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Abstract. The aim of this work is to introduce a d-Fenchel–Young distance function associ-
ated with the 5-tuple (α, β, γ, ξ, f), where d is a metric on a nonempty set X , α : [0,+∞) →
[0,+∞) is a monotonically increasing and invertible function from (0,+∞) onto (0,+∞),
ξ : [0,+∞) → [0,+∞) is an auxiliary function related to α through the structural condition
cα := inft>0 ξ(t)/α

−1(t) > 0, β, γ : X × X → [0,+∞) satisfy β(x, y) 6 γ(x, y) for all
distinct x, y ∈ X , and γ is related to a function f : [0,+∞) → [0,+∞). Within this framework,
we establish several fundamental properties of the proposed distance and derive fixed point results
for self-mappings on metric spaces satisfying µ-comparison contractive conditions with respect to
this distance. For suitable choices of (α, β, γ, ξ, f), the proposed framework reduces to the classical
metric and the d-Young distance. Consequently, the Banach fixed point theorem and related fixed
point results in the d-Young setting are recovered as special cases. Finally, we provide an explicit
example for which neither the Banach fixed point theorem nor the existing fixed point results
based on the d-Young distance are applicable, whereas our generalized framework guarantees the
existence and uniqueness of a fixed point.

Keywords: (c)-comparison functions, d-Fenchel–Young distance, d-Young distance, Fenchel–
Young inequality, fixed points.

1 Introduction

Fixed point theory has long been recognized as one of the fundamental tools in mod-
ern nonlinear analysis. Its underlying principle is simple yet powerful: under suitable
conditions, a mapping on a given space admits a point that remains invariant under the
action of the mapping. This concept provides an important connection between abstract
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mathematical theory and a wide range of applications, including differential equations,
dynamical systems, optimization, image processing, biology, and oceanology, where fixed
points frequently arise in the study of stability, equilibrium, and long-term behavior.
Owing to its broad applicability, fixed point theory continues to play a significant role
in the analysis of nonlinear problems and complex systems.

The classical fixed point result, widely known as the Banach fixed point theorem
in [1], is one of the fundamental results in fixed point theory and provides a simple and
powerful criterion for the existence and uniqueness of fixed points. In a complete metric
space, a Banach contraction admits a unique fixed point, and the sequence generated by
successive iterations of the mapping converges to this fixed point from any initial point.
Despite its fundamental importance, the Banach fixed point theorem requires a rather
restrictive contractive condition, which is not satisfied by many nonlinear problems aris-
ing in theory and applications. This limitation has motivated the development of various
generalized contractive conditions and broader fixed point frameworks.

To overcome the limitations of classical assumptions, researchers have pursued sev-
eral strategies, including generalizing contractive conditions or relaxing strict contractive
requirements (see, for instance, [3, 5–7, 10, 11, 13, 18]), and employing comparison func-
tions, as illustrated by [4,8,12,17]. Another significant direction has been the development
of new ways to measure distances between elements using distance-like quantities that
extend beyond the traditional metric. These advances enhance the applicability of fixed
point methods, allowing them to address problems where classical approaches are too
restrictive. In particular, several generalized distance structures in abstract spaces have
been introduced to provide more flexible and powerful frameworks for fixed point theory.
For instance, the classical metric was elegantly extended through the introduction of the
w-distance by Kada et al. [9], which was later further generalized to the τ -distance [16]. It
is well established that every metric is a w-distance and every w-distance is a τ -distance,
while the converses generally do not hold. Such generalized distances facilitate the study
of mappings for which classical metric-based contractions are insufficient.

Most recently, Rakočević and Samet [14] proposed the d-Young distance function,
which is a generalized distance function that provides additional analytical flexibility.
This distance function is defined on a metric space (X, d) with respect to the 5-tuple
(p, q, τ, κ, ξ), where 1 < p, q < +∞ with 1/p + 1/q = 1, τ :X × X → [0,+∞) is
a given function, κ > 0, and ξ : [0,+∞)→ [0,+∞) satisfies

cκ := inf
t>0

ξ(t)

tκ
> 0.

This construction not only generalizes existing distance notions but also enables the anal-
ysis of contractive mappings that classical metrics cannot handle. Using this framework,
they established existence and uniqueness results for fixed points of mappings satisfying
contractive conditions defined via the d-Young distance. Remarkably, by selecting an
appropriate 5-tuple (p, q, τ, κ, ξ), their results recover the Banach fixed point theorem
as a special case, highlighting the versatility and power of the d-Young framework for
addressing a broad class of nonlinear phenomena.
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Motivated by the idea of the d-Young distance, we extend this concept to introduce
a d-Fenchel–Young distance by incorporating additional auxiliary functions and pairwise
functions. Using this framework, we establish several fixed point results that generalize
classical theorems, including the Banach fixed point theorem, as well as results related
to the d-Young distance in [14]. By making appropriate choices of the parameters and
functions, our generalized distance reduces to the classical metric or the d-Young distance.
In other words, every classical metric or d-Young distance can be seen as a special case
of the d-Fenchel–Young distance, but not every d-Fenchel–Young distance reduces to one
of these forms. To highlight the power of this approach, we provide an example where
previous results are not applicable due to unmet assumptions or contractive conditions,
while our framework satisfies the necessary conditions and guarantees both the existence
and uniqueness of a fixed point for the corresponding self-mapping.

2 d-Fenchel–Young distance functions

In this section, we first introduce the relevant parameters and functions, then define
the d-Fenchel–Young distance, and discuss some of its key properties. We also provide
nontrivial examples to illustrate its behavior and show that this distance generalizes the
classical d-Young distance.

Throughout the paper, we denote byΘ the set of all functions α : [0,+∞)→ [0,+∞)
that are monotonically increasing and invertible from (0,+∞) onto (0,+∞). Using this,
we define Ξα as the set of all functions ξ : [0,+∞)→ [0,+∞) satisfying

cα := inf
t>0

ξ(t)

α−1(t)
> 0. (1)

For a given set X , let L1(X) denote the family of all mappings β : X ×X → [0,+∞)
satisfying

β(x, y) = 0 if and only if x = y. (2)
Furthermore, we define

X# :=
{
(x, y) ∈ X ×X: x 6= y

}
.

Remark 1. It follows from (2) that if β ∈ L1(X), then for all (x, y) ∈ X#,

β(x, y) > 0.

We denote by F the class of functions f : [0,+∞) → [0,+∞) satisfying f(0) = 0
and f(t) > 0 for all t > 0. For f ∈ F , its Fenchel conjugate f∗ : [0,+∞)→ [0,+∞] is
defined by

f∗(t) = sup
x>0

{
xt− f(t)

}
for all t ∈ [0,+∞). By the definition of the Fenchel conjugate, we have the Fenchel–
Young inequality

st 6 f(s) + f∗(t) (3)

for all s, t ∈ [0,+∞).
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Table 1. Principal classes of mappings used throughout the paper.

Notation Generic element Membership conditions
Θ α : [0,+∞)→ [0,+∞) Monotonically increasing and invertible

from (0,+∞) onto (0,+∞)

Ξα ξ : [0,+∞)→ [0,+∞) cα := inft>0 ξ(t)/α−1(t) > 0

L1(X) β : X ×X → [0,+∞) β(x, y) = 0 ⇐⇒ x = y

F f : [0,+∞)→ [0,+∞) f(0) = 0 and f(t) > 0 for all t > 0

L(β,f)(X) γ : X ×X → [0,+∞) β(x, y) 6 γ(x, y) and f∗(γ(x, y)) < +∞
for all (x, y) ∈ X#

Given a function β ∈ L1(X) and f ∈ F , we denote by L(β,f)(X) the collection of
mappings γ : X ×X → [0,+∞) such that

β(x, y) 6 γ(x, y) and f∗(γ(x, y)) < +∞

for all (x, y) ∈ X#.
Throughout this paper, (X, d) is assumed to be a metric space unless otherwise stated.

For the convenience of the reader and to improve clarity, we summarize the main notations
used throughout the paper in Table 1.

Using the aforementioned classes of functions on a metric space (X, d), we introduce
the d-Fenchel–Young distance function as follows:

Definition 1. Let (X, d) be a metric space, α ∈ Θ, ξ ∈ Ξα, β ∈ L1(X), f ∈ F , and
γ ∈ L(β,f)(X). Then we define the mapping Dξ[α,β,γ,f] : X

# → [0,+∞) by

Dξ[α,β,γ,f](x, y) := ξ

[
f

(
α(d(x, y))

β(x, y)

)
+ f∗

(
γ(x, y)

)]
(4)

for all (x, y) ∈ X#. We say that the mapping Dξ[α,β,γ,f] is a d-Fenchel–Young distance
function with respect to (α, β, γ, ξ, f). For simplicity, we write Dξ instead of Dξ[α,β,γ,f]

whenever there is no ambiguity.

The positivity of the d-Fenchel–Young distance Dξ[α,β,γ,f] on X# is an immediate
consequence of (1) and (4). For completeness, we state it as the following proposition.

Proposition 1. LetDξ[α,β,γ,f] be the d-Fenchel–Young distance on a metric space (X, d).
For all (x, y) ∈ X#, we have

Dξ[α,β,γ,f](x, y) > 0.

The d-Fenchel–Young distance function is, in general, not symmetric. Its symmetry
properties depend on the behavior of the pairwise functions β and γ that define the
underlying distance framework. The following proposition characterizes the conditions
under which the d-Fenchel–Young distance becomes symmetric.

Proposition 2. LetDξ[α,β,γ,f] be the d-Fenchel–Young distance on a metric space (X, d).
Suppose that the pairwise functions β and γ are symmetric on X#. Then Dξ[α,β,γ,f] is
symmetric, that is, for all (x, y) ∈ X#,

Dξ[α,β,γ,f](x, y) = Dξ[α,β,γ,f](y, x).
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Proof. For each (x, y) ∈ X#, using the symmetry of d, β, and γ, we obtain

Dξ[α,β,γ,f](x, y) = ξ

[
f

(
α(d(x, y))

β(x, y)

)
+ f∗

(
γ(x, y)

)]
= ξ

[
f

(
α(d(y, x))

β(y, x)

)
+ f∗

(
γ(y, x)

)]
= Dξ[α,β,γ,f](y, x).

In the following, we present several examples to illustrate our definition of the
d-Fenchel–Young distance. In particular, by choosing suitable values for the parameters
and functions involved, the classical d-Young distance can be recovered as a special case.
To highlight this relationship, we begin with the following example.

Example 1. Let (X, d) be a metric space, and let dξ[p,q,τ,κ] be a d-Young distance function
with respect to (p, q, τ, κ, ξ), where p, q > 1 satisfy 1/p+1/q = 1, τ : X×X → [0,+∞)
is a mapping satisfying τ(x, y) = 0 if and only if x = y, κ > 0, and ξ : [0,+∞) →
[0,+∞) satisfies

cκ := inf
t>0

ξ(t)

tκ
> 0. (5)

Recall that dξ[p,q,τ,κ] is defined by

dξ[p,q,τ,κ](x, y) = ξ

[
1

p

(d(x, y))p/κ

(τ(x, y))p
+

(τ(x, y))q

q

]
for all (x, y) ∈ X#.

We now show that the above d-Young distance can be recovered as a particular case
of the d-Fenchel–Young distance. To this end, define α, f : [0,+∞)→ [0,+∞) by

α(t) = t1/κ, f(t) =
tp

p

for all t > 0 and set β := τ and γ := τ . Then

cα := inf
t>0

ξ(t)

α−1(t)
= inf
t>0

ξ(t)

tκ
(5)
= cκ > 0.

Moreover, the Fenchel conjugate of f is a function f∗ : [0,+∞)→ [0,+∞] defined by

f∗(t) =
tq

q

for all t > 0. Consequently, for each (x, y) ∈ X#, we obtain

Dξ[α,β,γ,f](x, y) = ξ

[
f

(
α(d(x, y))

β(x, y)

)
+ f∗

(
γ(x, y)

)]
= ξ

[
1

p

(
d(x, y)1/κ

τ(x, y)

)p
+

(τ(x, y))q

q

]
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= ξ

[
1

p

(d(x, y))p/κ

(τ(x, y))p
+

(τ(x, y))q

q

]
= dξ[p,q,τ,κ](x, y).

Hence, the d-Young distance introduced in [14] is recovered as a particular case of the
d-Fenchel–Young distance.

The preceding example shows that the d-Fenchel–Young distance extends the class
of d-Young distance functions. We next illustrate the flexibility of this framework by
showing that the resulting d-Fenchel–Young distance may also coincide with the original
metric d. The following two examples provide different constructions that exhibit this
property.

Example 2. Let (X, d) be a metric space. Define β, γ : X ×X → [0,+∞) by

β(x, y) = γ(x, y) =
(
d(x, y)

)1/2
for all x, y ∈ X . Consider also the functions α, f, ξ : [0,+∞)→ [0,+∞) defined by

α(t) = t, f(t) =
t2

2
, ξ(t) = t

for all t > 0. Clearly, α ∈ Θ, f ∈ F , ξ ∈ Ξα, and

cα = inf
t>0

ξ(t)

α−1(t)
= inf
t>0

t

t
= 1.

The Fenchel conjugate of f is a function f∗ : [0,+∞)→ [0,+∞] defined by

f∗(t) = sup
s>0

{
st− f(s)

}
= sup

s>0

{
st− s2

2

}
=
t2

2

for all t∈ [0,+∞). Then for each (x, y) ∈ X#, the d-Fenchel–Young distance reduces to

Dξ[α,β,γ,f](x, y) = ξ

[
f

(
α(d(x, y))

β(x, y)

)
+ f∗

(
γ(x, y)

)]
= f

(
d(x, y)

(d(x, y))1/2

)
+ f∗

(
(d(x, y))1/2

)
= f

((
d(x, y)

)1/2)
+ f∗

((
d(x, y)

)1/2)
=

((d(x, y))1/2)2

2
+

((d(x, y))1/2)2

2
= d(x, y).

Hence, for this choice of α, β, γ, f , and ξ, the d-Fenchel–Young distance coincides with
the original metric d.
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The next example provides another nontrivial construction for which the resulting
d-Fenchel–Young distance still coincides with the original metric d.

Example 3. Let (X, d) be a metric space. Define β, γ : X ×X → [0,+∞) by

β(x, y) = γ(x, y) =
(
d(x, y)

)1/6
for all x, y ∈ X . Consider also the functions α, f, ξ : [0,+∞)→ [0,+∞) defined by

α(t) = t1/3, f(t) =
t2

2
, ξ(t) = t3

for all t > 0. Clearly, α ∈ Θ, f ∈ F , and ξ ∈ Ξα. Since α−1(t) = t3, we have

cα = inf
t>0

ξ(t)

α−1(t)
= inf
t>0

t3

t3
= 1.

The Fenchel conjugate of f is a function f∗ : [0,+∞)→ [0,+∞] defined by

f∗(t) = sup
s>0

{
st− f(s)

}
= sup

s>0

{
st− s2

2

}
=
t2

2

for all t ∈ [0,+∞). Then for each (x, y) ∈ X#, the d-Fenchel–Young distance reduces
to

Dξ[α,β,γ,f](x, y) = ξ

[
f

(
α(d(x, y))

β(x, y)

)
+ f∗(γ(x, y))

]
= ξ

[
f

(
(d(x, y))1/3

(d(x, y))1/6

)
+ f∗

(
(d(x, y))1/6

)]
= ξ

[
f
(
(d(x, y))1/6

)
+ f∗

(
(d(x, y))1/6

)]
= ξ

[(
(d(x, y))1/6

)2
2

+

(
(d(x, y))1/6

)2
2

]
= ξ
(
(d(x, y))1/3

)
=
(
(d(x, y))1/3

)3
= d(x, y).

Hence, for this choice of α, β, γ, f , and ξ, the d-Fenchel–Young distance coincides with
the original metric d.

Although the preceding examples show that the d-Fenchel–Young distance may co-
incide with the original metric d, it does not, in general, constitute a metric, since the
triangle inequality may fail, as demonstrated in Example 4. Nevertheless, the d-Fenchel–
Young distance possesses certain fundamental properties, including positivity and, under
suitable conditions, symmetry. Importantly, the triangle inequality is not required for the
fixed point results developed in this paper.
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Example 4. Let X = R be equipped with the usual metric d. Define β, γ : X × X →
[0,+∞) by

β(x, y) = γ(x, y) =

{
1 if x 6= y,

0 if x = y.

Consider also the functions α, f, ξ : [0,+∞)→ [0,+∞) defined by

α(t) = t, f(t) =
t3

3
, ξ(t) = t

for all t > 0. Clearly, α ∈ Θ, f ∈ F , and ξ ∈ Ξα. Moreover,

cα = inf
t>0

ξ(t)

α−1(t)
= inf
t>0

t

t
= 1.

The Fenchel conjugate of f is a function f∗ : [0,+∞)→ [0,+∞] defined by

f∗(t) = sup
s>0

{
st− f(s)

}
= sup

s>0

{
st− s3

3

}
=

2

3
t3/2

for all t ∈ [0,+∞). Then for each (x, y) ∈ X#, we have

Dξ[α,β,γ,f](x, y) = ξ

[
f

(
α(d(x, y))

β(x, y)

)
+ f∗

(
γ(x, y)

)]
= f

(
|x− y|

)
+ f∗(1) =

|x− y|3

3
+

2

3
.

Now, take x = 0, y = 1, and z = 2. Then

Dξ[α,β,γ,f](x, y) =
13

3
+

2

3
= 1,

Dξ[α,β,γ,f](y, z) =
13

3
+

2

3
= 1,

Dξ[α,β,γ,f](x, z) =
23

3
+

2

3
=

10

3
.

Consequently,

Dξ[α,β,γ,f](x, z) =
10

3
> 2 = Dξ[α,β,γ,f](x, y) +Dξ[α,β,γ,f](y, z).

Therefore, the triangle inequality fails. Therefore, in general, a d-Fenchel–Young distance
need not be a metric.

The failure of the triangle inequality is not restricted to identity-type choices in the
construction, as illustrated by the following example.

Example 5. Let X = R be equipped with the usual metric d. Define β, γ : X × X →
[0,+∞) by

β(x, y) = γ(x, y) =

{
1 if x 6= y,

0 if x = y.

https://www.journals.vu.lt/nonlinear-analysis
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Consider also the functions α, f, ξ : [0,+∞)→ [0,+∞) defined by

α(t) = t1/3, f(t) =
t4

4
, ξ(t) = t3

for all t > 0. Clearly, α ∈ Θ, f ∈ F , and ξ ∈ Ξα. Since α−1(t) = t3, we have

cα = inf
t>0

ξ(t)

α−1(t)
= inf
t>0

t3

t3
= 1.

The Fenchel conjugate of f is a function f∗ : [0,+∞)→ [0,+∞] defined by

f∗(t) = sup
s>0

{
st− f(s)

}
= sup

s>0

{
st− s4

4

}
=

3

4
t4/3

for all t ∈ [0,+∞). Then for each (x, y) ∈ X#, we have

Dξ[α,β,γ,f](x, y) = ξ

[
f

(
α(d(x, y))

β(x, y)

)
+ f∗

(
γ(x, y)

)]
= ξ

[
f
((
d(x, y)

)1/3)
+

3

4

]
= ξ

[
(d(x, y))4/3

4
+

3

4

]
=

(
(d(x, y))4/3

4
+

3

4

)3

.

Now, take x = 0, y = 1, and z = 2. Then

Dξ[α,β,γ,f](0, 1) = Dξ[α,β,γ,f](1, 2) = 1,

whereas

Dξ[α,β,γ,f](0, 2) =

(
24/3

4
+

3

4

)3

> 2

= Dξ[α,β,γ,f](0, 1) +Dξ[α,β,γ,f](1, 2).

Therefore, the triangle inequality fails. Therefore, in general, a d-Fenchel–Young distance
need not be a metric.

3 Some generalized fixed point results

In this section, we study the existence and uniqueness of fixed points for a self-map-
ping T on a metric space (X, d), where T satisfies the contractive condition involving
the d-Fenchel–Young distance function. In particular, this result covers the Banach fixed
point theorem as well as many other results from the literature. We start with the necessary
definitions that will be used throughout this section.
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A function µ : [0,+∞)→ [0,+∞) is called a (c)-comparison function (see, e.g., [15])
if it is nondecreasing and satisfies

∑+∞
n=0 µ

n(t) < +∞ for all t > 0.

Example 6. A classical and simple example of a (c)-comparison function is the mapping
µ : [0,+∞) → [0,+∞) defined by µ(t) = `t for all t > 0, where ` ∈ [0, 1). Clearly,
µ is nondecreasing on [0,∞) since for any s, t ∈ [0,+∞) with s 6 t, we obtain

µ(s) = `s 6 `t = µ(t).

Moreover, for each t > 0, it follows by induction that µn(t) = `nt for all n ∈ N. Since
0 6 ` < 1, we obtain

+∞∑
n=0

µn(t) =

+∞∑
n=0

`nt = t

+∞∑
n=0

`n =
t

1− `
< +∞

for every t > 0. Therefore, µ is a (c)-comparison function.

Example 7. Let µ : [0,+∞)→ [0,+∞) be the function defined by

µ(t) = a arctan t

for all t > 0, where a ∈ [0, 1) is a constant. Then µ is a (c)-comparison function. Indeed,
since

µ′(t) =
a

1 + t2
> 0

for all t > 0, the function µ is nondecreasing on [0,+∞). Moreover, using the fact that
arctan t 6 t for all t > 0, we obtain

µ(t) = a arctan t 6 at

for all t ∈ [0,∞). Hence, for each t > 0, it follows by induction that µn(t) 6 ant for all
n ∈ N. Since 0 6 a < 1, we obtain

+∞∑
n=0

µn(t) 6
+∞∑
n=0

ant = t

+∞∑
n=0

an =
t

1− a
< +∞

for every t > 0. Therefore, µ is a (c)-comparison function.

Remark 2. If µ : [0,+∞) → [0,+∞) is a (c)-comparison function, then the following
assertions hold:

(i) limn→+∞ µn(t) = 0 for all t > 0;
(ii) µ(t) < t for all t > 0;

(iii) µ(0) = 0;
(iv) µ is continuous at t = 0.

We begin the main results in this section by introducing the notion of a d-Fenchel–
Young-type µ-contraction as follows.
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Definition 2. Let (X, d) be a metric space, α ∈ Θ, ξ ∈ Ξα, β ∈ L1(X), f ∈ F ,
γ ∈ L(β,f)(X), and let µ be a (c)-comparison function. A self-mapping T : X → X is
called a d-Fenchel–Young-type µ-contraction if

Dξ[α,β,γ,f ](Tx, Ty) 6 µ
[
Dξ[α,β,γ,f](x, y)

]
(6)

for all x, y ∈ X with (Tx, Ty) ∈ X#.

Our first main result presents a fundamental fixed point theorem for d-Fenchel–Young-
type µ-contractions, giving clear conditions under which a self-mapping on a metric space
not only possesses a fixed point but also ensures its uniqueness. This theorem extends the
classical Banach fixed point theorem and related results for the d-Young distance, all
within the broader framework of d-Fenchel–Young distances.

Theorem 1. Let (X, d) be a complete metric space, α ∈ Θ, ξ ∈ Ξα, β ∈ L1(X),
f ∈ F , γ ∈ L(β,f)(X), and µ be a (c)-comparison function. Suppose that T : X → X is
a self-mapping satisfying the following conditions:

(i) T is a d-Fenchel–Young type µ-contraction;
(ii) There exists x0 ∈ X such that T is Picard subsequentially continuous at x0,

that is, if Tnx0 → y for some y ∈ X , then the sequence {Tnx0} admits a sub-
sequence {Tnjx0} such that T (Tnjx0)→ Ty.

Then T has a unique fixed point. Moreover, the sequence {Tnx0} converges to this fixed
point.

Proof. Let x0 ∈ X be the point given by assumption (ii), and define the Picard sequence
{xn} by xn = Tnx0 for all n ∈ N ∪ {0}. If there exists some m ∈ N ∪ {0} such that
xm = xm+1, then xm = Txm and hence xm is a fixed point of T . Moreover, xn = xm for
all n > m and so the sequence {xn} converges to xm. To prove uniqueness, suppose that
y is another fixed point of T with y 6= xm. By Proposition 1, we obtain Dξ(xm, y) > 0.
By the contractive condition and Remark 2(ii), we obtain

Dξ(xm, y) = Dξ(Txm, T y) 6 µ
(
Dξ(xm, y)

)
< Dξ(xm, y),

which is a contradiction. Therefore, xm is the unique fixed point of T , and the desired
conclusion follows.

For the remainder of the proof, we may therefore assume that xn 6= xn+1. Applying
the contractive condition (6) to the pair (x0, x1), we obtain

Dξ[α,β,γ,f](Tx0, Tx1) 6 µ
(
Dξ[α,β,γ,f](x0, x1)

)
,

that is,
Dξ[α,β,γ,f](x1, x2) 6 µ

(
Dξ[α,β,γ,f](x0, x1)

)
.

Next, applying (6) to the pair (x1, x2) and using the monotonicity of µ, we obtain

Dξ[α,β,γ,f](x2, x3) = Dξ[α,β,γ,f](Tx1, Tx2) 6 µ
(
Dξ[α,β,γ,f](x1, x2)

)
6 µ2

(
Dξ[α,β,γ,f](x0, x1)

)
.
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Proceeding inductively, we obtain

Dξ[α,β,γ,f](xn, xn+1) 6 µn
(
Dξ[α,β,γ,f](x0, x1)

)
(7)

for all n ∈ N ∪ {0}.
On the other hand, by (4), for each n ∈ N ∪ {0}, we have

Dξ[α,β,γ,f](xn, xn+1) = ξ

(
f

(
α(d(xn, xn+1))

β(xn, xn+1)

)
+ f∗

(
γ(xn, xn+1)

))
.

Since ξ ∈ Ξα, it follows from (1) that

Dξ[α,β,γ,f](xn, xn+1) > cαα
−1
(
f

(
α(d(xn, xn+1))

β(xn, xn+1)

)
+ f∗

(
γ(xn, xn+1)

))
.

Equivalently,

α−1
(
f

(
α(d(xn, xn+1))

β(xn, xn+1)

)
+ f∗

(
γ(xn, xn+1)

))
6

1

cα
Dξ[α,β,γ,f](xn, xn+1) (8)

for all n ∈ N ∪ {0}. Since β 6 γ, it follows from Remark 1 that

α
(
d(xn, xn+1)

)
6
α(d(xn, xn+1))

β(xn, xn+1)
γ(xn, xn+1)

for all n ∈ N ∪ {0}. For each in n ∈ N ∪ {0}, set

an :=
α(d(xn, xn+1))

β(xn, xn+1)
and bn := γ(xn, xn+1).

By the Fenchel–Young inequality (3), we obtain

α
(
d(xn, xn+1)

)
6 anbn 6 f(an) + f∗(bn)

= f

(
α(d(xn, xn+1))

β(xn, xn+1)

)
+ f∗

(
γ(xn, xn+1)

)
for all n ∈ N ∪ {0}. Since α−1 is increasing, we obtain

d(xn, xn+1) 6 α−1
(
f

(
α(d(xn, xn+1))

β(xn, xn+1)

)
+ f∗

(
γ(xn, xn+1)

))
(9)

for all n ∈ N ∪ {0}. Combining (8) and (9), we obtain

d(xn, xn+1) 6
1

cα
Dξ[α,β,γ,f](xn, xn+1)
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for all n ∈ N ∪ {0}. Hence, by (7), we have

d(xn, xn+1) 6
1

cα
µn
(
Dξ[α,β,γ,f](x0, x1)

)
(10)

for all n ∈ N ∪ {0}.
Next, using (10) together with the triangle inequality, for each n ∈ N ∪ {0} and

m ∈ N, we obtain

d(xn, xn+m) 6
n+m−1∑
i=n

d(xi, xi+1) 6
1

cα

n+m−1∑
i=n

µi
(
Dξ[α,β,γ,f](x0, x1)

)
6

1

cα

+∞∑
i=n

µi
(
Dξ[α,β,γ,f](x0, x1)

)
.

Hence,

d(xn, xn+m) 6
1

cα

+∞∑
i=n

µi
(
Dξ[α,β,γ,f](x0, x1)

)
(11)

for all n ∈ N ∪ {0} and m ∈ N. Since µ is a (c)-comparison function, we obtain
+∞∑
i=0

µi
(
Dξ[α,β,γ,f](x0, x1)

)
< +∞.

It implies that

lim
n→+∞

+∞∑
i=n

µi
(
Dξ[α,β,γ,f](x0, x1)

)
= 0.

Therefore, for every ε > 0, there exists N ∈ N such that, for all n > N ,

1

cα

+∞∑
i=n

µi
(
Dξ[α,β,γ,f](x0, x1)

)
< ε.

It then follows from (11) that
d(xn, xn+m) < ε

for all n > N and m ∈ N. Hence, {xn} is a Cauchy sequence in (X, d). Since (X, d) is
complete, there exists x∗ ∈ X such that

lim
n→+∞

d(xn, x
∗) = 0.

By condition (ii), there exists a subsequence {xnj} of {xn} such that

lim
j→+∞

d(Txnj , Tx
∗) = 0.

On the other hand, since
Txnj = xnj+1

and {xn} converges to x∗, we have

lim
j→+∞

d(Txnj , x
∗) = 0.
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By the uniqueness of the limit in the metric space (X, d), it follows that

Tx∗ = x∗.

Thus, x∗ is a fixed point of T .
It remains to prove uniqueness. Suppose that x∗∗ is a fixed point of T with x∗∗ 6= x∗.

By Proposition 1, we have
Dξ[α,β,γ,f](x

∗, x∗∗) > 0.

Applying the d-Fenchel–Young µ-contractive condition (6) to the pair (x∗, x∗∗), we ob-
tain

Dξ[α,β,γ,f](x
∗, x∗∗) = Dξ[α,β,γ,f](Tx

∗, Tx∗∗) 6 µ
(
Dξ[α,β,γ,f](x

∗, x∗∗)
)

< Dξ[α,β,γ,f](x
∗, x∗∗),

where the last inequality follows from Remark 2(ii). This is a contradiction. Therefore,
T has a unique fixed point.

If T is Picard continuous or continuous, then condition (ii) of Theorem 1 is automati-
cally satisfied. Consequently, we obtain the following corollary.

Corollary 1. Let (X, d) be a complete metric space, α ∈ Θ, ξ ∈ Ξα, β ∈ L1(X), f ∈ F ,
γ ∈ L(β,f)(X), and let µ be a (c)-comparison function. Suppose that T : X → X
satisfies the following conditions:

(i) T is a d-Fenchel–Young type µ-contraction;
(ii) T is Picard continuous or continuous with respect to d.

Then T has a unique fixed point in X . Moreover, for any initial point x0 ∈ X , the Picard
sequence {Tnx0} converges to this fixed point.

We next demonstrate how Theorem 1 encompasses several known fixed point results
as particular cases. In particular, it recovers the fixed point theorem for d-Young con-
tractions established in [14], as well as the fixed point results for µ-contractions [2] and
the Banach fixed point theorem [1]. Thus, Theorem 1 provides a unified framework that
includes these results, among others, from the existing literature. We begin with the
following corollary.

Corollary 2. (See [14].) Let (X, d) be a complete metric space, 1 < p, q < +∞ with
1/p + 1/q = 1, τ ∈ L1(X), κ > 0, ξ ∈ Ξκ, and let µ be a (c)-comparison function.
Suppose that T : X → X satisfies the following conditions:

(i) T is a d-Young µ-contraction;
(ii) condition (ii) of Theorem 1 holds; alternatively, T is Picard continuous or con-

tinuous with respect to d.

Then T has a unique fixed point in X . Moreover, for any initial point x0 ∈ X , the Picard
sequence {Tnx0} converges to this fixed point.

Proof. By choosing the functions as in Example 1, the d-Fenchel–Young distance reduces
to the d-Young distance. Hence, the conclusion follows directly from Theorem 1.
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We further show that the classical fixed point results for µ-contractions and Banach
contractions are also recovered as direct consequences of our main theorem.

Corollary 3. (See [2].) Let (X, d) be a complete metric space, and let µ be a (c)-com-
parison function. Suppose that T : X → X is a mapping satisfying

d(Tx, Ty) 6 µ
(
d(x, y)

)
(12)

for all x, y ∈ X . Then T has a unique fixed point, and for any initial point x0 ∈ X , the
sequence {Tnx0} converges to this fixed point.

Proof. By adopting the setting of Example 2 (or Example 3), we have Dξ[α,β,γ,f](x, y) =
d(x, y) for all x, y ∈ X . Hence, (12) yields

Dξ[α,β,γ,f](Tx, Ty) 6 µ
(
Dξ[α,β,γ,f](x, y)

)
whenever (Tx, Ty) ∈ X#. Moreover, by Remark 2(ii), µ(t) < t for every t > 0. Thus,
for x 6= y,

d(Tx, Ty) 6 µ
(
d(x, y)

)
< d(x, y),

which shows that T is continuous with respect to d. Therefore, the conclusion follows
from Corollary 1.

Corollary 4. (See [1].) Let (X, d) be a complete metric space, and let T : X → X be
a mapping satisfying

d(Tx, Ty) 6 `d(x, y)

for all x, y ∈ X , where ` ∈ [0, 1) is a constant. Then T has a unique fixed point, and for
any x0 ∈ X , the sequence {Tnx0} converges to this fixed point.

Proof. Define µ : [0,+∞) → [0,+∞) by µ(t) = `t for all t > 0. By Example 6, µ is
a (c)-comparison function. Hence, the conclusion follows directly from Corollary 3.

We conclude this section with an example illustrating the applicability of Theorem 1.
This example is particularly noteworthy because the self-mapping considered below is
neither a Banach contraction with respect to the metric d nor a Banach-type contraction
with respect to the d-Young distance dξ[p,q,τ,κ] . Nevertheless, by modifying only the
functions β and γ while retaining the remaining choices associated with the d-Young
distance, the mapping becomes a d-Fenchel–Young-type µ-contraction with respect to
Dξ[α,β,γ,f] .

Example 8. Let X = {1, 2, 3} be a finite metric space with a metric d given by

d(1, 2) = d(2, 1) = 2, d(1, 3) = d(3, 1) = 3, d(2, 3) = d(3, 2) = 4,

d(i, i) = 0 for all i = 1, 2, 3.

Define a self-mapping T on X by

T (1) = 1, T (2) = 3, T (3) = 1.
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We begin by selecting the parameters p = q = 2, κ = 2, ξ(t) = t2 for all t > 0, and

τ(i, j) =

{
1, i 6= j,

0, i = j.

With these choices, we have cκ := 1 > 0. In this setting, we observe that the mapping T
does not satisfy the Banach-type contractive condition in the associated d-Young distance
framework. Indeed, for all (i, j) ∈ X#, we have

dξ[p,q,τ,κ](i, j) = ξ

[
1

2

d(i, j)p/κ

τ(i, j)p
+

1

2
τ(i, j)q

]
=

(
1

2
d(i, j) +

1

2

)2

,

which gives

dξ[p,q,τ,κ](1, 2) = 2.25, dξ[p,q,τ,κ](1, 3) = 4, dξ[p,q,τ,κ](2, 3) = 6.25.

Under this d-Young distance, we have

dξ[p,q,τ,κ]
(
T (1), T (2)

)
= dξ[p,q,τ,κ](1, 3) = 4 > 2.25 = dξ[p,q,τ,κ](1, 2). (13)

Since µ(t) < t for every t > 0 whenever µ is a (c)-comparison function, (13) shows that
T cannot satisfy the d-Young µ-contractive condition. Moreover,

d
(
T (1), T (2)

)
= d(1, 3) = 3 > 2 = d(1, 2).

Hence, T is not a Banach contraction with respect to the original metric d. For the same
reason, T cannot be a µ-contraction with respect to d, since otherwise

3 = d
(
T (1), T (2)

)
6 µ

(
d(1, 2)

)
= µ(2) < 2,

which is impossible. Consequently, the fixed point results in [1, 2, 14] are not applicable
to this mapping under the corresponding settings.

Next, define the symmetric functions β, γ : X ×X → [0,+∞) by

β(1, 2) = 0.1, β(1, 3) = γ(1, 3) = 31/4,

γ(1, 2) = 10, β(2, 3) = γ(2, 3) = 41/4

together with

β(i, j) = β(j, i), γ(i, j) = γ(j, i)

for all i, j ∈ X and
β(i, i) = γ(i, i) = 0

for all i ∈ X . Also, α, ξ, f : [0,+∞)→ [0,+∞) are defined by

α(t) =
√
t, f(t) =

t2

2
, and ξ(t) = t2 for all t > 0.
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Clearly, α ∈ Θ. Moreover, α−1(t) = t2 for all t > 0, and hence

cα = inf
t>0

ξ(t)

α−1(t)
= inf
t>0

t2

t2
= 1 > 0.

Thus, ξ ∈ Ξα. Furthermore, β ∈ L1(X) and γ ∈ L(β,f)(X), since β(x, y) = 0 if and
only if x = y, and the following conditions hold for each (x, y) ∈ X#:

β(x, y) 6 γ(x, y) and f∗(γ(x, y)) < +∞.

Finally, f ∈ F follows from f(0) = 0 and f(t) > 0 for all t > 0.
From the definition of f its Fenchel conjugate f∗ is given by f∗(t) = t2/2 for all

t > 0. Therefore, for each (i, j) ∈ X#, the corresponding d-Fenchel–Young distance is
given by

Dξ[α,β,γ,f](i, j) = ξ

[
f

(
α(d(i, j))

β(i, j)

)
+ f∗

(
γ(i, j)

)]
=

[
d(i, j)

2β2(i, j)
+
γ2(i, j)

2

]2
.

Consequently,

Dξ[α,β,γ,f](1, 2) =

[
2

2(0.1)2
+

102

2

]2
= 22500,

Dξ[α,β,γ,f](1, 3) =

[
3

2(31/4)2
+

(31/4)2

2

]2
= 3,

Dξ[α,β,γ,f](2, 3) =

[
4

2(41/4)2
+

(41/4)2

2

]2
= 4.

By symmetry, we have

Dξ[α,β,γ,f](2, 1) = 22500, Dξ[α,β,γ,f](3, 1) = 3, Dξ[α,β,γ,f](3, 2) = 4.

Observe that the only pairs (i, j) ∈ X × X for which (T (i), T (j)) ∈ X# are (1, 2),
(2, 1), (2, 3), (3, 2). Therefore, it suffices to verify the contractive condition for these
four pairs. For simplicity, throughout the remainder of this example, we write

Dξ := Dξ[α,β,γ,f] .

The corresponding values for the relevant pairs are summarized in Table 2.

Table 2. Values of Dξ(i, j), Dξ(T (i), T (j)), and their ratios
for all relevant pairs (i, j) satisfying (T (i), T (j)) ∈ X#.

(i, j) Dξ(i, j) Dξ(T (i), T (j)) Ratio:
Dξ(T (i),T (j))

Dξ(i,j)

(1, 2) 22500 3 1.33 · 10−4

(2, 1) 22500 3 1.33 · 10−4

(2, 3) 4 3 0.75
(3, 2) 4 3 0.75
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From Table 2 we observe that the largest ratio is ` = 0.75 < 1. Define µ : [0,+∞)→
[0,+∞) by µ(t) = `t for all t > 0. By Example 6, µ is a (c)-comparison function.
Moreover, Table 2 shows that

Dξ

(
T (i), T (j)

)
6 `Dξ(i, j) = µ

(
Dξ(i, j)

)
for all (i, j) ∈ X × X such that (T (i), T (j)) ∈ X#. Hence, T is a d-Fenchel–Young-
type µ-contraction. Since every finite metric space is discrete, T is continuous with respect
to d. Therefore, all the assumptions of Theorem 1 are satisfied, and hence T has a unique
fixed point in X . In fact, the unique fixed point of T is 1.

4 Conclusion and future directions

In this paper, we introduced the d-Fenchel–Young distance generated by the five-tuple
(α, β, γ, ξ, f) and investigated its fundamental properties together with its applications
to fixed point theory. The proposed distance unifies both the classical metric and the
d-Young distance within a single framework, while offering substantially greater flex-
ibility for modeling contractive behavior through auxiliary pairwise functions. Based
on µ-comparison contractive conditions, we established existence and uniqueness theo-
rems that extend several classical fixed point results. In particular, appropriate choices
of the five-tuple recover the Banach fixed point theorem, the fixed point theorem for
µ-contractions, and the corresponding fixed point theory in the d-Young distance setting.
Furthermore, we presented an example demonstrating that our framework remains appli-
cable even in situations where neither the Banach contraction principle nor the classical
d-Young approach can be applied.

The proposed framework also suggests several promising directions for future re-
search. One natural direction is to investigate its role in the construction and analysis
of fractal structures, especially within iterated function systems. Another is to extend the
theory to multivalued mappings by combining the d-Fenchel–Young distance with suit-
able Hausdorff-type distances and comparison principles. It is also of interest to develop
analogous theories in fuzzy, intuitionistic fuzzy, probabilistic, and other uncertainty-based
metric environments. Moreover, incorporating admissibility conditions, simulation func-
tions, or other nonlinear control mechanisms may lead to broader classes of contractive
mappings and more general fixed point principles. We believe that the d-Fenchel–Young
distance provides a versatile foundation for future developments in generalized metric
analysis, nonlinear dynamics, fractal geometry, optimization, and mathematical models
involving uncertainty.
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