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Abstract. This paper investigates a priori estimate, existence, and uniqueness of solutions for
a third-order differential system with coupled integral boundary conditions. The Leray—Schauder
continuation principle forms the basis of our approach to establishing the existence result. To
demonstrate the applicability of the obtained results, illustrative examples are provided.
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1 Introduction

We consider the system of third-order differential equations

{I?N/ = f(tﬂCJJa 1’/71//795”, y//)7 te (07 1)7

1
y”/ :g(ta‘T,y?x/,ylvmnvy//)? te (031)7 M
subject to the coupled integral boundary conditions
2(0) =0=y(0),  2’(0) =0=1y(0),
2)

z(1) Z/ly(S) ds,  y(1) Z/la?(S) ds.
0 0

Throughout the paper, we assume that f,g : [0,1] x RS — R are continuous. By a so-
lution of (1), (2) we mean a pair (z,y) € C3[0,1] x C3[0, 1] that satisfies system (1) for
0 < t < 1 and boundary conditions (2).

The main objective of this paper is to prove existence and uniqueness theorems for
the boundary value problem (1), (2). Our approach relies on deriving an a priori estimate
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2 S. Smirnov

for a solution and its first and second derivatives and then applying the Leray—Schauder
continuation principle [19]. We recall this result below.

Theorem 1. Let X be a Banach space and T : X — X be a completely continuous
operator (T is continuous and maps bounded sets into relatively compact sets). Suppose
that there exists an v > 0 such that if v = XT'x for A € (0, 1), then ||x|| < r. Then T has
a fixed point.

Our main results show that, under suitable growth conditions on the functions f and
g, the boundary value problem (1), (2) either admits at least one solution or possesses
a unique solution.

The first step in proving the existence result is to reformulate problem (1), (2) as an
equivalent system of integral equations. We then introduce an operator on an appropriate
function space, reducing the task to showing that this operator admits a fixed point.
Finally, the existence of such a fixed point follows from deriving a priori bounds for
the solution and for its first and second derivatives.

In order to study the existence of solutions to boundary value problems, it is often
necessary to reformulate the problem as an equivalent integral equation and construct
the corresponding Green’s function. A comprehensive overview of results on Green’s
functions for stationary problems with nonlocal boundary conditions is given in [16].
Similar problems are also investigated in [14, 15].

Boundary conditions (2) are nonlocal because they indicate solution values not just
at the ends of the interval but also within it. Recent achievements in the field of nonlocal
problems can be found in papers [2, 17].

The Leray—Schauder continuation principle is a powerful and widely used tool in
nonlinear functional analysis, particularly because of its effectiveness in treating boundary
value problems for ordinary differential equations. It has been applied, for example, in
the works [8,9, 13], which also serve as motivation for the present study.

Boundary value problems with coupled boundary conditions have received increasing
attention in recent decades due to their significant role in many areas of applied mathe-
matics. This provides one of the main motivations for studying problem (1), (2). The ex-
istence of solutions to initial value problems for nonlinear first-order differential systems
with nonlinear, coupled, nonlocal initial conditions of functional type was investigated in
[3]. The existence, multiplicity, and uniqueness of positive solutions to nonlocal boundary
value systems with strongly coupled integral boundary conditions were established in
[5]. The uniqueness of solutions for differential systems with coupled integral boundary
conditions was investigated in [6]. Coupled systems of boundary value problems with
nonlocal boundary conditions were examined in [7]. Nonnegative solutions of systems
of ordinary differential equations with coupled boundary conditions were studied in [12].
Another motivation is that few papers address problems where the functions in the system
depend explicitly on =’ and z”. A related contribution is the work [18], which inves-
tigates second-order nonlocal boundary value problems with nonlinear terms involving
derivatives. The authors in [4] study the case of a third-order equation with a nonlinearity
depending on the first-order derivative, under similar nonlocal boundary conditions. The
paper [10] provides a fairly general approach to establishing the existence of positive
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solutions for systems of boundary value problems with higher order dependence. Further
recent developments in the theory of boundary value problems can be found in [1, 11].

The remainder of the paper is organized as follows. Section 2 reformulates the main
problem as an equivalent integral system and develops several technical tools needed
for our analysis. Section 3 establishes the existence theorem and presents an illustrative
example. Section 4 is devoted to the uniqueness result, accompanied by a corresponding
example.

2 Preliminaries

Proposition 1. A pair (x,y) is a solution of problem (1), (2) if and only if (z,y) is
a solution of the system of integral equations

z(t) = [ G(t,s)f(s)ds+ [ R(t,s)g(s)ds, te][0,1],
e
1 1 (3)
y(t) = [ G(t,s)g(s)ds+ [ R(t,s)f(s)ds, te€]0,1],
[t
where
Gt ) = {1}3;2(1 - s)z(—s —8)+1i(t—-s)? 0<s<t<l,
5t (1 —5)*(—s — 8), 0<t<s<],

By a solution of (3) we mean a pair (z,y) € C?[0,1] x C2[0, 1] that satisfies the integral
system (3) for 0 <t < 1.

f(t) and y"'(t) =

Proof. If (z(t),y(¢)) is a solution of problem (1), (2), then 2’ (t) =
=0,y(0) =0,2'(0) =

g(t). Integrating these equations thrice and considering that z(0)
0, y'(0) = 0, we get

t—s ds,

N | =

o\ﬁ O\ﬁ

l‘(t) t2 // _|_

y(t) = t2 "(0) + (t — s)?

1
2
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In view of z( fo s)dsand y(1) = fol x(s) ds, we obtain the system
1 1 i
(0) - 5y 0) =5 [(1-9) / (1— )
0

2"(0) = é /(1 — 3)2(_5 —8)f(s)ds + g /(—3(1 — 3)2)9(5) ds,
0 0
y"(0) = g/(fs(l - S)Q)f(s) ds + é/(l —5)%(—s—8)g(s)ds
0 0
and
2(t) = / (116t2(1 )2 (—s—8) + (¢ S)Q)f(s) ds
0

-+](ﬁ;%1—@%—s—@)<>ds+§¢{/( s(1—5)) f(s) ds,

and therefore (z(t), y(t)) satisfies (3).
If (z(t),y(t)) is a solution of integral system (3), then differentiating (3) three times

and verifying the continuity, we get that (x(¢), y(t)) is a solution to problem (1), (2). O

Proposition 2. If (x(t),y(t)) is a solution of boundary value problem (1), (2), then for
€ [0,1],

L 1

Wm</ s+ /w|m MMs%!MM®+!MM®

E4G] <2/ |ds+ /’g ) ds, |y ()] < %8/|f(s)|ds+2/’g(s)|ds,
0 0

https://www.journals.vu.lt/nonlinear-analysis
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" (4)] <2/|f(s)‘ds+%/]g(s)]ds, 1" ()] < %/‘f(s)!ds—i—Q/‘g(s)‘ds.
0 0 0 0

Proof. We will show the proof for |z(t)|, |«’(t)|, and |z"(t)|. For |y(¢)|, |y’ (¢)], and
ly” (t)], the proof is similar. Let us consider

z(t) = / <1l6t2(1 —5)%(—s—8) + %(t - s)z)f(s) ds
0

+ /1 (116t2(1 — ) (s~ 8)>f(8) ds + %tz /1(—8(1 —5)%)g(s)ds.
t 0

For all ¢ € [0, 1], we have

|x(t)|</t(116t2(15)( +8)+ 5t >]f )| ds

0
1
+/ i152(1—5 (s+8))|f(s) ‘ds—l—it2
16 16
t

1 1
< 2 _ )2 T+ o)\2
\ogr?gf@{l(it (1—-5)(s+8) + 2(t s) }

—

s(1— s)2|g(s)| ds

|f(s)|ds

<:>\N -

+ max {116t2(1—3)2(s+8)}/1\f(s)yds

0<t<s<1

2
+0max {lﬁt (1—-13s) }/‘g |ds

t

1
6912 1

:O/’f(s)‘der 104057+9159\/129/’f(8)|ds+360/’9(8)’(18

t

/] |ds+/yf |ds+ /yg )| ds

0

1
:/ |ds+ /|g |ds

0
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Consider

Forall t € [0, 1], we have

()] < /( (s 49+ (- 9)) |70 ds
+t/<;(1 s) s+8>|f |ds+2to/ls (s)|ds
< g {50026 +9)+ (-9 }O/|fs s
+0<Tgx§1{;t(1 )(s+8)}/1| )| ds

<1{ -7} [l

108
()] ds + 349+85\F/|f ‘d8+18/‘g )| ds

https://www.journals.vu.lt/nonlinear-an
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For all ¢ € [0, 1], we have

2" ()] </t(;(13)2(s+8)+1)|f(s)|ds
/1< 1—s)? s+8>’f |ds+z/ls(1—s)2‘g(s)|ds
t 0
< maxl{;(l—s)2(s+8)+l}0/t‘f(s)’ds
1
e, {3000} [l
g (a7} [t
¢ 1 1
= /‘ s)’ds—&—/‘f(s)’ds—i—%/‘g(s)‘ds
0 t 0
<2j\f(s)|ds+2/1|f(s)\ds+118/1|g(8)|ds
0 t 0
=2/
0

s)|ds+%/|g(s)|ds. O
0

3 A priori estimate and existence of solutions

2

Theorem 2. Suppose there exist continuous functions a;,b; : [0,1] — [0, +00), i = 1,2,
3,4,5,6,7, such that

|f(tz,y, 2y 2"y
< ar(t)]z] + ag(t)|y| + az(t)|2'] + as(®)]y'| + as(t)][z"| + as(t)|y"| + az(t),

lg(t,z,y, 2"y 2" )|
b1 (t)]x] + ba(t)y] + b3 (8)]'| + ba(t) |y + bs (1) |2 + b () |y"| + br(t)

for (t,ﬂ?, y,l‘/, y/a x”7y//) S [O, 1] X R6 and

1 1 1
d —||d 2l|d —||d 2||d —||d <1
| 1H1+36|| 2ll1 + 2[|d3 |1 + 18“ allr +2||ds 1 + 18|| 6lll <1,

Nonlinear Anal. Model. Control, 31(Online First):1-15, 2026
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1 1 1
—||d d —||d 2|ld —||d 2l|d 1
36|| 1lln +[ldz(lr + 18” all1 + 2[|dall1 + 18” sl +2[ldsll1 < 1,

where d; = a; + b; and ||d||; = fol |d(s)| ds. Then boundary value problem (1), (2) has
at least one solution.

Proof. Let C?[0,1] denote the Banach space of twice continuously differentiable func-
tions endowed with the norm ||z|| = max{||z| s, [|Z'||co, [|Z]|cc }> Where |[u]loo =
maxe(o,1] |u(t)|. Thus E = C2[0,1] x C?[0, 1] is a Banach space with the norm defined
by ||(z, )| = max{||z||, ||y||} Define an operator T by

T(z,y) = (Tl(x’y)aTQ(xay))v (z,y) € E,

where operators Ty, Ty : E — C?|0, 1] are defined by

1
Tl(‘r7y)(t> = /G(ﬁ,s)f(s,x(s),y(s),x'(s),y/(s),x”(s),y"(s)) ds
0
+/R(t,S)g(&x(S),y(S),w’(5)7y'(S)J”(SMJ”(S)) ds, ¢ <[0,1],
0
To(x, y)(t) = /G(t, $)g (s, 2(5),y(s),2(s),y/(5), 2" (s),y"(5)) ds
0

+ | R(t,s)f(s,x(s),y(s),2'(s),y'(s), 2" (s),y"(s)) ds, t€[0,1].

o _

The existence of a solution to the differential system (1), (2) is therefore equivalent to the
existence of a fixed point of 7" on E. By the Arzela—Ascoli theorem, the operator 7' is
completely continuous.

Let A € (0, 1] and consider

" =Nty 7y 2"y, te(0,1),

4
y/// _ /\g(t,z,y,x',y’,x",y"), te (0’1)7 4)

subject to boundary conditions (2). Our aim is to show that the set of all possible solutions
of (4),(2) is a priori bounded in F by a constant independent of A. In particular, the case
A = 1 yields an a priori bound for the solutions of problem (1), (2).

Let (z(t), y(t)) be a solution of (4), (2) and consider

2" | = A\ £ty g, sy 2" )| < || (s, 2y y' 2"y |
< vzl + llazylly + llasa’[ly + llaay/ [l + llasz” |1 + lasy” |11 + llaz |1

https://www.journals.vu.lt/nonlinear-analysis
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1 1
< n oy o "
(11 + g5l Yol + (51”8 + 1l el
+ (2l + Tyl aslh + (gl M+ 20y s ) laall
18 18

1 1
+ (211 + T Ylaal -+ (gl + 215”1 ol + el

Hence,

///”
1

1 1 1
1 —[laillr — %H@Hl = 2[as|[r — EHMHl —2|las || - EH%Hl |z

"
1

(= flally — llazlh — - laslls — 2llaalls — —=lasls — 2lalls )|
——lla1]l1 = llaz2|li — —=llas|li — 2||a4|ls — —<las|l1 — 2||a
3611 211 1831 411 1851 6111 | ||Y
< Jaslls.
Similarly, we obtain
1Bl — o l2lly — 20lbsll — — [Balls — 2[bslls — — [1Bell ) 12
1|1 36 2111 3111 18 4111 5111 18 611 T 1
(1= il = 52l — = [slls — 2balls — = [slls — 256l ) 1"
3611 211851 4111 1851 611 JIlY |1
< bl

Adding the last two inequalities, we obtain

1 1 1
1 _ o _ 2 o _ 2 o i
< lld |1 36Hd2|\1 lld3|lx 18||d4||1 llds |1 18||d6||1>||$ ll1

1 1 1
1——||d — ||d — —||d —2||d — —||d —2||d, m
+< 36|| 11 = [ldz]lx 18” 3ll1 — 2[|dalx 18|| 511 — 2| 6||1>||y ll1

< |ldr]f-
Hence,
lld7 |1
2" [|1 <
1= ldall — 35lldelly — 2lldslr — xlidally — 2/ds]ly — 15 llds]lx
= ’r‘z
and
l|d7 |1
"l <
S 1= Elldill — lldalls — & lldsll — 2lldally — K lldsllr — 2[lds]lx
=Ty.

Nonlinear Anal. Model. Control, 31(Online First):1-15, 2026
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It follows that for all ¢ € [0, 1],

1 1
2] < 2"l + 56lly" s < 72+ 557y,

1
vl < g5l Il + 9"l < gg7e + 7y

36
1
|2 (t)] < 2ll=""|l1 + *H?/"Hl <27+ —

1
| | = 18“33”/”1 + 2||y///||1 ~ T8T$ +2Ty7

1
|2 ()] < 2[l2" [l + TS”yWHl <2rp + 5"
1 1
[y’ ()] < gglla” 4+ 20yl < ggre + 27y

According to these estimates, the set of all possible solutions of (4), (2) is a priori bounded
in E or

1
8"

1
87“9; + 21y,

(2, 9)|| ; = max{[lz]l, |yl } < 2rs +2ry.

]| = max{[|lloc [12"]|oc, 12" loc } = 272 +

1yl = max{[lylloc, 1¥'lloc: 1y lloc } =

Therefore, by Theorem 1, T has a fixed point. O

Example 1. Consider boundary value problem for the differential system
r3cosx 1
tl—t) s+ —(V1+ ()2 = 1) +t* ¢ 1
=tl-t)7—5 + 7 (VI+ "2 =1+t 10,

&)
1
"= (1—t)%ysiny + g(x” —2arctanz”) — 34, te(0,1),

with boundary conditions (2).
The function

3 cosx 1

1+ 22 +Z(

is continuous for (¢, z,y”) € [0,1] x R?, and the function

f(tvx’y/l) :t(l_t) 1+(y//)2 - 1) +t4

1
g(t,y, ") = (1 —t)%ysiny + g(x” — 2arctanz”) — 34

is continuous for (¢,y,2") € [0,1] x R2.

Consider
22| cos z| V1
——— |7 +

’f(t,x,y”)} <t(l_t) ].-|—(E2

‘Iy"l +t!

1
<1 = Ola] + Iy + 2,

https://www.journals.vu.lt/nonlinear-analysis
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. 1|z" — 2arctan z”
ot 2)] < (1~ Plgllsing| + 5| 2PN o gy

1
<(1=t)?yl + g|:c”\ + 34.

We have
1 4
al :t(l—t), GQZO, a3:O, a4:0, a5=0, ag—z, a7:t,
1
by =0, by = (1—t)%, b3 =0, by=0, bg,:g, bg =0, by =34,
1 1
di=t(1=t), dy=(1-1)? d3=0, di=0, ds=3, dg=7, dr=1+34,
1 1 1 185
d —||d. 2||d —||d 2||d —||d, =—<1
| 1||1+36|| 2ll1 + 2[|dsl1 + 18|| all1 +2[|ds 1 + 18” 6ll1 576 < -
1 1 1 185
—|d d —||d. 2||d —||d 2||d = — <1
36|| 1ll1 + lldalx + 18|| 301+ 2||dallr + 18|| sl + 2/l ds |1 516 <

Thus, by Theorem 2, problem (5), (2) has at least one (nontrivial) solution. Since r, =
ry = 36936/155, we have the following estimates:

37962 75924 75924
Ol 55 WOl 5 WOl< 5
37962 75924 I 75924
‘y(t)‘ < 155 ’y’(t)‘ < 155 |Z/ (t)’ < 155

4 Uniqueness of solution
Theorem 3. Suppose there exist continuous functions o, 5; : [0,1] — [0,400), i =
1,2,3,4,5,6, such that
’f(taxhyh 37/1a191,$/1/7y¥) - f(ta x?ay27x/27 yé7x/2/’yg)‘
< ar(t)|zr — z2| + a2 (t)|yr — yo| + as(t)|z] — 23]
+ an(Olyh — vl + as(Ola — 24|+ as®lyl — 3|
and
’g(ta T1,Y1, m?]_? ylla 'Tllla y;/) - g(t7 T2,Y2, $/27 yé7 .7/'/2/, yél)‘
< Br(t)]wr — w2| + Ba(t)|y1 — 2| + B3(t)]z] — a5
+ Ba()lyh — wal + Bs(t)27 — 25| + B (t) vy — 2|
for (taxlvyla x/layllamlllvylll)a (tax%y?v xé’yé7xl2lvyg) € [07 1] x RS
Then boundary value problem (1), (2) has exactly one solution provided that
1 1 1
lvalle + gglvzlls + 2lyslle + glvalls + 2lysll + sl <1,

1 1 1
— — 2 — 2 <1
sl + el + gglhslly +2lhall + Fglhsl + 2l < 1,

where v; = oy + 0;.

Nonlinear Anal. Model. Control, 31(Online First):1-15, 2026
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Proof. If xo = yo = 2y = yh = 2 =y = 0, we get

’f(tvxlvylaxllvyiax/llvylllﬂ
S o (t)|zy] + oo (t)|ys] + as(t) |z + cat)|y)] + as(t)|z] |+ as(t)]yy|
+£(¢,0,0,0,0,0,0)|,

Ig(t z1, g1, 20,00, 2 )|
< @)z | + B2(t)|ya] + Ba(®)]x1| + Ba()|yy| + Bs(t)|2Y| + Bo(t)]yY|
+19(t,0,0,0,0,0,0)|,

for (t,x1,y1, 2%,y 27, yY) € [0,1] x RS. Hence, in view of Theorem 2, boundary
value problem (1), (2) has at least one solution. To prove the uniqueness of a solution,
let (z1(t),y1(¢)), (x2(t),y=2(t)) be two solutions for (1), (2). If u(t) = x1(t) — z2(t) and
v(t) = y1(t) — y2(t), we get

u"(t) = f(t @1 (), ya (), 2 (1), 91 (1), 21 (1), 91 (1))

— ft,m2(t), y2(t), 25(t), ya (1), 25 (¢ ) 2 (1)),

vm(t) :g(t?xl(t)vilh(t) ( )ay (t)’x/(t )

_g(t7x2(t)7y2( ) (t)ay (t ,J?/( ) ( ))7
0=

)
v'(0),

u(0) =0=0(0),  u'(0)=
1 1
:/v(s)ds :/u(s) ds
0 0
Let us consider
Hul//”l = ||f(t7Ilayhx/l?y/lvx/l/ay/l/) - f(t IQ,y27x27y23‘T27y2 ||1

< llavully + flegvlly + [losu’[[s + foav’[[1 + lasw” |1 + lagv” |11
1 1
< (1 + g et + (gl + 1”1 el
1
# (21 + g Yol + (gl + 200 ol
1
+ (21 + g0 Yol + (gl + 200 ol
= (lall + el + 2Nzl + o sl + 2l + gl )]
11 36 211 311 18 4|1 5111 18 6]/1 1

1 1 1
+ (gglleall + ozl + gglaalh +2lals + ggllasks + 2lecl ) 0”1

https://www.journals.vu.lt/nonlinear-analysis
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Similarly, we obtain

1 1 1
1613 < (18811 + 503l + 28al -+ 13l + 20801+ 1l )l

1 1 1
7 7 2 7 2 " .
+ (g8l -+ 18l + Sglall + 203l + 53l +208al ) 1ol

Adding the last two inequalities, we obtain

"

[ (PR o e

1
< (Ivll + gglhells +2lhsll + 5 ||74||1 +2lwlli+ 5 H%H )IIU"’I

1 1
7 . 2 . 2 " .
+(36||71||1+||72||1+1873||1+ Irall + g1l + el ) 1o

It follows that ||| = 0, ||[v"”'||1 = 0, and hence u(t) = 0, v(t) = 0 for every t € [0, 1].
We get that (z1(t),y1(t)) = (z2(t), y2(¢)) for every ¢ € [0, 1]. O

Example 2. Let us now consider boundary value problem for the differential system

tQ(y//)Q
=22 13 te(0,1),
(y")? +1 ©.1) (6)

y" =t*sinz” -5, te(0,1),
with boundary conditions (2).

The function f(t,y") = t*(y"")?/((y")*+1)+3 is continuous for (¢,y") € [0, 1] xR,
and the function g(¢,z”) = t3sinz” — 5 is continuous for (¢, z") € [0,1] x R.

Consider
Ft) — Ftl)] = ‘ eui)? ) 2| (' —y5) (i +v5) ‘
Il »I2 -
W)2+1 (y5)2+1 (W) + D ((y2)*+1)
— t2 y// _ y// ylll + yé/ '
=ty — Y2
()2 +D)((y2)*+1) - () + D) ((y2)*+1)
<t yi —v5 1,
lg(t, z)) — g(t,25)| = [t*sina} — t*sinal| = *|sinaf — sinaf| < *[a] — 25).
We have

o1 =0, a2=0, as=0, ay=0, a5=0, ag=1>
B1=0, B2=0, B3=0, Bs=0, Bs=1t>, Be=0,
Y1 = 07 Y2 = 07 Y3 = Oa Y4 = 07 V5 = t37 Y6 = t27

1 1 1 14

H71||1 + *||72||1 + 2||73H1 + *||“/4||1 + 2[5l + T8||76||1 =5 <L
49

||71||1 + 11720l + 13 H73||1 + 2||7alls + 8H75H1 + 2|76l = m <1

Thus, by Theorem 3, problem (6), (2) has exactly one (nontrivial) solution.

Nonlinear Anal. Model. Control, 31(Online First):1-15, 2026


https://doi.org/10.15388/namc.2026.31.49069

S. Smirnov

Conflicts of interest. The author declares no conflicts of interest.

References

1.

10.

11.

12.

13.

A. Antonuks, Existence of a positive solution with concave and convex components for
a system of boundary value problems, Nonlinear Anal. Model. Control, 30(2):333-345, 2025,
https://doi.org/10.15388/namc.2025.30.38969.

. K. Bingelé, A. Stikonas, Investigation of a discrete Sturm—Liouville problem with two-point

nonlocal boundary condition and natural approximation of a derivative in boundary condition,
Math. Model. Anal., 29(2):309-330, 2024, https://doi.org/10.3846/mma.2024.
19829.

. O. Bolojan, G. Infante, R. Precup, Existence results for systems with nonlinear coupled

nonlocal initial conditions, Math. Bohem., 140(4):371-384, 2015, https://doi.org/
10.21136/MB.2015.144455.

. A. Calamai, G. Infante, An affine Birkhoff-Kellogg-type result in cones with applications to

functional differential equations, Math. Meth. Appl. Sci., 46(11):11897-11905, 2023, https:
//doi.org/10.1002/mma.8665.

. Y.-Y. Cho, J. Jin, E.K. Lee, Positive solutions for the second order differential system

with strongly coupled integral boundary condition, East Asian Math. J., 40(1):37-50, 2024,
https://doi.org/10.7858/eamj.2024.003.

. Y. Cui, W. Ma, X. Wang, X. Su, Uniqueness theorem of differential system with coupled

integral boundary conditions, Electron. J. Qual. Theory Differ. Equ., 2018:9, 2018, https:
//doi.org/10.14232/ejqtde.2018.1.9.

. C.S. Goodrich, Coupled systems of boundary value problems with nonlocal boundary

conditions, Appl. Math. Lett., 41:17-22, 2015, https://doi.org/10.1016/j.aml.
2014.10.010.

. C.P. Gupta, V. Lakshmikantham, Existence and uniqueness theorems for a third-order three-

point boundary value problem, Nonlinear Anal., Theory Methods Appl., 16(11):949-957, 1991,
https://doi.org/10.1016/0362-546X(91)90099-M.

. B. Hopkins, N. Kosmatov, Third-order boundary value problems with sign-changing solutions,

Nonlinear Anal., Theory Methods Appl., 67(1):126-137, 2007, https://doi.org/10.
1016/3.na.2006.05.003.

G. Infante, Positive solutions of systems of perturbed Hammerstein integral equations with
arbitrary order dependence, Philos. Trans. R. Soc. Lond., A, Math. Phys. Eng. Sci., 379(2191):
20190376, 2021, https://doi.org/10.1098/rsta.2019.0376.

G. Infante, G. Mascali, J. Rodriguez-Lépez, A hybrid Krasnosel’skii-Schauder fixed point
theorem for systems, Nonlinear Anal., Real World Appl., 80(104165):1-9, 2024, https:
//doi.org/10.1016/j.nonrwa.2024.104165.

G. Infante, FM. Minhds, P. Pietramala, Non-negative solutions of systems of ODEs with
coupled boundary conditions, Commun. Nonlinear Sci. Numer. Simul., 17(12):4952-4960,
2012, https://doi.org/10.1016/j.cnsns.2012.05.025.

N. Kosmatov, Second order boundary value problems on an unbounded domain, Nonlinear
Anal., Theory Methods Appl., 68(4):875-882, 2008, https://doi.org/10.1016/7.
na.2006.11.043.

https://www.journals.vu.lt/nonlinear-analysis


https://doi.org/10.15388/namc.2025.30.38969
https://doi.org/10.3846/mma.2024.19829
https://doi.org/10.3846/mma.2024.19829
https://doi.org/10.21136/MB.2015.144455
https://doi.org/10.21136/MB.2015.144455
https://doi.org/10.1002/mma.8665
https://doi.org/10.1002/mma.8665
https://doi.org/10.7858/eamj.2024.003
https://doi.org/10.14232/ejqtde.2018.1.9
https://doi.org/10.14232/ejqtde.2018.1.9
https://doi.org/10.1016/j.aml.2014.10.010
https://doi.org/10.1016/j.aml.2014.10.010
https://doi.org/10.1016/0362-546X(91)90099-M
https://doi.org/10.1016/j.na.2006.05.003
https://doi.org/10.1016/j.na.2006.05.003
https://doi.org/10.1098/rsta.2019.0376
https://doi.org/10.1016/j.nonrwa.2024.104165
https://doi.org/10.1016/j.nonrwa.2024.104165
https://doi.org/10.1016/j.cnsns.2012.05.025
https://doi.org/10.1016/j.na.2006.11.043
https://doi.org/10.1016/j.na.2006.11.043
https://www.journals.vu.lt/nonlinear-analysis

A priori estimate, existence, and uniqueness of solutions 15

14.

15.

16.

17.

18.

19.

G. Paukstaite, A. Stikonas, Green’s matrices for first order differential systems with nonlocal
conditions, Math. Model. Anal., 22(2):213-227, 2017, https://doi.org/10.3846/
13926292.2017.1291456.

S.Roman, A. gtikonas, Third-order linear differential equation with three additional conditions
and formula for Green’s function, Lith. Math.J., 50(4):426-446, 2010, https://doi.org/
10.1007/s10986-010-9097~-x.

A. Stikonas, A survey on stationary problems, Green’s functions and spectrum of Sturm—
Liouville problem with nonlocal boundary conditions, Nonlinear Anal. Model. Control, 19(3):
301-334,2014, https://doi.org/10.15388/NA.2014.3.1.

A. Stikonas, E. Sen, Asymptotic analysis of Sturm—Liouville problem with Dirichlet and
nonlocal two-point boundary conditions, Math. Model. Anal., 28(2):308-329, 2023, https:
//doi.org/10.3846/mma.2023.17617.

J.R.L. Webb, Non-local second-order boundary value problems with derivative-dependent
nonlinearity, Philos. Trans. R. Soc. Lond., A, Math. Phys. Eng. Sci., 379(2191):20190383,
2021, https://doi.org/10.1098/rsta.2019.0383.

E. Zeidler, Nonlinear Functional Analysis and Its Applications. I: Fixed-Point Theorems,
Springer, New York, 1986, https://doi.org/10.1007/978-1-4612-4838-5.

Nonlinear Anal. Model. Control, 31(Online First):1-15, 2026


https://doi.org/10.3846/13926292.2017.1291456
https://doi.org/10.3846/13926292.2017.1291456
https://doi.org/10.1007/s10986-010-9097-x
https://doi.org/10.1007/s10986-010-9097-x
https://doi.org/10.15388/NA.2014.3.1
https://doi.org/10.3846/mma.2023.17617
https://doi.org/10.3846/mma.2023.17617
https://doi.org/10.1098/rsta.2019.0383
https://doi.org/10.1007/978-1-4612-4838-5
https://doi.org/10.15388/namc.2026.31.49069

	Introduction
	Preliminaries
	A priori estimate and existence of solutions
	Uniqueness of solution
	References

