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Abstract. In this paper, we propose a dryland ecosystem model with both nonlocal infiltration and
nonlocal absorption and investigate the influence of the nonlocal effect on the vegetation patterns.
For the local model, the existence and stability of the nonnegative equilibria are theoretically
investigated. For the diffusive model without nonlocal effect, diffusion-driven Turing instability and
the critical value of the diffusion coefficient are determined. For the diffusive model with nonlocal
effects characterized by the spatial average kernel, the mode-1 steady state bifurcation occurs. For
the diffusive model with nonlocal effects characterized by the top-hat kernel, it has been shown
that a transition of vegetation patterns occurs when the scale of nonlocal infiltration and nonlocal
absorption varies.
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1 Introduction

In arid and semiarid regions, the imbalance between vegetation dynamics and water
availability is a major driver of land degradation and desertification, posing significant
threats to ecological sustainability, human livelihoods, and long-term socioeconomic de-
velopment [7, 10]. Maintaining sufficient vegetation cover is recognized as an effective
strategy for mitigating desertification, while precipitation serves as a primary limiting
factor for vegetation growth and recovery. Therefore, understanding the complex interac-
tions between vegetation and water is essential not only for elucidating the mechanisms
underlying vegetation pattern formation but also for guiding ecosystem management and
developing strategies to enhance resilience against desertification under changing climatic
conditions [2, 11]. Field observations have shown that vegetation patterns can be broadly
categorized into several types, including spot patterns, stripe patterns, labyrinthine pat-
terns, fairy circle patterns, and banded patterns [15, 20].
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2 Y Lin et al.

Over the past several decades, an increasing number of scholars have incorporated
diverse factors into vegetation—water models to explore the mechanisms underlying vege-
tation pattern formation, thereby advancing our understanding of their dynamical
processes. Factors such as root distribution, water infiltration capacity, slope gradient, and
soil texture have been demonstrated to play critical roles in the emergence and evolution
of vegetation patterns. In 1999, Klausmeier first proposed the following famous dryland
ecosystem model for the slope environment in [6]:

oW oW
o7 =Voax + @~ EW —RGW)F(P)P,
opP &

5 = DAP + JRG(W)F(P)P —nP,

where W and P represent water and vegetation biomass, respectively, G(W) represents
the water consumption per unit plant, '(P) represents the influence of plants on water
infiltration. For more biological explanations of the model, refer to [6]. After Klaus-
meier’s pioneering work, the study on the pattern formation in dryland ecosystems has
attracted attention from scholars in the fields of ecosystems and biomathematics, and
a plenty of modified Klausmeier models have been introduced for different semiarid
environments [5, 13, 14].

In particular, considering the density-dependent growth rate of the vegetation and
a flat environment, Bastiaansen et al. [1] proposed the following modified Klausmeier
model:

%—VTV =DAW +Q — EW — RWP?,

2)

oP P
Z— =DyAP+RJ|(1—= |WP?>—npP
aT 2 + ( C) ni,

where C'is the carrying capacity. Compared with model (1), the term 1 — P/C implies
that the conversion rate of the plant biomass decreases as P increases for P < C.

However, nonlocal interactions may represent a crucial mechanism underlying the
formation of vegetation patterns [12]. In the previous work, vegetation at location X
enhances water permeability by loosening the soil, reflecting local permeability since the
infiltration capacity is solely dependent on the amount of vegetation at location X. The
study in [6] hypothesized a proportional relationship between infiltration capacity and
the vegetation cover at location X. However, considering that vegetation surrounding
location X can also influence the water permeability at this location by extending its root
systems to loosen the soil at location X, this represents a nonlocal effect on permeability,
since the infiltration capacity of water in the case is not only determined by the vegetation
cover at location X but is also influenced by the vegetation density in the surrounding
area, as illustrated in Fig. 1(a). In addition, during water uptake by the root systems,
vegetation absorbs water not only from its current surroundings but also from the vicinity
of neighboring root systems, as shown in Fig. 1(b).
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(a) (b)

Figure 1. (a) Nonlocal infiltration; (b) nonlocal absorption.

Motivated by these ideas, we introduce nonlocal infiltration and nonlocal absorption
into (2) and consider the following model:

ow oPw
or ~Digxs TO-EW
- RW/¢(|X ~Y|)P(Y,T) dY/qs(|X —~Y|)P(Y,T)dY,
2 2
nonlocal infiltration nonlocal absorpti (3)
rption
oP 0P

or _p ot 2o(1_ P / _ _
57 = Dage + RIP (1 g ) [ (X =Y)W(y.T)dY —P.
(7]

nonlocal absorption

For the W-equation, it is assumed that there exists a region {2 centered at X such that
{2 represents the root range of plants, and all the plants P(Y,T") within {2 absorb the
water at position X. Root growth enhances soil permeability, thereby accelerating water
depletion, and the spatial extent of this process is governed by root distribution. Since both
infiltration (mediated by soil properties) and absorption (mediated by roots) are driven by
the same underlying mechanism, namely the spatial footprint of the root system the non-
local consumption of water by plants is characterized by the term RW [, &(|X —Y) x

P(Y,T)dY [,®(|X-Y|)P(Y,T)dY, where the weighting function &(| X —Y|) reflects
the spatlal influence of vegetation at location Y on water dynamics at location X. The
weighting function ¢(]X — Y|) is highly critical in nonlocal models, and different kinds
of kernel functions have an important influence on the dynamics [3,4,8,16-18].

In the P-equation, the nonlocal absorption term [, @(|X —Y|)W (Y, T) dY quantifies
water uptake by plants at X from surrounding locations, reflecting a resource-dependent
growth mechanism. Notice that in the W-equation, the nonlocal absorption term is de-
scribed by [, #(|X — Y|)P(Y,T)dY. This asymmetry embodies a unidirectional re-
source flow (P consumes W) consistent with established nonlocal vegetation models
in [19], where spatial interactions are mediated by biological uptake rather than reciprocal
exchange.

Nonlinear Anal. Model. Control, 31(Online First):1-24, 2026
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To reduce the number of parameters, the following transformation is applied:

R R JO R

w=y\gIW p=y\gh f YT EVE
R1 n D, E
‘=\Vger ™~p 9=p, *=\Dn,

Then model (3) becomes the following dimensionless model:

2
@—da—w+a w—w(K *p)=,

ot Ox?

op _ Pp 2 p @
EZ@_F(K*M)]) (1— >—mp

with the nonlocal terms

K*pz/qﬁ(\x—yl)p(y,t)dyv K*w:/‘b(‘x_y')w(y’” %,
0 2

and ¢(|z—y|) = &(\/D2/E|X —Y|). The main subject of this paper is to investigate the
complex spatiotemporal dynamics triggered by the nonlocality for two kinds of nonlocal
kernel functions: one is the spatial average kernel function [17], and the other is the top-
hat kernel function [16, 18].

The rest of the paper is organized as follows. In Section 2, we consider the existence
and stability of the nonnegative equilibria for the local model. In Section 3, we investigate
the diffusion-driven Turing instability for the diffusive model without nonlocal terms.
In Section 4, we study the spatiotemporal dynamics induced by the nonlocal effects for
system (4) for the spatial average kernel and top-hat kernel. Finally, a brief conclusion and
discussion in Section 5. Throughout this paper, we denote the set of the positive integers
by N and Ny = {0} UN. We write C for the set of complex numbers and R for the set of
real numbers.

2 Stability and bifurcation analysis for the local model

In this section, we perform the stability and bifurcation analysis for the following ordinary
differential equation (ODE) system:
dw

d
— =a—w— wp?, P wpz(lp)mp. (®)]
dt c

T
Obviously, system (5) always has a boundary equilibrium E,,(a,0), and the positive
equilibrium is determined by the following algebraic equation:

a—w—wp?=0, wp(l—lcj)—sz. (6)

By a simple calculation, we first have the following results on the existence of the positive
equilibria for system (5).

https://www.journals.vu.lt/nonlinear-analysis
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Theorem 1. For fixed c,m > 0, let

0 — 2m(1—|—\/1—|—62)- 7

c

Then we have the following results on the existence of positive equilibria:
(1) when 0 < a < ax, system (5) has no positive equilibrium;
(ii) when a = ay, there is only one positive equilibrium E.(w.,p.), where
Qs axC

*x — T o9 x = T s 8
v 1+ p2? b 2(me + ay) ®
(iii) when a > a, there exist two positive equilibria E_(w_,p_) and E; (wy,py),
where
a ac = +/(ac)? — dme(me + a
P T VI (7 et 7 T RO
1+ p1 2(mec+ a)

In what follows, we investigate the stability and the possible bifurcation phenomenon
of the equilibria. Assume that E = (@, p) is the equilibrium of (5). The linearized system

of (5) at E is
dw
dat | _ w
(iﬁ’) J(p), (10)

where
9 .
Then the characteristic equation of linear system (10) is
A2 — Tr(J)A + Det(J) = 0, (12)
where
3wp?

Tr(J) = —1 — p2 + 20p — -

m,

~ ~2 ~
Det(J) = (-1 — ) <2wﬁ _ e m) + 20 (1 - p).
C C

The local stability of the equilibrium depends on the distribution of the characteristic
roots, and we have the following theorem on the stability and bifurcation.

Theorem 2. For system (5), assume that a. is defined by (7).
(I) The boundary equilibrium E,, = (a,0) is locally asymptotically stable for any
a,c,m > 0.
(II) For the positive equilibria and fixed ¢ > 0, we have the following results:

(i) when a > a., the positive equilibrium E_(w_,p_) is unstable, and it is
a saddle;

(il) when a > ax, for the positive equilibrium E (w4, p.), we have
(@) if0 <m < 2+2/c? then E (wy,py) is locally asymptotically stable;

Nonlinear Anal. Model. Control, 31(Online First):1-24, 2026
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(b) if m > 2+ 2/c?, then there exists a critical value a = ag(m) with a, <
ag(m) < mc+ 4dm/c such that Ey(wy,p4) is locally asymptotically
stable for a > ayg(m) and unstable for a,. < a < ag(m), and system (5)
undergoes a Hopf bifurcation at a = ag(m). In addition, the function
a=ag(m), m > 2+ 2/c?, is increasing with respect to m.
(iii) when a = a., system (5) undergoes a saddle-node bifurcation at E, (w., ps)
form # 2+42/c? and undergoes a Bogdanov-Takens bifurcation at E., (w., p..)
form =2+2/c2

Proof. For the boundary equilibrium E,, = (a,0), we have Tr(J) = —1 —m < 0,
Det(J) = m > 0. This implies that the two characteristic roots at £, both have negative
real parts. Therefore, F,, is locally asymptotically stable. The proof of (I) is completed.
For E, and E4 and letting Q = (ac)? — 4mc(me + a), it is easy to see that Q > 0 is
equivalent to a > a, and Q = 0 for E, and QQ > 0 for F,.
When a > a,, from (6) and (9) we have for £_,

204w p VO
(cv/Q + ac? + 2(mc + a))

which implies that F'_ is a saddle and it is unstable. The proof of (I[)(i) is completed.
For the positive equilibrium E, we have

_ wyp+V/Q

7 2¢(me + a)?

2p_
Det(J)| . =w_p- (p‘i + 2= 1) = <0,
(&

Det(J)|E (c\/é + ac® + 2(me+a)) > 0. (13)

For determining the stability of £, we need to further investigate the sign of Tr(.J)|g, .
Using (6) and (9), Tr(.J)|, can be rewritten as

2p a 1
Tr(J)|p, = —1-pi +w+p+(1 — C*) =-1-pi+m-— —towp (14

First, notice that 1 — 2p /¢ < 0 is equivalent to a > mc + 4m/c. This, together with
(14), implies that

4
Tr(J)|g, <0 f0ra>mc—|——m. (15)
c

Based on (9), p4+ can be rewritten as

c+ \/02 — dme(Zf + 1)

ST

(16)
which obviously implies that p;, monotonically increases with respect to a, and p mono-

tonically decreases with respect to m. Thus, we have

o+ Op+
e — —_— 17
9q >V am <0 an

https://www.journals.vu.lt/nonlinear-analysis
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which, together with w; = a/(1 + p3.), implies that w,; monotonically increases with
respect to m, i.e., w, /Om > 0.
From (6) and (16) and noticing that

1_&:L+p;>07 (18)
¢ (me+a) ¢
we also have m
Wy = ———————. (19)
* p+(1 - p%)

Using (19), it is easy to see that w is decreasing with the increasing of p4 for 0 < p; <
¢/2, and w4 is increasing with the increasing of p,. for ¢/2 < p4 < ¢. In addition, notice
that a < mec 4 4m/cis equivalent to p; < ¢/2. This, together with (17), implies that

0 4
Wt <0 fora*<a<mc+—m. (20)
da c
For fixed ¢ > 0, set
A 2 a 1
F(m,a)zTr(J)|E+=—1—p+—|—m—g—|—gw+. (21)

Then F(m,a) = 0 is equivalent to Tr(.J)|g, = 0. It follows from (17) and (20) that for
ax < a < mec+4m/e,

aF 3p+ 1 1 6w+

=9y, T 4z 22

Oa P+ e "¢ T ¢ oa <0, (22)

and

8F dp+ 1 dU}+

—=-2p,—+ 14— . 23

om p+dm+ Jrcdm>O 23)
For fixed m € (0, 2 + 2/¢?], it follows from (25) that

lim Tr(J)| = Te(J)p. <O,

a—a.,
which, together with (15) and (22), implies that for a, < a < mc+ 4m/c,

Tr(J)|g, < lim+Tr(J)|E+ < 0.

a—ay

This implies that Ey (w4, p4 ) is locally asymptotically stable for m € (0, 2 + 2/c?].
Then we consider the case of m > 2 + 2/c2. From (8) and (14) we have

lim Tr(J)|, =Tr(J)

E
a—sal +

2
g. >0 form>2+ —. 24)
c

Continuous function intermediate value theorem, together with (15) and (24), implies
that for fixed ¢ and m > 2 + 2/c?, there exists a function a = ay (m) with

4m
ay < ag(m) < mec+ —
c

Nonlinear Anal. Model. Control, 31(Online First):1-24, 2026
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such that Tr(J)|g, = 0 ata = ag(m). This, together with (13), implies that the
characteristic equation (12) has a pair of purely imaginary roots +./Det(.J)|g, ata =
ap(m) form > 2+ 2/c?. Taking a as a parameter and letting A = A(a) be a root of
Eq. (12) satisfying A(ag(m)) = y/Det(J)|g,, we obtain the following transversality
condition from (12), (21), and (22):

Re((“) _ 19T, _1oF
da

2 oa ~ 20a
This implies that system (5) undergoes a Hopf bifurcation at a = ag (m).

Furthermore, for fixed ¢ > 0, Tr(J)|g, = 0 can determine an implicit function
near (m,agy(m)). In the following, we investigate the monotonicity of a = agy(m) as
a function of m. The monotonicity of the function a = a g (m) with respect to m can be
easily shown as follows. It follows from (22) and (23) that

dag(m) _ OF/0m 50
dm  OF/0a ’

|a:aH(m) <0.

a=apg(m) a=apg(m)

Then the proof of conclusion (II)(ii) is completed.

When a = a,, it follows from Theorem 1 that system (5) has only one positive
equilibrium E,(ws,p«). Letting s = /1 + ¢2, by (6), (7), and (8), a., w. and p, can
be rewritten as

2m(s +1) c m(s+1)2
Oy = ———, Px = ——, Wy = ——— -
c s+1 cs

For simplification of notation, from (11), denoting the characteristic matrix Jg, by A, we

have
_ 2s _ 2m(s41)
— s+1 s
A= <s(s+1) m(s—1) ) )

(s+1)2 s

and then
<0, m<2+ %,

Det(A) =0, Tr(A) ¢ =0, m=2+ 3, (25)
>0, m>2+ 3%,

which implies that Eq. (12) has a zero root and a negative root for a = a, and m <
2 + 2/c?, a zero root and a positive root for a = a, and m > 2 + 2/c?.

For the case of @ = a,. and m # 2 +2/c?, the left eigenvector £ and right eigenvector
7 of A for the zero eigenvalue can be chosen as

m(erl)2 s;i
= 52 = s
5 _1 ) ,’7 < 2 ) *

Denoting the vector field of system (5) by

a—w— wp? >
wp*(1—2)—mp)’

=

https://www.journals.vu.lt/nonlinear-analysis
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we can verify the following nondegeneracy conditions:

ané(wwp*aa*) = 1+7C2_1 >0,
V1i+ct+1
2
nTD% ) f(we paa)(€,€) = — AT V1T )
” =
According to the results in [9], when m # 2 + 2/c?, system (5) undergoes a saddle-node
bifurcation at @ = a,. From (25) and noticing that Det(A) = 0, it is easy to verify that

the characteristic equation (12) has double zero roots for a = a, and m = 2+2/c%. Then
conclusion (IT)(iii) is confirmed. O]

< 0.

3 Stability and diffusion-driven Turing instability for the system with-
out nonlocal terms

In this section, we consider system (4) under the case of local infiltration and local
absorption, i.e., the following reaction—diffusion system:

a—wzdwm—ka—w—pr,
ot
(26)
@zp + wp? -2 —mp
ot e c '

Notice that the equilibrium of ODE system (5) is still the constant steady state of (26).

In what follows, we will analyze the influence of diffusion on the stability of the
positive constant steady state £, = (wy,p) under the assumption that it is locally
asymptotically stable when E_ is considered as the corresponding ODE system (5).
Therefore, in this section, we always assume that the following condition holds:

(Co) Tr(J)| &, < 0, Det(J)|, > 0.

Assume that the solution of the linearized system of (26) at £, = (w4, p4 ) is of the

form
<w) _ (ak) eAt-Hkx’ 27)
P b

where ay, b,k € R, A € C, and i denotes the imaginary unit. Then, substituting (27)
into the linearized system of (26) at Ey = (w, p ), we have the following characteristic
equation:

N —T(k,d)\ + D(k,d) = 0, (28)
where
2
T(k,d) = —1—p> +wyp, <1 i*) —KX(d+1) <0, (29)

D(k,d) = dk* — [d(l - 2’;*)@0#4 -1 —&—pi)} k* + Det(J)|g,.  (30)

Nonlinear Anal. Model. Control, 31(Online First):1-24, 2026
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Via analyzing the distribution of roots of Eq. (28), we have the following results on
the stability and diffusion-driven Turing instability on E .

Theorem 3. Assume that a > 2m(1++/1 + ¢2)/c. For the positive constant steady state
E. of system (26), a (m) is defined as in Theorem 2. Then we have the following results:
(i) ifa = mc+ 4m/c, Ey is asymptotically stable for any d > 0;
(i) ifag(m) < a < me+ 4m/c, then there exists a critical value d. > 1 with

PR 25 - 14203 (1 - B5) + 24203 + 25 - (1 &)
= 2
(1= 25wy,

such that E is asymptotically stable for 0 < d < d. and unstable for d > d_,
Turing bifurcation occurs at d = d. with the critical wave number k., where

%:¢%ﬂ—%ﬁwm—ﬂ+ﬁ) o

de €2y

2d,

Proof. Noting that Det(.J)|z, > 0and that 1 —2p, /c < Oifand only if a > mc+4m/c,
we conclude that if @ > mc + 4m/c, then D(k,d) > 0 forany d > O and k € R. In
addition, it follows from (29) that T'(k,d) < 0 for any d > 0 and k € R. This implies
that all roots of the characteristic equation (28) have negative real parts, which completes
the proof of conclusion (i).

If a < mec+4m/c, then 1 — 2p; /¢ > 0. From (30) it is easy to verify that when
0 < d < dx, we still have D(k,d) > 0 for any k& € R because

d<1 - 2’;+>w+p+ —(1+p2) <0

is equivalent to d < d., where

1+ p%
T (33)
¢ JW+P+

When d > d., the symmetry axis of the function D(k, d) is k* = k2 with

d(1 = 225 )wypy — (1+p3)
2d

ks(d) =

Denote the minimum value of D(ks, d) by Dyin(d). Then we have
Dpin(d) = D(ks(d), d)

2 22
1 2p 1+p
:[_(1_;) wipid_(%

2p3 2
+2<— p++3p2++%— >w+p+], (34)

c

https://www.journals.vu.lt/nonlinear-analysis
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and the derivative of Dy, (d) with respect to d is

2 22
1 2p+ (1+p1)
) = 1 (125 e 4 (P

d < dy,
>0, 0<d< (35)
<0, d>d,.

In addition, notice that Dy,in(ds) = Det(J)|g, > 0. Then solving Dpi,(d) =
D(ks,d) = 0ford > d. > 0, we have d = d. > d,, where d, is defined by (31).
Then from (35) it is easy to see that Dy, (d) = D(ks(d),d) > 0 for d < d. and
Dpin(d) = D(ks(d),d) < 0 for d > d.. For the critical value d = d., we denote
k. = ks(d.), as defined by (32), for the simplification of notation. Generally, k. is called
the critical wave number. By Tr(.J)|g, < 0, it is easy to see that d, > 1, and then
de > d, > 1.

The above arguments implies that for 0 < d < d., all roots of the characteristic
equation (28) have negative real parts for any £k € R. For d = d., the characteristic
equation (28) has only one zero root for £ = k., and all other roots have negative real
parts for k # k.. For d > d., there exist an interval I, C R™ such that (28) has positive
real root for k% € I,.. This completes the proof of conclusion (ii). O

For fixed ¢ > 0, define three regions in the m, a-plane:

4
I:{(m,a)’a}mc—l—m, m>0}7
c

’ 2m(1+ V14 c?) 2
c

4dm
<a<mc+—,0<m<L 24+ —
c

= {(m, a) =

4m 2
u (m,a)‘aH(m)<a<mc+7,m>2-i—;2 ;

2m(l+V1+¢?)
c

11 = {(m,a) ‘

2
<a<ag(m), m>2+02}.

It follows from Theorem 3 that the positive equilibrium £ of the ODE (5) is asymptoti-
cally stable for (m,a) € I U II and unstable for (m,a) € III. Based on Theorem 2, the
positive equilibrium E of the spatial model (26) is asymptotically stable for (m,a) € T
and unstable for (m,a) € I U III. The region II is called Turing instability region. For
¢ = b, Fig. 2(a) shows these stable and unstable regions and the bifurcation curves.

For ¢ = 5, m = 6, we obtain Hopf bifurcation point az = 18.9037, which is on the
Hopf bifurcation curve of Fig. 2. Figure 2(b) illustrates the Turing bifurcation curve and
Hopf bifurcation straight line in a, d-plane for ¢ = 5, m = 6. Turing bifurcation curve
and Hopf bifurcation straight line intersect at P, = (18.9037,8.1348).

Remark. When a — mc + 4m/c (p4 — ¢/2), we have d. — +o0.

Nonlinear Anal. Model. Control, 31(Online First):1-24, 2026
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. 2 sl d=d_ Turing
20 ’r,*uy(m) —a=a, Hopf
H |
H . a=me+im
Unstable region SRR

50 ' Stable region

(a) (b)

Figure 2. a) The positive equilibrium E_ of the ODE (5) is asymptotically stable for (m,a) € I U II and
unstable for (m, a) € IIT; (b) stable region and bifurcation diagrams in a, d-plane for system (26) with m = 6,
¢ = 5. The black dotted line is the vertical asymptotic line of the curve d = d..

4 Spatiotemporal dynamics induced by the nonlocal effects

In this section, we investigate the spatiotemporal dynamics induced by the nonlocal
effects for two kinds of kernel functions: (i) spatial average kernel in the finite domain;
(ii) Top-hat kernel in the infinite domain.

4.1 Turing instability for the spatial average kernel

We choose one-dimensional spatial domain {2 = [—L, L], and the nonlocal effects are
characterized by the following forms:

L L
1 1
Kxp=gr [ ply.t)dy, K*w:ﬁ/w(y,t)d%
L —L

which are the average value of p and w on the whole domain {2 = [—L, L] at time ¢.
In this subsection, we consider the following nonlocal system subject to homogeneous
Neumann boundary conditions:

L 2
ow 0w 1
e —daﬁ—l—a—w—w(?L /p(yﬂf)dy) , x€(=L,L), t>0,

L

o o (1 [ (36)
op _ 9p = 2(1_P) _ _

ot - Ox2 + <2L /U)(y,t)dy>p <1 C> mp, T € ( L,L), t> 0,

L

ow Ow dp Ip

8.73( L,t) o (L,t) =0, 83:( L,t) 8x(L7t) 0, t>0

Notice that the corresponding ordinary differential equations of system (36) is sys-
tem (5), and thus the equilibrium of system (5) is also constant steady state of system (36).
In what follows, we investigate the influence of the nonlocal average on E, and the
possible patterns. We also assume that condition (Cy) holds in this subsection.

https://www.journals.vu.lt/nonlinear-analysis
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The characteristic equation after the linearization at I/} for system (36) is

(A =X ~T,\+ D, =0, n € N,

where
T 12 2.\ (nr)’
n="l-pitwps(1==— )= |7 (d+1), (37
nm\? 2p4 9 nr\’
2p p
—wips(1 —|—pi) (1 — c+> + 2wy p} (1 — ;)X% (38)

Here xo =1 and x,, =0forn € N.

Notice that Ty = Tr(J)|g,, Do = Det(J)|g, . Therefore, under condition (Cy), it
is easy to see from (37) that 7,, < 0 for any n € Ng and Dy > 0. For n € N, we have
X2 = 0, and (38) becomes

poso7) <o - 2) - (3)

2
—wipy (1+p2) (1 - 12*) (39)

It is easy to obtain that when (m, a) € I (i.e., 1 — 2p, /¢ < 0), D,, > 0 always holds for
any n € Ny. Then we consider the case of (m,a) € II (i.e., 1 —2p4 /c > 0). In this case,

we have 5
14
—wipi(1+p)(1— %) <0.
Therefore, for any n €N, we can choose the appropriate domain size L such that D,, <0.
For fixed d, we can consider (39) as a quadratic function of (n7/L)2. By simple calcula-
tion, we can obtain that for any n € N, there exists a critical value L.(n) of L such that
D,, > 0for L < L.(n)and D,, <0 for L > L.(n), where
nm
L.(n) = . (40)

wypy(1—2%)

Since (40) is monotonically increasing with respect to n, we can define

L2 L.(1) = il . 41)
wypy (1 — 2=)

When L < L., we have D,, > 0 forany n € N, when L = L., we have D; = 0 and
D, > 0 forn € N withn # 1, and when L. > L., there exists at least one n € N such
that D,, < 0.

By the above discussion, it is easy to obtain the following results on the stability and
bifurcaton.
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Figure 3. (a) and (d) E is asymptotically stable for L = 1 < L; (b) and (e) for L = 3 > L., there exists
mode-1 spatially inhomogeneous steady state; (c) and (f) for L = 3 > L. and the initial functions different
from those used in (b) and (e), there exists another mode-1 spatially inhomogeneous steady state.

Theorem 4. For system (36), considering L as the bifurcation parameter, we have the
following results:

(1) when a = mc+ 4m/c, Ey is always asymptotically stable for any L > 0,

(Il) when ag(m) < a < mc+4m/c, there exists a critical value L. such that E is
stable for L < L. and unstable for L > L., and system (36) undergoes mode-1
steady state bifurcation at L = L..

It has been shown from Theorem 4 that the domain size can drive patterns and that
the corresponding critical value is independent of the diffusion coefficient d. For the
parameters ¢ = 20, m = 6, ¢ = 5 such that ag(m) < a < mc + 4m/c, it follows
from (9) and (41) that

(wi,ps) = (5.4573,1.6325), L. = 1.7868. (42)

For numerical simulation, we choose d = 5, and Fig. 3 illustrates the simulation results
of model (36) for different spatial lengths. It follows from Theorem 4 that system (36)
undergoes mode-1 Turing bifurcation at L = L.. For L = 1 < L. = 1.7868, E
is asymptotically stable as shown in Figs. 3(a) and 3(d). When the system undergoes
a mode-1 Turing bifurcation, it may correspond to one of three canonical scenarios:
a saddle—node bifurcation, a pitchfork bifurcation, or a transcritical bifurcation. While
arigorous identification of the bifurcation type requires the computation of the associated
normal form, such a formal proof lies beyond the scope of the present work. Nevertheless,
numerical evidence strongly suggests that the observed instability manifests as a super-
critical pitchfork bifurcation. Specifically, as the domain size L varies in the vicinity of

https://www.journals.vu.lt/nonlinear-analysis
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the critical value L., we observe the following behavior: for L < L., no nonconstant
steady states exist in the neighborhood of the homogeneous equilibrium; for L > L.,
two stable nonconstant steady states emerge (see Figs. 3(e) and 3(f)). Consequently, for
L > L., the long-time asymptotic behavior of the system is initial-condition dependent.
Figures 3(e) and 3(f) illustrate two symmetric nonconstant steady states.

4.2 Different patterns induced by the top-hat kernel

For the infinite domain {2 = (—o0, +00), we consider

+o0 +oo
Kxp= / dm(r —y)p(y,t) dy, Kxw= / om(z —y)w(y, t)dy, (43)

where the kernel function is chosen as the so-called Top-hat kernel function
bula) = 30 S
M 0, |z|> M,

in which M measures the scale of nonlocality. In this subsection, we investigate the
influence of the nonlocal scale on £ and the possible patterns.
The linearized system of (4) at £y = (w4, py) is

we) Wyy w Kxw
(pt>_D<sz)+Al (p)+A2 (K*p) (44)

with D = diag{d, 1} and

—1—p? 0 0 —2w,p
A = + ’ A, = + +> .
' ( 0 wip(1— 2?)) ’ (p?i-( - %) 0

We assume that the solution of (44) is of the form

w\ _ (ak\ Attike
()= () “

where A € C, k € R. For this solution, it is easy to verify that K * p = pH(k, M) and
K xw=wH(k, M), where

+M .
1 ] sin(kM) k 7& 0
H(k,M)=-— [ e™dz=4 * 7 ’ 46
(ot = 5 [ e 2{1, T 6)
-M
Then, substituting (45) into (44), we obtain the characteristic equation
Ie(\) = N2 = T(k,d)\ + D(k,d, M) = 0, (47)
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where T'(k, d) is defined by (29), and
D(k,d, M) = dk* — [dw+p+ (1 - 2’;*) - (1 +p1)} k2
—wypy (1+p3) (1 - 21?)
+ 2w, pP (1 - p(j)HQ(k, M). (48)

Notice that limy;_,o+ H(k, M) = 1. By (30) and (48), we have lim;_,o+ ﬁ(k, d, M) =
D(k,d), and by (46) and (48), we have D(0,d, M) = D(0,d) > 0, provided that
condition (Cp) holds. In what follows, for M > 0, we first investigate the distribution
of roots of Eq. (47) under condition (Cp). Obviously, we have T'(k) < 0 for any k € R
when condition (Cy) is satisfied. B

From (18) we have 1 — py /¢ > 0, then it follows from (48) that D(k,d, M) > 0 if
and only if

H?(k, M) > G(k,d), (49)
where
G(k,d) = G1(d)k* + Go(d)k* + G5 (50)
with
_ d (+pha -2
Gl(d)ii?mpi(l—p%)’ G = 28 (1-55) 651)
dw 1— 224y _ (14 p2
Gg(d) _ +p+( c ) ( P+)_

2wipl (1 - £F)

For further analysis, we first introduce the following proposition, which is useful for
studying inequality (49).

Proposition 1. Letting h(z) = sin? z /22 and denoting the countably infinite number of
positive roots of the equation tan z = z by z; > 0 with 0 < z; < zj41, 7 € N, we have
the following properties on h(z):

() h(z) obtains its local maximum at z = z;, and

h(zg) > h(Z]‘+1) > 0, zZj € <j777 j’ﬂ' + 7;—)7

(I) h(z) obtains its local minimum at z = jm, and h(jm) = 0.
Proof. By a simple calculation, we have lim,_,o h(z) = 1 and

dh(z)  2sinz(zcosz —sinz)

dz 23
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H?(k, M),G(k, d)

(a) (b)

Figure 4. (a) The graphs of the function h = h(kM) for M =4, M = 1, M = 0.5. (b) For 0 < d < d,
there exists M7 such that G(k,d) and h(kMT) are tangent at k = k7. Here a = 20, m = 6, ¢ = 5, and
d =10.

Because z; is the positive roots of the equation tan z = z with 0 < z; < 241, it is easy
to see that

2 € (jﬂ, g+ g) and z—jr <z —(j+ U7, jEN, (52
and
>0, € (gm, z4),
dh(z) 2 € m2)
22 120, ze(ey, G+ 1)),
0, z = zj.
From z; = tan z; we have

sin? z; 9

h(z;) = —52 = cos” z;. (53)
z

J
Then from (52) and (53) we can conclude that h(z;) > h(z;j41) > 0. This completes the
proof of the proposition. O

Figure 4(a) illustrates the graph of the function h = h(kM) = H?(k, M) for different
values of M and intuitively shows the results of Proposition 1.

Again, noting that 1 — p; /¢ > 0, we conclude that 1 — 2p, /¢ < 0 is equivalent to
a = me+4m/c. From (50) and (51) it follows that G(d, k) < 0 forany d > 0 and k # 0,
which, together with H?(k, M) > 0, implies that inequality (49) holds for d > 0 and
k # 0. Therefore if a > mc + 4m/c, then D(k,d, M) > 0 forany d > 0 and k € R.
This implies that all roots of the characteristic equation (47) have negative real parts for
any d > 0 and k € R, provided that a > mc+4m/c. Then we have the following results.

Theorem 5. For system (4) with the nonlocal terms (43), if a > mc + 4m/c, then the
positive steady state F is always asymptotically stable for any d > 0 and M > 0.

In the following, we consider the case of ax(m) < a < mc + 4m/c. For this case,
we first have the following results on the distribution of roots of Eq. (47)
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Lemma 1. Assume that ag(m) < a < mc+ 4m/c and d,. is defined by (31).
() If0 < d < d., then there exist critical values M™ and k™ satisfying

H?* (K", M™") = G(k",d), %Iﬂ (", M) = a%c:(kT,d)
such that
(i) for M € (0, MT), D(k,d, M) > 0 for k € R;
(i) for M = MT, D(kT,d, MT) = 0 and D(k,d, MT) > 0 for k # kT,
(iii) for M € (MT,+00), there exists at least one k > 0 satisfying the inequality
D(k,d, M) < 0.
(D) Ifd > d., for any M > 0, there exists at least one k > 0 such that the inequality
D(k,d, M) < 0 holds.

Proof. Since l~)(k:, d, M) is an even function with respect to k, it is enough only to
consider the case of £ > 0. According to (48), we have that l~)(k, d, M) > 0 is equiv-
alent to H%(k, M) > G(k,d). Thus, we need to compare the maxy~o{G(k,d)} with
supyso{H?(k, M)} = 1.
Taking the partial derivative of G(k, d) with respect to k, we obtain
9G(k,d)  k{4dk? — 2[dwyp, (1 — 22£) — (1 +p2)]}

C

ok “ow, pi (1 - IE)

c

(54)

When d > d,, where d, is defined by (33), we have d(1 — 2p, /c)wipy — (1+p%) > 0,
while for d < d,, d(1 — 2p4 /c)wipy — (14 p) <O0.
Then, for d > d,, we have
0G(k,d) | >0, 0<k<k,,
ok <0, k>k,,

where

L A=) - (14 p2)
* 2d ’
which indicates that for fixed d € (d,,+00), G(k,d) is increasing for & € (0, k,) and
decreasing for k € (k.,+00), and we can obtain

[dwypy(1— QPTJr) + (14 p3)?
8dwp} (1 — FF)

I]?;Lé({G(k,d)} = G(k.,d) =

By simple calculation, we obtain

max{G(k,d)} - sup{ H?(k, M)}
> k>0

= Gk, d) — 1

—Duin(d) {<0, d, < d < d, 55)

T 24wt (1-2) |20, d>d.,
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due to 1 —p, /¢ > 0 from (18), where Dyy,in(d) is defined by (34). Thus, for d € (d., d.),
we have maxy~o{G(k,d)} < supy-o{H?(k, M)}, and for d € [d.,+00), we have
maxyo{G(k,d)} = supy-o{H?(k, M)}.

Similarly, for 0 < d < d.,

2
2{dw+p+ (1 - i*) — (1 +p3_)} <0.

According to (54), we have 0G(k,d)/0k < 0 for any k& > 0, which implies that G(k, d)
is monotonically decreasing. Then we have

(L+p2)(1 - %)
mex{G(k,d)} = G(0,d) = Ga = =

C

By simple calculation, we obtain

~ Det(J)
2p1(1-5)

which indicates maxy~o{G(k,d)} < supyo{H?*(k, M)} ford € (0,d.].

Based on the above analysis, we have that maxy~o{G(k,d)} < supy-o{H?(k, M)}
must hold for any d € (0, d..). We know the fact that H?(k, M) is an oscillating function
of M and k. When M is increasing, the curve H?(k, M) compresses from right to left
along the k-axis, and the local maximums of the function H?(k, M) keep unchanged, as
shown in Fig.4(a). In addition, for fixed M,

max{G(k,d)} — sup{ H*(k, M)} = G5 — 1 = <0,
k>0 k>0

lim H?(k,M) =0, lim G(k,d) = —oo.
k——+o0 k— o0

When M is small enough, we can obtain H2(k, M) > G(k,d) for any & > 0. When
M varies from small to large to M = M7, the curve H?(k, M) is tangent to the curve
G(k,d) at k = k™, as shown in Fig.4(b). Then, for k # kT, H?(k, M) > G(k,d). The
proof of conclusion (I)(ii) is completed. For M € (0, MT), the curve of H?(k, M) is to
the right of the curve of H?(k, MT) on the k-axis. Thus, for any k > 0, H?(k, M) >
G(k, d). The proof of conclusion (I)(i) is completed. With the increase of M, the curve of
H?(k, M) is compressed along the k-axis. For M € (M7, +c0), H?(k, M) must cross
the curve G(k, d). Thus, there exists at least one k > 0 such that H?(k, M) < G(k,d),
then ﬁ(k, d, M) < 0. The proof of conclusion (I)(iii) is completed.

For d € [d.,+0o0), we have obtained maxy~o{G(k,d)} > sup,-o{H?(k, M)}
from (55), and the maximum values of G'(k, d) and H?(k, M) are respectively obtained at
different k. Thus, for any M, H?(k, M) must cross the curve G (k, d), which implies that
there exists at least one k > 0 such that H?(k, M) < G(k, d). The proof of conclusion (IT)
is completed. O

It follows from Theorem 2 that when ag(m) < a < mec+4m/cand 0 < d < d,,
E. is asymptotically stable and that there is no diffusion-driven Turing instability for the
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Figure 5. Stability region and bifurcation diagrams in the d, M -plane for system (4) with the nonlocal terms (43)
fora = 20, m = 6,and c = 5.

case without nonlocal terms. However, for system (4) with the nonlocal terms (43), the
nonlocal scale M can affect the stability of I, as shown in the following theorem. In
the remainder of this subsection, we focus on this case of ag(m) < a < mc + 4m/c
and 0 < d < d.. From Lemma 1 we immediately have the following results on how M
affects the stability of E.

Theorem 6. For system (4) with the nonlocal terms (43), assume that ag(m) < a <
me + 4m/cand 0 < d < d., where d. is defined by (31). Then there exists the critical
values M™ and k™ such that H*(k, M) and G(k, d) are tangent at k = k.

(I) E, is always asymptotically stable for M € (0, M) and unstable for M &
(M7, +00);

(I) system (4) with the nonlocal terms (43) undergoes a steady state bifurcation at
M=MT.

According to the results of Theorem 6, choosing a = 20, m = 6, ¢ = 5, the stability
region and bifurcation diagrams in d, M -plane for system (4) with the nonlocal terms (43)
is shown in Fig. 5.

For numerical simulations and comparing the results with the case of nonlocal spatial
average kernel in Section 4.1, we choose the spatial domain 2 = (—L, L) and consider
system (4) with the nonlocal terms (43) subject to the periodic boundary condition.

Notice that for the periodic boundary condition, the corresponding characteristic equa-
tion can be obtained by replacing k with nw/L in (47).

Then we perform numerical simulations to verify the results of the previous analysis.
The parameters satisfy ag(m) < a < mec + 4m/c. It follows from (42) and (31) that
d. = 10.8844 and My = 0.379. For fixed spatial domain L. = 50 and d = 10 < d,,
the positive steady state £, is asymptotically stable for M € [0, MT), as shown in Figs.
6(a) and 6(d) for M = 0.22 < M7T. When M increases across the critical value My,
the nonlocal effects can trigger the spatial patterns, as shown in Figs. 6(b) and 6(e) for
M = 0.4 and in Figs. 6(c) and 6(f) for M = 1. When spatial nonlocality is further
enhanced, the distribution of vegetation becomes more concentrated, as shown in Fig. 7.
Especially, when M = L, the vegetation is clustered in one spatial position, as shown
in Figs. 7(c) and 7(f). It has been shown from Fig. 7 that the larger M is, the more
concentrated the aggregation of vegetation distribution will be.
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Figure 7. Spatial patterns for system (4) with nonlocal terms (43) for M far from the critical value M T

5 Conclusion and discussion

In this paper, we propose a novel semiarid water-vegetation model involving both non-
local infiltration and nonlocal absorption interactions and focus on the influence of the
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nonlocal effect on the stability of the positive steady state and the possible spatiotemporal
dynamics. The nonlocality is characterized by a so-called top-hat kernel function with
the spatial scale M, which measures the scope of influence of nonlocal infiltration and
absorption.

We first study the existence and stability of the nonnegative equilibria of the local
model. The desert state £, always exists and is stable. When the rainfall (a) is larger than
some critical value, the model possesses two vegetation states: E_ (less vegetation) and
E, (more vegetation). The less vegetation state is always unstable and the stability of the
more vegetation state depends on the rainfall. When the rainfall is small, the vegetation
state is unstable. However, when the rainfall continues to increase beyond a certain critical
value, the more vegetation state becomes unstable.

For the spatial model without nonlocal infiltration and nonlocal absorption, diffusion-
driven Turing instability is investigated for the more vegetation state. The critical value of
Turing bifurcation is theoretically determined. The spatial patterns driven by the Turing
bifurcation and the oscillatory patterns driven by the interaction of Turing bifurcation and
spatially homogeneous Hopf bifurcation are numerically investigated.

The influence of the spatial average kernel and the top-hat kernel on the spatial distri-
bution of the vegetation are both investigated. For the spatial average kernel, only mode-1
spatially inhomogeneous steady state exists. Vegetation gathers in the middle position or
near the boundary domain. For the more reasonable top-hat kernel, the scale M of the
infiltration affects the spatial distribution of vegetation. When the scale is small enough,
the more vegetation state is stable. When the scale is larger than some critical value,
the more vegetation state becomes unstable, and there exists spatially inhomogeneous
distribution of the vegetation. The spatial distribution of vegetation is influenced by the
scale of infiltration. The larger the scale of the infiltration is, the more concentrated the
vegetation distribution is.
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