is easy
to show that ln(1 + µ/αk) < µ/αk, then

ln(1 + µ
αk )

µ(1− pk)
<

µ
αk

µ(1− pk)
=

1

αk(1− pk)
.

In the similar way,
ln(1 + µ

βk )

µ(qk − 1)
<

1

βk(qk − 1)
.

Based on the above discussion, T̂ 6 T̃ , that is why T̂ is more precise than T̃ .

Lemma 3. (See [2].) Let L ∈ Rn×n be a Laplacian matrix, ρ ∈ R, and let Θ =
diag{θ1, θ2, . . . , θn} ∈ Rn×n be a positive diagonal matrix. If LL is a generalized
positive semidefinite matrix, then

SigT(Lx)ρΘLTx > 0,

where Sig(·)ρ denotes a vector-valued function.

Remark 6. Lemma 3 plays a pivotal role in this work, particularly in the context of the
fixed-time stability analysis under directed graphs. By applying Lemma 2 and noting that
SigT(Lx)ρΘLTx > 0 is related with to the Lyapunov function V , the estimated time
T (x0) is established.
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3 Main results

In this section, the DOA employing an event-triggered communication mechanism is
developed to address (3) subject to (4). Subsequently, a convergence analysis is performed
to demonstrate the effectiveness of the DOA.

3.1 Algorithm design

The following DOA with event-triggered communication scheme is designed:

Γi(t) =
∑
j∈Ni

aij
(
ψi(t)− ψj(t)

)
Ωi(t) =

∑
j∈Ni

aij
(
%i(t)− %j(t)

)
+Ωi(0)

%̇i(t) = −αΓi(tk)− β sig
(
Γi(tk)

)ω − γ sign
(
Γi(tk)

)
,

(5)

where the variable Ωi(t) ∈ Rm corresponds to the state in the new multi-agent system,
ψi(t) = ∂fi(Ωi(t))/∂Ωi(t) ∈ Rm, α, β, and γ are positive constants, ω > 1, tk denotes
the triggering instant, ψi(t), %i(t), and Γi(t) are auxiliary variables, and sign(·) is the
sign function.

Remark 7. In practical engineering fields, communication among agents is often con-
strained due to limited network resources. Different from [1] and [2], to address this
limitation and improve resource utilization efficiency, this paper adopts an event-triggered
communication strategy (5) in the design of the fixed-time distributed optimization algo-
rithm.

Algorithm (5) can be cast into a matrix form as follows:

Ω(t) = (L⊗ Im)%(t) +Ω(0)

%̇(t) = −α(L⊗ Im)ψ(tk)− β Sigω
(
(L⊗ Im)ψ(tk)

)
− γ Sign

(
(L⊗ Im)ψ(tk)

)
,

(6)

where L is the Laplacian matrix, Ω(t) = [ΩT
1 (t), ΩT

2 (t), . . . , ΩT
n (t)]T ∈ Rmn, %(t) =

[%T1 (t), %T2 (t), . . . , %Tn (t)]T ∈ Rmn, and ψ(t) = [ψT
1 (t), ψT

2 (t), . . . , ψT
n (t)] ∈ Rmn are

auxiliary vectors, Sigω(·) and Sign(·) are the vector functions.

Remark 8. Combining (6) with Ω̇(t) = u(t) yields

u(t) = Ω̇(t)

= −α(LL⊗ Im)ψ(tk)− β(L⊗ Im) Sig
(
(L⊗ Im

)
ψ(tk)

)ω
− γ(L⊗ Im) Sign

(
(L⊗ Im)ψ(tk)

)
.
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In addition, ψ(t) = ∇f(Ω(t)), so

u(t) = −α(LL⊗ Im)∇f
(
Ω(tk)

)
− β(L⊗ Im) Sig

(
(L⊗ Im)∇f

(
Ω(tk)

))ω
− γ(L⊗ Im) Sign

(
(L⊗ Im)∇f

(
Ω(tk)

))
,

which means that a suitable u(t) is designed to address the optimization problem.

Indeed, the second equation in (6) can be reformulated as

%̇(t) = −α(L⊗ Im)ψ(tk)− β Sig
(
(L⊗ Im)ψ(tk)

)ω − γ Sign
(
(L⊗ Im)ψ(tk)

)
= −

(
e(t) + α(L⊗ Im)ψ(t) + β Sig

(
(L⊗ Im)ψ(t)

)ω
+ γ Sign

(
(L⊗ Im)ψ(t)

))
, (7)

where

e(t) = α(L⊗ Im)ψ(tk) + β Sig
(
(L⊗ Im)ψ(tk)

)ω
+ γ Sign

(
(L⊗ Im)ψ(tk)

)
−
(
α(L⊗ Im)ψ(t) + β Sig

(
(L⊗ Im)ψ(t)

)ω
+ γ Sign

(
(L⊗ Im)ψ(t)

))
.

Define

g(t) =
∥∥e(t)∥∥− εε1βn(1−ω)/2ε(1+ω)/23

∥∥LT
1 ψ
∥∥ω + γεε2ε

1/2
3 .

The following event-triggered condition is employed to judge whether an update of the
state is required:

tk+1 = inf
t

{
t > tk

∣∣ g(t) > 0
}
,

where ε ∈ (0, 1) denotes the parameter, which serves as a design variable to adjust the
triggering frequency, L1 = L⊗ Im and ε1, ε2, ε3 > 0 satisfy (11)–(13).

Remark 9. Owing to the strongly connected and weight-balanced graph,

(1n ⊗ Im)T(L⊗ Im) = 1T
nL⊗ Im = 0.

Because of this,
n∑
i=1

Ωi(t) =

n∑
i=1

( ∑
j∈Ni

aij
(
%i(t)− %j(t)

)
+Ωi(0)

)
= (1n ⊗ Im)T(L⊗ Im)%(t) + ξ = ξ,

which ensures that the global equality constraint is satisfied by algorithm (5) at all time
instants and for any %(t). As a result, the equality-constrained optimization problem (3)–
(4) is reformulated as the following unconstrained CVOP in terms of %(t):

min f
(
%(t)

)
=

n∑
i=1

fi

( ∑
j∈Ni

aij
(
%i(t)− %j(t)

)
+Ωi(0)

)
. (8)

Nonlinear Anal. Model. Control, 31(Online First):1–22, 2026

https://doi.org/10.15388/namc.2026.31.47916


10 R. Geng et al.

Remark 10. Note that ψ(t) = ∇f(Ω(t)), then

∇f
(
%(t)

)
= (L⊗ Im)T∇f

(
Ω(t)

)
= (L⊗ Im)Tψ(t)

and
∇2f

(
%(t)

)
= (L⊗ Im)T∇2f

(
Ω(t)

)
(L⊗ Im).

From (8) the optimal value %∗ will be obtained when ∇f(%∗) = 0. In other words, if
ψ(t) converges to ψ∗(1n ⊗ Im), where ψ∗ ∈ R is a constant, then ∇f(%) converges to
ψ∗(L⊗ Im)T(1n⊗ Im) = ψ∗(LT1n⊗ Im) = 0. Hence, ψi(t) = ψj(t), and the optimal
value can be obtained.

3.2 Convergence analysis

Theorem 1. Under Assumptions 1 and 2, the DOA (5) is capable of solving the equality-
constrained optimization problem (3)–(4) within a fixed time, and the corresponding
convergence time bound is established:

T (Ω) 6 Tmax =
4 ln(1 + αε0ζ

1/2

2γ(1−ε)ε2ε1/23

)

αε0ζ
+

4 ln(1 + αε0ζ
(1−ω)/2

2β(1−ε)ε1n(1−ω)/2ε
(1+ω)/2
3

)

αε0ζ(ω − 1)
, (9)

where ζ = δλ22/(2λn), α, β, γ, and ω are adjusting parameters in algorithm (5), δ > 0,
ε ∈ (0, 1) denotes a triggering parameter, which serves as a design variable to adjust the
triggering frequency. ε0, ε1, ε2, ε3 > 0 satisfy

LL+ LTLT > ε0LL
T, (10)

βψT(t)L1 Sig
(
L1ψ(t)

)ω
> ε1βψ

T(t)LT
1 Sig

(
L1ψ(t)

)ω
, (11)

γψT(t)L1 Sign
(
L1ψ(t)

)
> ε2γψ

T(t)LT
1 Sign

(
L1ψ(t)

)
, (12)

LTL > ε3LL
T. (13)

Here ψi(t) = ∂fi(Ωi(t))/∂Ωi(t) ∈ Rm, ψ(t) = [ψT
1 (t), . . . , ψT

n (t)]T ∈ Rmn, L1 =
L⊗ Im, λ2 and λn are the smallest and largest positive eigenvalues of matrix LT

1 L1.

Proof. Choose a candidate Lyapunov function as follows:

V (t) =
(
f
(
%(t)

)
− f(%∗)

)2
, (14)

where %∗ denotes the optimal value, i.e., f(%∗) 6 f(%(t)).
According to (7),

V̇ (t) = 2
(
f
(
%(t)

)
− f(%∗)

)
∇Tf

(
%(t)

)
%̇(t)

= −2
(
f(%(t)

)
− f(%∗)

)[
ψT(t)L1e(t) + αψT(t)L1L1ψ(t)

+ βψT(t)L1 Sig
(
L1ψ(t)

)ω
+ γψT(t)L1 Sign

(
L1ψ(t)

)]
.
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According to Assumption 1 and L1 = L ⊗ Im, L1L1 is a generalized positive
semidefinite matrix, thus ψTL1L1ψ > 0. Because of this, L1L

T
1 and L1L1 + LT

1 L
T
1

are positive semidefinite matrices, they have the same zero subspace. So there must exist
an ε0 > 0 satisfying (10). Therefore,

ψT(t)L1L1ψ(t) >
ε0
2
ψT(t)L1L

T
1 ψ(t) =

ε0
2

∥∥∇f(%(t)
)∥∥2.

Let

Mβ = βψT(t)L1 Sig
(
L1ψ(t)

)ω
, M̃β = βψT(t)LT

1 Sig
(
L1ψ(t)

)ω
,

Mγ = γψT(t)L1 Sign
(
L1ψ(t)

)
, M̃γ = γψT(t)LT

1 Sign
(
L1ψ(t)

)
.

According to Lemma 3, Mβ , M̃β ,Mγ , M̃γ > 0. Combining those above inequalities,

V̇ (t) 6 −2
(
f
(
%(t)

)
− f(%∗)

)(
ψT(t)L1e(t) +

αε0
2

∥∥∇f(%(t)
)∥∥2 +Mβ +Mγ

)
.

In fact, when the system reaches the optimal solution, all ψi(t) become identical, so
L1ψ(t) = 0. This forces both Sig(L1ψ(t))ω and Sign(L1ψ(t)) converge to 0, that is to
say, Mβ , M̃β ,Mγ , M̃γ → 0. Hence, these terms vanish at the optimum and decay to zero
during the fixed-time convergence process. Suppose that for all ε̄ > 0 s.t. ε̄M̃β > Mβ ,
there must be Mβ < 0, which contradicts to Mβ > 0. Therefore, there must exist an
ε1 > 0 that satisfies (11). In the same way, there must exist an ε2 > 0 that satisfies (12).
Combining the above discussion, we obtain

V̇ (t) 6 −
(
f
(
%(t)

)
− f(%∗)

)(
2ψT(t)L1e(t) + αε0

∥∥∇f(%(t)
)∥∥2 + 2ε1M̃β + 2ε2M̃γ

)
6 2
(
f
(
%(t)

)
− f(%∗)

)∥∥∇f(%(t)
)∥∥∥∥e(t)∥∥− αε0(f(%(t)

)
− f(%∗)

)∥∥∇f(%(t)
)∥∥2

− 2ε1
(
f
(
%(t)

)
− f(%∗)

)
M̃β − 2ε2

(
f
(
%(t)

)
− f(%∗)

)
M̃γ . (15)

Let Φ(t) = L1ψ(t), where Φ(t) = [ΦT
1 (t), ΦT

2 (t), . . . , ΦT
n (t)]T, Φi(t) ∈ Rm, so

Φ(t) ∈ Rmn. Obviously, due to Lemma 1, one can get that

M̃β > βn(1−ω)/2
(
ΦT(t)Φ(t)

)(1+ω)/2
,

M̃γ > γ
(
ΦT(t)Φ(t)

)1/2
,

where ω > 1. Similarly, there exists ε3 > 0 satisfying (13), thus

ΦT(t)Φ(t) = ψT(t)LT
1 L1ψ(t) > ψT(t)L1L

T
1 ψ(t) = ε3‖∇f(%(t))‖2.

Therefore,

M̃β > βn(1−ω)/2ε
(1+ω)/2
3

(∥∥∇f(%(t)
)∥∥2)(1+ω)/2,

M̃γ > γε
1/2
3

(∥∥∇f(%(t)
)∥∥2)1/2.

On the other hand, due to∥∥e(t)∥∥ 6 εε1βn
(1−ω)/2ε

(1+ω)/2
3

∥∥LT
1 ψ
∥∥ω + γεε2ε

1/2
3 ,
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we have∥∥∇f(%(t)
)∥∥∥∥e(t)∥∥ 6 εε1βn

(1−ω)/2ε
(1+ω)/2
3

∥∥LT
1 ψ
∥∥ω+1

+ γεε2ε
1/2
3

∥∥LT
1 ψ
∥∥

6 εε1βn
(1−ω)/2ε

(1+ω)/2
3

(∥∥∇f(%(t)
)∥∥2)(ω+1)/2

+ γεε2ε
1/2
3

(∥∥∇f(%(t)
)∥∥2)1/2.

Substituting these inequalities back into (15) yields

V̇ (t) 6 −
(
f
(
%(t)

)
− f

(
%∗)
)(
αε0
∥∥∇f(%(t)

)∥∥2
+ 2β(1− ε)ε1n(1−ω)/2ε(1+ω)/23

(∥∥∇f(%(t)
)∥∥2)(ω+1)/2

+ 2γ(1− ε)ε2ε1/23

(∥∥∇f(%(t)
)∥∥2)1/2). (16)

In addition, according to Assumption 2,

f
(
%(t))− f(%∗

)
= ∇Tf(%∗)

(
%(t)− %∗

)
+

1

2

(
%(t)− %∗

)T∇2f(%̂)
(
%(t)− %∗

)
>
δ

2

(
%(t)− %∗

)T
LT
1 L1

(
%(t)− %∗

)
>

δ

2λn

(
LT
1 L1(%(t)− %∗)

)T
LT
1 L1

(
%(t)− %∗

)
,

where δ > 0. The eigenvalues of LTL are 0 = λ1 6 λ2 6 · · · 6 λn. The corresponding
orthonormal eigenvectors are 1n, υ2, . . . , υn satisfying ‖υi‖ = 1 and υTi υj = 0 for i 6= j.
Since L1 = L⊗ Im, it follows that

LT
1 L1 = (L1 ⊗ Im)T(L1 ⊗ L1) =

(
LT ⊗ Im

)
(L⊗ Im) =

(
LTL

)
⊗ Im

Therefore, the eigenvalues of LT
1 L1 are 0 = λ1 6 λ2 6 · · · 6 λn with each λi having

multiplicity m. Consequently, the corresponding orthonormal eigenvectors are υi ⊗ ek,
where {ek}mk=1 forms the orthonormal basis for Rm. Moreover,

(υi ⊗ ek)T(υj ⊗ ek′) =
(
υTi υj

)
⊗
(
eTk ek′

)
= 0.

Hence, the vector can be expressed as

%(t)− %∗ =

n∑
i=1

m∑
k=1

κi,k(υi ⊗ ek),

where κi,k (i = 1, 2, . . . , n; k = 1, 2, . . . ,m) are constants.
Let

υ =

n∑
i=2

m∑
k=1

κi,k(υi ⊗ ek), ‖υ‖2 =

n∑
i=2

m∑
k=1

κ2i,k,

LT
1 L1(%(t)− %∗) =

((
LTL

)
⊗ Im

)(
%(t)− %∗

)
,

and ((
LTL

)
⊗ Im

)
(υi ⊗ ek) =

(
LTLυi

)
⊗ ek = λiυi ⊗ ek = λi(υi ⊗ ek),
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that is ((
LTL

)
⊗ Im

)(
%(t)− %∗

)
=

n∑
i=1

m∑
k=1

κi,kλi(υi ⊗ ek).

Since λ1 = 0, based on the above discussion,(
LT
1 L1

(
%(t)− %∗

))T
LT
1 L1

(
%(t)− %∗

)
=

(
n∑
i=2

m∑
k=1

κi,kλi(υi ⊗ ek)

)T n∑
i=2

m∑
k=1

κi,kλi(υi ⊗ ek)

=

n∑
i=2

m∑
k=1

κ2i,kλ
2
i > λ22

n∑
i=2

m∑
k=1

κ2i,k > λ22‖υ‖2.

Then it can be obtained that

f
(
%(t)

)
− f(%∗) >

δλ22
2λn
‖υ‖2.

On the other hand,

f(%∗)− f
(
%(t)

)
= ∇Tf

(
%(t)

)(
%∗ − %(t)

)
+

1

2

(
%∗ − %(t)

)T∇2f(%̂)
(
%∗ − %(t)

)
,

so

f
(
%(t)

)
− f(%∗) = ∇Tf

(
%(t)

)(
%(t)− %∗

)
− 1

2

(
%∗ − %(t)

)T∇2f(%̂)
(
%∗ − %(t)

)
6 ∇Tf

(
%(t)

)(
%(t)− %∗

)
= ψTL1

(
κ11n ⊗ Im + υ

)
= κ1ψ

TL1(1n ⊗ Im) +∇Tf
(
%(t)

)
υ 6

∥∥∇f(%(t)
)∥∥‖υ‖.

Combining those inequalities,∥∥∇f(%(t)
)∥∥2 >

δλ22
2λn

(
f
(
%(t)

)
− f(%∗)

)
. (17)

Substituting (17) back into (16),

V̇ (t) 6 −
(
f
(
%(t)

)
− f(%∗)

)(
αε0

δλ22
2λn

(
f
(
%(t)

)
− f(%∗)

)
+ 2β(1− ε)ε1n(1−ω)/2ε(1+ω)/23

(
δλ22
2λn

(
f
(
%(t)

)
− f(%∗)

))(ω+1)/2

+ 2γ(1− ε)ε2ε1/23

(
δλ22
2λn

(
f
(
%(t)

)
− f(%∗)

))1/2)
= −αε0

δλ22
2λn

V (t)− 2γ(1− ε)ε2ε1/23

(
δλ22
2λn

)1/2

V 3/4(t)

− 2β(1− ε)ε1n(1−ω)/2ε(1+ω)/23

(
δλ22
2λn

)(ω+1)/2

V (ω+3)/4(t)

= −aV (t)− bkV pk(t)− ckV qk(t),
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where

a = αε0
δλ22
2λn

, b = 2γ(1− ε)ε2ε1/23

(
δλ22
2λn

)1/2

,

c = 2β(1− ε)ε1n(1−ω)/2ε(1+ω)/23

(
δλ22
2λn

)(ω+1)/2

,

k = 1, p =
3

4
∈ (0, 1), q =

3 + ω

4
> 1.

With the aid of Lemma 2, it is demonstrated that V (t) converges to 0 with the convergence
time bound given by (9).

With the aid of the function (14) and the estimated time bound (9) for all t > T (Ω),
%(t) = %∗, which implies that the CVOP (3) subject to equality constraint (4) is addressed
within a fixed time, and Ωi(t) can reach the optimization value Ω∗.

Theorem 2. The event-triggered communication scheme presented in this work is capable
of precluding Zeno behavior, ensuring that no accumulation of triggering events occurs
in fixed time.

Proof. First, Γi(t) = [Γi1(t), Γi2(t), . . . , Γim(t)]T ∈ Rm, so

sig(Γi(t))
ω =


sign(Γi1(t))|Γi1(t)|ω
sign(Γi2(t))|Γi2(t)|ω

...
sign(Γim(t))|Γim(t)|ω

 =


Γi1(t)|Γi1(t)|ω−1
Γi2(t)|Γi2(t)|ω−1

...
Γim(t)|Γim(t)|ω−1

 .
Let Q(p) = p|p|ω−1, it can be proved that

Q̇(p) = ω|p|ω−1.
In addition,

e(t) = αL1ψ(tk) + β Sig
(
L1ψ(tk)

)ω
+ γ Sign

(
L1ψ(tk)

)
−
(
αL1ψ(t) + β Sig

(
L1ψ(t)

)ω
+ γ Sign

(
L1ψ(t)

))
,

L1 = L⊗ Im, Γ (t) = L1ψ(t), so

ė(t) = − d

dt

(
αΓ (t) + β Sig

(
Γ (t)

)ω
+ γ Sign

(
Γ (t)

))
.

Since d Sig(Γ (t))ω/dt = (∂ Sig(Γ )ω/∂Γ )Γ̇ (t), let

J(Γ ) =
∂ Sig(Γ )ω

∂Γ
= diag

(
J1(Γ1), J2(Γ2), . . . , Jn(Γn)

)
∈ Rmn.

where each Ji(Γi(t)) is a diagonal matrix, Ji(Γi) = ω diag(|Γi1(t)|ω−1, |Γi2(t)|ω−1, . . . ,
|Γim(t)|ω−1), and Ji(Γi(t)) 6 ωmaxj=1,2,...,m{|Γij(t)|ω−1}Im, so

J(Γ ) 6 ω max
i=1,2,...,n; j=1,2,...,m

{∣∣Γij(t)∣∣ω−1}Imn.
https://www.journals.vu.lt/nonlinear-analysis

https://www.journals.vu.lt/nonlinear-analysis


Event-triggered distributed fixed-time optimization for multi-agent system 15

Based on the above discussion,

d

dt
Sig
(
Γ (t)

)ω
= J(Γ (t))Γ̇ (t),

so
ė(t) = −αΓ̇ (t)− βJ

(
Γ (t)

)
Γ̇ (t).

Then, for t ∈ [tk, tk+1], k ∈ N, it follows that

D+
∥∥e(t)∥∥ 6

∥∥ė(t)∥∥ =
∥∥−αΓ̇ (t)− βJ

(
Γ (t)

)
Γ̇ (t)

∥∥
6
∥∥αImn + βJ

(
Γ (t)

)∥∥|∥∥Γ̇ (t)
∥∥.

Since Γ (t) = L1∇f(Ω(t)) and Γ̇ (t) = L1∇2f(Ω(t))L1%̇, it follows from (5) that both
Γ (t) and Γ̇ (t) are bounded for t ∈ [tk, tk+1].

Denote

∆(t) = max
i=1,2,...,n; j=1,2,...,m

{∣∣Γij(t)∣∣ω−1}
and

Λ(t) = max
tk6s6t

{∥∥(α+ βω∆(s)
)
Imn

∥∥∥∥Γ̇ (s)
∥∥}.

Because e(tk) = 0, one can get

∥∥e(t)∥∥ 6

t∫
tk

∥∥ė(s)∥∥ds 6

t∫
tk

∥∥αImn + βJ
(
Γ (s)

)∥∥∥∥Γ̇ (s)
∥∥ds 6 Λ(t)(t− tk).

As we know, the next event occurs upon the condition g(t) = 0 or ||e(t)|| = εε1β

n(1−ω)/2ε
(1+ω)/2
3 ‖Γ (t)‖ω + γεε2ε

1/2
3 . Therefore,∥∥e(tk+1)

∥∥ = εε1βn
(1−ω)/2ε

(1+ω)/2
3

∥∥Γ (tk+1)
∥∥ω + γεε2ε

1/2
3

6 Λ(tk+1)(tk+1 − tk). (18)

Form (18) it can be obtained that

tk+1 − tk >
εε1βn

(1−ω)/2ε
(1+ω)/2
3 ‖Γ (tk+1)‖ω + γεε2ε

1/2
3

Λ(tk+1)
> 0.

Thus, the Zeno behavior does not occur.

According to Lemma 2,

lim
t→T (Ω)

V (t) = 0,

and
T (Ω) 6 Tmax

=
4 ln(1 + αε0ζ

1/2

2γ(1−ε)ε2ε1/23

)

αε0ζ
+

4 ln(1 + αε0ζ
(1−ω)/2

2β(1−ε)ε1n(1−ω)/2ε
(1+ω)/2
3

)

αε0ζ(ω − 1)
,
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where ζ = δλ22/(2λn), which indicates that ui(t) converges to zero at t = T (Ω) > Tmax,
and

∫ t
t−τ ui(s) ds converges to zero when t > Tmax + τ . Thus

xi(t)− xj(t) =

(
Ωi(t)−

t∫
t−τ

ui(s) ds

)
−

(
Ωj(t)−

t∫
t−τ

uj(s) ds

)
= Ω∗ −Ω∗ = 0.

In other words, xi(t) can reach the optimization value x∗=Ω∗ when t=T (x)>Tmax+τ .
Hence, fixed-time convergence to both the solution of the constrained optimization prob-
lem (1)–(2) and consensus is guaranteed, with the upper bound on T (x) provided by

T (x) 6
4 ln(1 + αε0ζ

1/2

2γ(1−ε)ε2ε1/23

)

αε0ζ
+

4 ln(1 + αε0ζ
(1−ω)/2

2β(1−ε)ε1n(1−ω)/2ε
(1+ω)/2
3

)

αε0ζ(ω − 1)
+ τ, (19)

where ζ = δλ22/(2λn).

Remark 11. Owing to the fact that under the directed graph, Laplacian matrix is not
symmetric, the proof of Theorem 1 necessitates the use of several inequalities, which
leads to the emergence of several constant parameters, such as ε0, ε1, ε2, ε3. Since those
parameters are strongly associated with the Laplacian matrix L, smaller values of them
will cause an increase in the time estimate. On the other hand, under an undirected and
connected communication topology, those parameters can be entirely dispensed with, and
the time estimate is rendered more accurate as a result.

Corollary 1. Under an undirected and connected communication topology, the equality
constrained optimization problem (3)–(4) is guaranteed to be solved in fixed time by the
DOA (5), and the estimated time is obtained as

T (x) 6
4 ln(1 + αζ̂1/2

2γ(1−ε) )

αζ̂
+

4 ln(1 + αζ̂(1−ω)/2

2β(1−ε)n(1−ω)/2 )

αζ̂(ω − 1)
, (20)

where ζ̂ = δλ̂22/2, α, β, γ, and ω are adjusting parameters in algorithm (5), δ > 0, ε ∈
(0, 1) serves as the parameter that can be tuned to adjust the event triggering frequency,
λ̂2 denotes the smallest positive eigenvalue of the Laplacian matrix L.

Proof. Since the Laplacian matrix is symmetric and the Lyapunov function is defined
by (14), it follows that

V̇ (t) 6 −
(
f
(
%(t)

)
− f(%∗)

)
×
(
2α
∥∥∇f(%(t)

)∥∥2 + 2β(1− ε)n(1−ω)/2
(∥∥∇f(%(t)

)∥∥2)(ω+1)/2

+ 2γ(1− ε)
(∥∥∇f(%(t)

)∥∥2)1/2). (21)
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According to Theorem 1,

f
(
%(t)

)
− f(%∗) >

δλ̂22
2
‖υ‖2, (22)

where λ̂2 is the smallest positive eigenvalue of the Laplacian matrix L.
Substituting (22) into (21),

V̇ (t) 6 −
(
f
(
%(t)

)
− f(%∗)

)(
αδλ̂22

(
f
(
%(t)

)
− f(%∗)

)
+ 2β(1− ε)n(1−ω)/2

(
δλ̂22
2

(
f
(
%(t)

)
− f(%∗)

))(ω+1)/2

+ 2γ(1− ε)
(
δλ̂22
2

(
f
(
%(t)

)
− f(%∗)

))1/2)
= −αδλ̂

2
2

2
V (t)− 2γ(1− ε)

(
δλ̂22
2

)1/2

V 3/4(t)

− 2β(1− ε)n(1−ω)/2
(
δλ̂22
2

)(ω+1)/2

V (ω+3)/4(t)

= −ãV (t)− b̃kV pk(t)− c̃kV qk(t),

where

ã = α
δλ̂22
2
, b̃ = 2γ(1− ε)

(
δλ̂22
2

)1/2

,

c̃ = 2β(1− ε)n(1−ω)/2
(
δλ̂22
2

)(ω+1)/2

,

k = 1, p =
3

4
∈ (0, 1), q =

3 + ω

4
> 1.

Applying Lemma 2, it is demonstrated that V (t) converges to 0 with the convergence time
bound given by (20).

Following the method presented in Theorem 1, the Zeno behavior can also be ex-
cluded.

4 Numerical simulations

A numerical example of economic dispatch is introduced in this section to demonstrate
the effectiveness of algorithm (5). In the smart grids, the economic dispatch problem
involving six generators is a very typical class of distributed optimization problems.
Specifically, the cost coefficients and the network topology are adapted from [2] in our
paper, with modifications to the Laplacian matrix to satisfy the strongly connected and
weight-balanced condition.The communication graph, which is strongly connected and
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Figure 1. Communication network.

Table 1. The coefficients

Node 1 2 3 4 5 6

αi 0.096 0.071 0.108 0.073 0.065 0.092
βi 1.35 2.28 3.21 1.42 4.22 3.51
γi 51 42 33 49 56 78

weight-balanced as shown in Fig. 1, constitutes the network topology, and the Laplacian
matrix L is presented as follows:

L =


2 0 0 0 −1 −1
−1 2 0 −1 0 0
0 −1 1 0 0 0
−1 0 −1 2 0 0
0 −1 0 0 1 0
0 0 0 −1 0 1

 .

Through calculation, it can be obtained that the given L in the simulation satisfies As-
sumption 1, i.e., xTLLx > 0. In the economics dispatch problem, xi(t) ∈ R is the active
power, ξ is the total demand. fi(xi(t)) = αixi(t)

2 + βixi(t) + γi are the cost functions
in which αi, βi, and γi represent the cost coefficient. Thus,

min f(x) =

6∑
i=1

fi(xi) s.t.
6∑
i=1

xi(t) =

6∑
i=1

xi(0) = ξ.

In the simulation, the cost coefficients αi, βi, and γi are given in Table 1. We choose
the initial states as x(0) = [70, 100, 80, 70, 90, 90]T MW and %(0) = [10, 10, 10, 10,
10, 10]T, the total demand ξ is assumed to be 500 MW. Let ε1 = 10, ε2 = 0.1, ε3 = 0.5,
and let the tuning parameters be chosen as α = 80, β = 10, γ = 10, and δ = 0.1.
Moreover, system parameter ω = 1.5, time delay constant τ = 0.05, and the triggering
parameter ε = 0.6.

By calculation, it can be obtained that ζ = 0.000318. Therefore, from (19) and the
above parameter settings it follows that Tmax = 0.441905 s. Moreover, it can be clearly
observed from Fig. 2 that the state trajectories of xi(t) are very close to the optimal
value x∗ = [77.645, 98.437, 60.408, 101.627, 92.599, 69.283]T MW. The evolution of the
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Figure 2. The state trajectories. Figure 3. The cost function.

Figure 4. The equality constraint ξ.

objective function and the equality constraint is illustrated in Figs. 3 and 4, respectively.
It can be observed that when the time exceeds 0.2 s, the objective function reaches its
minimum value, while the equality constraint remains satisfied.

5 Conclusion

This paper addresses the DOP for systems with input time delay and an equality con-
straint. A distributed protocol is designed by employing model order reduction to trans-
form the original time-delay system into an equivalent delay-free model. Based on Lya-
punov theory, the fixed-time convergence of the proposed protocol is established, and
an upper bound on the estimated time is derived. To reduce communication overhead,
an event-triggered communication scheme is incorporated. Subsequently, a numerical
simulation is introduced to demonstrate the effectiveness of the proposed control scheme.
Future work will focus on observer-based fixed-time DOP.
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