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Abstract. Nonlocal boundary value problems for elliptic equations arise in many applied models;
however, their numerical analysis in Banach spaces, particularly under the Samarskii–Ionkin
condition, remains insufficiently studied. Motivated by this gap, the present work develops first- and
second-order two-step difference schemes for the numerical solution of nonlocal boundary value
problems associated with elliptic equations involving a positive definite operator in a Banach space.
Coercive stability estimates for the proposed schemes are established. Furthermore, the abstract
results are applied to the construction of stable difference schemes for multidimensional elliptic
partial differential equations. Numerical experiments for two- and three-dimensional problems
confirm the efficiency and applicability of the proposed method.
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1 Introduction

Elliptic equations (EEs) with nonlocal boundary conditions arise in various applied
models where boundary behavior depends on global system properties. In particular,
Samarskii–Ionkin-type conditions lead to operator-differential formulations in Banach
spaces and pose substantial analytical and numerical challenges. Classical discretization
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techniques are often insufficient to ensure stability and robustness for such problems,
especially in the presence of positive definite operators.

The construction of stable and accurate difference schemes (DSs) for EEs with nonlo-
cal boundary conditions therefore remains an important open issue. Of particular interest
are schemes that preserve coercive stability at the discrete level, as such properties are
essential for well-posedness and reliable numerical approximation.

Motivated by these considerations, this work develops first- and second-order two-step
DSs for EEs subject to the Samarskii–Ionkin condition. Coercive stability estimates (SEs)
are established in an abstract Banach space setting and then applied to the numerical so-
lution of multidimensional elliptic problems, with computational experiments confirming
the theoretical results.

Elliptic partial differential equations (PDEs) are very common in mathematics and are
fundamental to a wide range of physical and engineering problems. The well-posedness
of the local boundary value problem (BVP) for the elliptic equation

−ϑ′′(t) +Aϑ(t) = f(t), 0 < t < T, ϑ(0) = ϑ0, ϑ(T ) = ϑT (1)

in an unspecified Banach space E with a positive operator (PO) A, as well as its applica-
tions, has been thoroughly investigated in the literature; see, for instance, [7, 24, 29].

In the mathematical modeling of real processes, EEs are usually coupled with local
boundary conditions. However, in many applications, these conditions are inadequate,
and nonlocal boundary conditions are required to accurately describe physical, biologi-
cal, chemical, and environmental processes. Such conditions arise when boundary data
depend on the solution inside the domain or cannot be measured directly.

Extensive research has been devoted to examining the well-posedness of nonlocal
boundary value problems (NBVPs) arising in partial differential and difference equations.
In recent decades, significant attention has been devoted to the theoretical and numerical
study of NBVPs for elliptic and parabolic equations. Well-posedness results for Bitsadze–
Samarskii-type NBVPs in Banach spaces were established in [1,8,25], and convergence of
DSs for delay parabolic equations was analyzed in [2]. Existence and asymptotic behavior
of constrained minimizers for EEs involving two nonlocal terms were investigated in [35].
A stable difference scheme for the identification problem related to the elliptic telegraph
equation was proposed and analyzed in [3], where the absolute stability and convergence
of the method were established.

The numerical treatment of elliptic type problems with nonlocal boundary conditions
was discussed in [8,10], providing efficient computational approaches and error analyses.

An approximation method for the inverse problem for EE problem with mixed bound-
ary and overdetermination conditions was developed in [10], ensuring numerical accuracy
and stability of the reconstructed solution.

The finite DSs for the overdetermined problem for EE with mixed boundary con-
ditions were presented in [9], where convergence and consistency of the scheme were
demonstrated.

A fourth-order accurate DS for the overdetermined elliptic problem was constructed
and theoretically justified in [9], contributing to the development of high-precision
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methods for nonlocal elliptic models. Inverse problems for diffusion and Laplace equa-
tions with nonlocal or fractional boundary conditions were treated in [20], while well-
posedness of difference and differential elliptic problems with nonlocal conditions was
further addressed in [19]. The solvability of essentially nonlinear EEs subject to nonlocal
boundary conditions was examined in [31], where rigorous sufficient conditions ensuring
the existence of solutions were derived. Numerical and spectral methods for EEs with
integral boundary conditions were investigated in [28], and nonclassical elliptic systems
with integral conditions were analyzed in [11]. Abstract elliptic problems with integral
boundary conditions were studied in [7].

PhD theses [15, 25, 32, 33] form an important body of work devoted to the develop-
ment of functional-analytic frameworks and finite-difference techniques for NBVPs and
fractional spaces associated with positive operators under nonlocal or periodic conditions.

In particular, [33] focuses on constructing high-order accurate DSs for Bitsadze–
Samarskii problems, while [15] and [32] study fractional spaces generated by POs under
various nonlocal conditions. The work [25] addresses finite-difference and analytical ap-
proaches for elliptic problems with nonlocal boundary conditions, emphasizing stability
and solvability aspects.

NBVPs, finite DSs, and asymptotic properties of differential operators have been
actively studied in recent years; see, for example, Būda et al. [13], Bakhit et al. [12].

In [17], Ionkin investigated a nonlocal problem for a one-dimensional parabolic equa-
tion arising in models of nonclassical heat conduction, proving existence of solutions;
their stability was later established in [18]. Subsequently, Samarskii [27] proposed a non-
local boundary value problem formulation for parabolic equations in one space variable
that unifies classical initial BVPs with Ionkin’s problem.

Resently, various NBVPs with Samarskii–Ionkin condition for PDEs have been in-
vestigated by many researchers. A generalized Samarskii–Ionkin-type problem for the
Poisson equation was formulated and analyzed in [14], where existence and uniqueness
results were obtained for spherical domains. The solvability of BVPs for the biharmonic
equation with periodic conditions was investigated in [30]. Spectral problems for EEs with
nonlocal boundary conditions were examined in [21]. A generalization of the Robin prob-
lem for the Laplace equation was proposed and analyzed in [34]. The spectral properties
and expansions for nonself-adjoint differential operators were discussed in [16]. BVPs
of the Samarskii–Ionkin type for the Laplace operator in a ball were considered in [26],
while nonlocal problems with generalized Samarskii–Ionkin conditions for nonstationary,
quasiparabolic, and pseudoparabolic equations were developed in [22, 23].

In a Banach space E, the NBVP for the EE with Samarskii–Ionkin condition

− d2

dt2
υ(t) +Aυ(t) = f(t), 0 < t < T,

υ(0) = υ(T ) + φ, υ′(T ) + µυ(T ) = ψ

(2)

with strongly PO A and µ > 0 was investigated in [5]. The theorems on the well-
posedness of this NBVP were established. In the applications, the new coercive SEs
for solution of three BVPs for EEs with Samarskii–Ionkin condition were obtained.
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In this paper, we construct and analyze first- and second-order accurate DSs for the
approximate solution of NBVP (2). The first-order accurate DS is given by

−υk+1 − 2υk + υk−1
τ2

+Aυk = fk, fk = f(tk), tk ∈ [0, T ]τ ,

υ0 = υN + φ, (1 + µτ)υN − υN−1 = τψ,

(3)

while the second-order DS takes the form

−υk+1 − 2υk + υk−1
τ2

+Aυk = fk, tk ∈ [0, T ]τ ,

υ0 = υN + φ, (3 + 2τµ)υN − 4υN−1 + υN−2 = 2τψ.
(4)

Here N is a given natural number, and [0, T ]τ = {tk = kτ, k = 1, N, Nτ = T} denotes
the uniform grid on [0, T ] with a sufficiently small step size τ > 0.

The well-posedness of the DSs (3) and (4) in Banach spaces is rigorously established.
In applications, the coercive SEs in the maximum norm (with respect to one variable) are
derived for the solutions of the DSs arising in the numerical treatment of three elliptic
problems. The proposed approach is implemented and validated on two- and three-
dimensional EE problems.

We now recall several auxiliary results from [7] that will be used in the subsequent
analysis. Accordingly, consider the following second-order accurate DS for BVP (1):

−ϑk+1 − 2 ϑk + ϑk−1
τ2

+Aϑk = fk, tk ∈ [0, T ]τ ,

ϑ0 and ϑN are given elements of E
(5)

This DS admits a unique solution, and the following representation holds:

ϑk =
(
I −R2N

)−1{(
Rk −R2N−k)ϑ0 +

(
RN−k −RN+k

)
ϑN

−
(
RN−k −RN+k

)
C

N−1∑
i=1

(
RN−i −RN+i

)
fiτ

}

+ C

N−1∑
i=1

(
R|k−i| −Rk+i

)
fiτ, 1 6 k 6 N − 1,

F = F (τ,A) =
τA

2
+

√(
τA

2

)2

+A,

R =
(
I + τF (τ,A)

)−1
, C = (I + τF )(2I + τF )−1F−1.

(6)

Observe that F (τ,A) 6= A1/2; however, F (τ,A) → A1/2 as τ → 0. Moreover, under
appropriate assumptions on A, it possesses the same spectral properties as A1/2. For-
mula (6) indicates that the stability and well-posedness analysis of the DS (5) essentially
relies on the behavior of the operator powers of R associated with the general operator A.
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Theorem 1. (See [7].) Let A be a strongly PO in the Banach space E, and Aϑ0 − f1,
AϑN−fN−1 ∈ E′α. Consequently, the solution of the DS (5) inCατ (E) obeys the coercive
SE ∥∥{τ−2(ϑk+1 − 2)ϑk + ϑk−1

}N−1
1

∥∥
Cατ (E)

+
∥∥{Aϑk}N−11

∥∥
Cατ (E)

+
∥∥{τ−2(ϑk+1 − 2ϑk + ϑk−1)

}N−1
1

∥∥
Cτ (E′

α)

6Mα−1(1− α)−1‖fτ‖Cατ (E) +M
(
‖Aϑ0 − f1‖E′

α
+ ‖AϑN − fN−1‖E′

α

)
,

where M does not depend on ϑ0, ϑN , α, fτ , and τ .

Theorem 2. (See [7].) Let A be a strongly PO in the Banach space E, and Aϑ0, AϑN ∈
E′α. Consequently, the solution of the DS (5) in Cτ (E′α) obeys the coercive SE∥∥{τ−2(ϑk+1 − 2ϑk + ϑk−1

)}N−1
1

∥∥
Cτ (E′

α)
+
∥∥{Aϑk}N−11

∥∥
Cτ (E′

α)

6M
(
α−1(1− α)−1‖fτ‖Cτ (E′

α)
+ ‖Aϑ0

∥∥
E′
α
+ ‖AϑN‖E′

α

)
.

Here M does not depend on ϑ0, ϑN , α, fτ, and τ . The Banach space E′α = E′α(F,E),
0 < α < 1, consists of all ϑ ∈ E with finite norm

‖ϑ‖E′
α
= sup

z>0
zα
∥∥F (zI + F )−1ϑ

∥∥
E
+ ‖ϑ‖E .

2 Stability estimates

The lemma below will be employed in the analysis that follows.

Lemma 1. (See [5].) LetA be PO in a Banach spaceE. Then the operator (I−(F−µI)×
(F +µI)−1e−TB) has an inverse (I − (F −µI)(F +µI)−1e−TF )−1, and the following
estimates hold:∥∥F (F + µI)−1

∥∥
E→E 6M(F ),

∥∥(F − µI)(F + µI)−1
∥∥
E→E 6M(F ),∥∥(I − (F − µI)(F + µI)−1e−TF

)−1∥∥
E→E 6

M(F )

1−M(F )e−δ(F )T
.

Here M(F ) is a positive constant that depends on operator F , and δ(F ) > lnM(F )/T .

Lemma 2. (See [5].) For the small τ > 0 and the PO A in a Banach space E, the
following estimates obey:∥∥F (µI + (1 + µτ)F

)−1∥∥
E→E 6M(F ),∥∥(F − µI)(µI+ (1 + µτ)F
)−1∥∥

E→E 6M(F ),
(7)

∥∥F (2(F + µI) + 4µτB+ (3 + 2µτ)τF 2
)−1∥∥

E→E 6M(F ),∥∥F (2F − 2µI − τF 2
)(
2(F + µI) + 4µτF + (3 + 2µτ)τF 2

)−1∥∥
E→E 6M(F ),

(8)

∥∥(I −Q(τF )
)−1∥∥

E→E 6M(F ),
∥∥(I − P (τF ))−1∥∥

E→E 6M(F ), (9)
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where

Q(τF ) = (F − µI)
(
µI + (1 + µτ)F )−1RN−1,

P (τF ) = (2F − 2µI − τF 2)
(
2(F + µI) + 4µτF + (3 + 2µτ)τF 2

)−1
RN−2.

Now, let us find solution of DSs (3) and (4). Applying formula (6) and nonlocal
condition

υ0 = υN + φ, (10)

one can get formula

υk =
(
I −R2N

)−1{(
Rk −R2N−k)φ+

(
Rk −R2N−k +RN−k −RN+k

)
υN

−
(
RN−1−k −RN−1+k

)
(2I + τR)−1F−1

N−1∑
i=1

(
RN−i −RN+i

)
fiτ

}

+R−1(2I + τF )−1F−1
N−1∑
i=1

(
R|k−i| −Rk+i

)
fiτ, 1 6 k 6 N − 1, (11)

for the solutions of DSs (3) and (4).
Here υN is an unknown element of the Banach space. Using formula (11) together

with the nonlocal condition (1 + µτ)υN − υN−1 = τψ, we obtain

υN =
(
µI + (1 + µτ)F

)−1(
I −Q(τF )

)−1{(
I −RN

)−1{
BRN (2I + τF )φ

+

N−1∑
i=1

(
RN−1−i −RN−1+i

)
fiτ

}
+
(
I +RN

)
R−1ψ

}
. (12)

So, we get formulas (6) and (12) for the solution of the DS (3).
Second, to find the solution of DS (4), we use formula (11) and nonlocal condition

(3 + 2τµ)υN − 4υN−1 + υN−2 = 2τψ. Thus

υN =
(
2(F + µI) + 4µτF + (3 + 2µτ)τF 2)−1

{(
I − P (τF )

)−1(
I −RN

)−1
×

{
(2I + τF )

(
−2− 2τF + τ2F 2

)
BRNφ+ 4fN−1τ

+
(
R−R2N−3)fN−1τ − 4

N−2∑
i=1

(
RN−2−i −RN−2+i

)
fiτ

+
(
R−1 +R

)N−2∑
i=1

(
RN−2−i −RN−2+i

)
fiτ

}
+ 2
(
I +RN

)
R−2ψ

}
. (13)

Consequently, the solution of DS (4) is given by formulas (6) and (13).
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It should be noted that the coercivity inequality∥∥{Aυk}N−11

∥∥
Cατ (E)

+
∥∥{τ−2(υk+1 − 2υk + υk−1)

}N−1
1

∥∥
Cατ (E)

6M
[
‖f‖Cατ (E) + ‖Aψ‖E + ‖Aφ‖E

]
does not hold for the solutions of the DSs (3) and (4).

However, the following two results can be established.

Theorem 3. Assume that A is a strongly PO in a Banach space E and Aφ− f1 + fN−1,
Aψ ∈ E′α. Consequently, the solutions of the DSs (3) and (4) in Cατ (E) satisfy the
following coercive SE:∥∥{τ−2(υk+1 − 2υk + υk−1)

}N−1
1

∥∥
Cατ (E)

+
∥∥{τ−2(υk+1 − 2υk + υk−1)

}N−1
1

∥∥
Cτ (E′

α)
+
∥∥{Aυk}N−11

∥∥
Cατ (E)

6Mα−1(1− α)−1‖fτ‖Cατ (E) +M
(
‖Aφ− f1 + fN−1‖E′

α
+ ‖Aψ‖E′

α

)
,

where M is independent of fτ , ψ, φ, α, and τ .

Proof. By Theorem 1 we have the following estimate for solutions of problems (3) and (4):∥∥{τ−2(υk+1 − 2υk + υk−1)
}N−1
1

∥∥
Cατ (E)

+
∥∥{Aυk}N−11

∥∥
Cατ (E)

+
∥∥{τ−2(υk+1 − 2υk + υk−1)

}N−1
1

∥∥
Cτ (E′

α)

6
M

α(1− α)
‖fτ‖Cατ (E) +M

[
‖Aυ0 − f1‖E′

α
+ ‖AυN − fN−1‖E′

α

]
.

Using nonlocal condition (10), we have that

Aυ0 − f1 = Aφ− f1 + fN−1 +AυN − fN−1.

Therefore, to prove the theorem, it suffices to establish the estimate

‖AυN − fN−1‖E′
α
6

M

α(1− α)
‖fτ‖Cατ (E) +M‖Aφ− f1 + fN−1‖E′

α
+ ‖Aψ‖E′

α
.

The proof of estimate (13) is based on the triangle inequality, estimates (8) and (9),
the definition of the space E′α, and the following representations of AυN − fN−1 for the
solutions of DSs (3) and (4), respectively:

AυN − fN−1

= B
(
µ+ (1 + µτ)B

)−1(
1−Q(τB)

)−1
×

{(
I −RN

)−1{
RN (2I + τB)(Aϕ− f1 + fN−1) +R2N−1(f1 − fN−1)

Nonlinear Anal. Model. Control, 31(Online First):1–19, 2026
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+RN−1(f1 − fN−1) +
N−1∑
i=1

BRN−i(fi − fN−1)τ −
N−1∑
i=1

BRN+i(fi − f1)τ

}

−B−1µ
[
R−1 +RN−1

]
fN−1 +

(
I +RN

)
R−1Aψ

}
and

AυN − fN−1

= B
(
2(B + µ) + 4µτB + (3 + 2µτ)τB2

)−1(
1− P (τB)

)−1
×

{(
I −RN

)−1{
(2I + τB)

(
−2− 2τB + τ2B2

)
RNAϕ

− 4BfN−1τ +B
(
R2 −R2N−2)fN−1τ

+
(
−3I +R2

)(
I −RN−2

)
fN−1 −RN−1

(
−3I +R2

)(
I −RN−2

)
f1

+B
(
−3I +R2

)N−2∑
i=1

RN−1+i(fi − f1)τ

−
[
2 + 3τB + (−2 + τB)RN + µB−1

(
2 + 4τB + 2τ2B2 + 2RN

)]
fN−1

+
(
−3I +R2

)
B

N−2∑
i=1

RN−1−i(fi − fN−1)τ

}
+ 2B−1

(
I +RN

)
R−2Aψ

}
.

Therefore, Theorem 3 is proved.

Theorem 4. Suppose that A is a strongly PO in a Banach space E and Aψ, Aφ ∈ E′α.
Consequently, the solutions of DSs (3) and (4) in Cτ (E′α) obey the coercive SE∥∥{τ−2(υk+1 − 2υk + υk−1)

}N−1
1

∥∥
Cτ (E′

α)
+
∥∥{Aυk}N−11

∥∥
Cτ (E′

α)

6M
(
α−1(1− α)−1‖fτ‖Cτ (E′

α)
+ ‖Aφ‖E′

α
+ ‖Aψ‖E′

α

)
,

where M does not depend on fτ , ψ, φ, α, and τ .

Proof. By Theorem 2, we have the following estimate for the solutions of problems (3)
and (4):∥∥{Aυk}N−11

∥∥
Cατ (E)

6M

[
1

α(1− α)
‖fτ‖Cτ (E′

α)
+ ‖Aυ0‖E′

α
+ ‖AυN‖E′

α

]
.

Using nonlocal condition (10), we have that Aυ0 = AυN + Aφ. Therefore, in view of
the nonlocal condition (10), it suffices to establish the estimate for ‖AυN‖E′

α
:

‖AυN‖E′
α
6M

{
‖Aφ‖E′

α
+ ‖Aψ‖E′

α
+

1

α(1− α)
‖fτ‖Cτ (E′

α)

}
. (14)

The proof of estimate (14) is based on estimates (7), (8), and (9), triangle inequality, the
definition of the space E′α, and formulas (12) and (13).

Theorem 4 is proved.
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3 Applications to NBVPs

We now illustrate the use of Theorems 3 and 4 in the analysis of EEs.
First, we consider the NBVP for the two-dimensional EEs with involution in x

−∂
2υ(s, x)

∂s2
− ∂

∂x

(
a(x)

∂υ(s, x)

∂x

)
+ δυ(s, x)− β

(
∂

∂x

(
a(−x)∂υ(s,−x)

∂x

))
= f(s, x), 0 < s < T, x ∈ (−l, l),

υ(0, x) = υ(T, x) + φ(x), υs(T, x) + µυ(T, x) = ψ(x), x ∈ [−l, l],
υ(s,−l) = 0, υ(s,−l) = 0, 0 6 s 6 T,

(15)

where φ(x), ψ(x), a(x), and f(s, x) are known smooth functions satisfying the compati-
bility assumptions that guarantee a smooth solution υ(s, x) to problem (15). Besides this,
assume that a > a(x) = a(−x) > σ > 0, σ − a|β| > 0, and δ is a sufficiently large
positive quantity.

We introduce the differential operator A associated with the NBVP (15) by

Au = −
(
a(x)

(
ux(x)

)
x
+ δu(x)− β

(
a(−x)ux(−x)

)
x

with the domain D(A) = {u ∈ W 2
2 : u(−l) = 0, u(l) = 0}. In [6], the positivity and

self-adjointness of the operator A in the Hilbert space L2(−l, l) were established.
The discretization of NBVP (15) proceeds through two successive steps.
In the first step, we introduce the grid [−l, l]h = {xj = jh, −M 6 j 6M, Mh = l}

and define the Banach space L2h = L2[−l, l]h of grid functions vh(x) = {vj}Mj=−M on
[−l, l]h endowed with the norm ‖vh‖L2h

= (
∑M
j=−M |vj |2h)1/2. Corresponding to the

differential operator A given in (15), we define the difference operator Ah as follows:

Ahv
h(x) =

{
−h−2

(
a(xj+1)(vj+1 − vj)− a(xj)(vj − vj−1)

)
+ δvj

}M−1
j=−M+1

,

acting on grid functions vh(x) = {vj}Mj=−M defined on [0, l]h that fulfill the relations
v−M = 0 and vM = 0.

Using the operator Ah, we obtain the corresponding NBVP

−d2υh(s, x)

ds2
+Ahυ

h(s, x)−βAhυh(s,−x)=fh(s, x), x∈ [−l, l]h, 0 < s < T,

υh(0, x)=υh(T, x)+φh(x), υhs (T, x)+µυ
h(T, x)=ψh(x), x ∈ [−l, l]h.

(16)

In the second stage, problem is replaced by (16) with the abstract DSs (3) and (4),
thereby obtaining first- and second-order accurate DSs

− 1

τ2
(
υhk+1(x)−2υhk (x)+υhk−1(x)

)
+Ahυ

h
k (x)−βAhυhk (−x)=fhk (x),

fkh(x)=f
h(sk, x), sk=kτ ∈ [0, T ]τ ,

υh0 (x)=υ
h
N (x)+φh(x), (1+µτ)υhN (x)−υhN−1(x)=τψh(x), x∈ [−l, l]h,

(17)
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and

− 1

τ2
(
υhk+1(x)− 2υhk (x) + υhk−1(x)

)
+Ahυ

h
k (x)− βAhυhk (−x) = fhk (x),

fhk (x) = fh(sk, x), sk = kτ ∈ [0, T ]τ ,

υh0 (x) = υhN (x) + φh(x),

(3 + 2τµ)υhN (x)− 4υhN−1(x) + υhN−2(x) = 2τψh(x), x ∈ [−l, l]h,

(18)

for the approximate solution of NBVP (15), respectively.
As a consequence of Theorems 3 and 4, the following well-posedness results for these

DSs are obtained.

Theorem 5. Let h and τ be sufficiently small parameters. Assume that ψh(x) = 0 and
−Ahφh(x) − fh(0, x) + fh(T, x) = 0, x ∈ [−l, l]h. Then the solutions of DSs (17)
and (18) admit the following estimate:∥∥{τ−2(υhk+1−2υhk+υhk−1

)}N−1
1

∥∥
Cατ (L2h)

+
∥∥{υhk}N−11

∥∥
Cατ (W 2

2h)
+
∥∥{υhk}N0 ∥∥Cτ (W 2

2h)

6Mα,δ,µ

∥∥{fhk }N−11

∥∥
Cατ (L2h)

, 0 < α < 1
2 .

Here Mα,δ,µ does not depend on τ , h, {fhk }
N−1
1 , φh, and ψh.

Proof. Since Ah is a PO in L2h, DSs (17) and (18) can be replaced by DSs (3) and (4).
The proof of Theorem 5 relies on Theorems 3 and 4, as well as on the self-adjointness
and positive definiteness of the operator Ah in L2h; see [6].

Second, let Ω be the unit open cube in Rn, given by 0 < xk < 1, 1 6 k 6 n,
with boundary S, so that Ω = Ω ∪ S. On the domain [0, T ] × Ω, we construct DSs for
approximating the mixed BVP for a multidimensional EE

−∂
2υ(s, x)

∂s2
−

n∑
r=1

αr(x)
∂2υ(s, x)

∂x2r
+ δυ(s, x) = f(s, x),

0 < y < T, x = (x1, x2, . . . , xn) ∈ Ω,

υ(0, x) = υ(T, x) + φ(x), υs(T, x) + µυ(T, x) = ψ(x), x ∈ Ω,
υ(s, x) = 0, x ∈ S,

(19)

where αr(x), φ(x), ψ(x), and f(s, x) are known smooth functions satisfying the com-
patibility assumptions that guarantee a smooth solution υ(s, x) to problem (19). Suppose
that αr(x) > α0 > 0 and δ > 0 is a sufficiently large number.

We introduce the differential operator A associated with the NBVP (19) by

Au = −
n∑
r=1

αr(x)
∂2u(x)

∂x2r
+ δu(x)

with the domain D(A) = {u(x): u(x), uxr (x), αr(x)uxrxr (x) ∈ L2(Ω), 1 6 r 6 n,
x ∈ S}. It was established in [7] that the operator A is positive and self-adjoint in the
Hilbert space L2(Ω).
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In the same manner, NBVP (19) is discretized through a two-step procedure.
In the first step, we introduce the corresponding grid sets

Ωh =
{
x = xq = (h1q1, . . . , hmqm), j = (q1, . . . , qm), 0 6 qr 6Mr,

hrMr = 1, r = 1, . . . ,m
}
,

Ωh = Ωh ∩Ω, Sh = Ωh ∩ S

and the Banach spaces L2h, Cβ01(Ωh), and Ch = C(Ωh) of grid functions vh(x) =
{v(h1q1, . . . , hmqm)} defined on Ωh, endowed with the corresponding norms

∥∥vh∥∥
L2h

=

( ∑
x∈Ωh

∣∣vh(x)∣∣2h1 · · ·hm)1/2

and∥∥vh∥∥Cβ01(Ωh) = ∥∥vh∥∥C(Ωh)
+ sup

06xk<xk+hk61
16k6m

∣∣vh(x1, . . . , xn)− vh(x1 + h1, . . . , xm + hm)
∣∣

× h−βkk

m∏
k=1

wk,Mk(x, h),

where wk,Mk(x, h) = xβkk (1 − xk − hk)βk and ‖vh‖Ch = supx∈Ωh |v
h(x)|. Here β =

(β1, . . . , βm).
To the operator A generated by NBVP (19), we associate the difference operator Ah

defined by

Ahυ
h(x) = −

m∑
r=1

(
ar(x)υ

h
xr (x)

)
xr,qr

+ δυh(x),

acting in the space of grid functions υh(x) satisfying the condition υh(x) = 0 for all
x ∈ Sh. The operator Ah is a SAPDO in L2(Ωh) and PO in C(Ωh)); see [7].

By using Ah, we arrive at the NBVP

−d2υ(s, x)

ds2
+Ahυ

h(s, x) = fh(s, x), x ∈ Ωh, 0 < s < T,

υh(0, x) = υh(T, x) + φh(x), υhs (T, x) + µυh(T, x) = ψh(x), x ∈ Ωh.
(20)

During the second step, problem (20) is replaced with abstract DSs (3) and (4). Con-
sequently, we get first- and second-order accurate DSs for the approximating NBVP (19):

− 1

τ2
(
υhk+1(x)− 2υhk (x) + υhk−1(x)

)
+Ahυ

h
k (x) = fhk (x),

fhk (x) = fh(sk, x), sk = kτ ∈ [0, T ]τ , x ∈ Ωh,
υh0 (x) = υhN (x) + φh(x), (1 + µτ)υhN (x)− υhN−1(x) = τψh(x), x ∈ Ωh,

(21)
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and

− 1

τ2
(υhk+1(x)− 2υhk (x) + υhk−1(x)

)
+Ahυ

h
k (x) = fkh(x), yk ∈ [0, T ]τ ,

υh0 (x) = υhN (x) + φh(x),

(3 + 2τµ)υhN (x)− 4υhN−1(x) + υhN−2(x) = 2τψh(x), x ∈ Ωh.

(22)

This completes the proof of Theorem 5.

The following well-posedness results for these DSs follow from Theorems 3 and 4.

Theorem 6. Let τ and |h| be sufficiently small numbers. Suppose that ψh(x) = 0 and
−Ahφh(x)− fh(0, x) + fh(T, x) = 0, x ∈ Ωh. Then the solutions of DSs (21) and (22)
satisfy the following estimates:∥∥{τ−2(υhk+1 − 2υkh+ υhk−1

)}N−1
1

∥∥
Cατ (L2h)

+
∥∥{υhk}N0 ∥∥Cατ (W 2

2h)
+
∥∥{υhk}N0 ∥∥Cτ (W 2

2h)

6Mα,δ,µ

∥∥{fkh}N−11

∥∥
Cατ (L2h)

,∥∥{τ−2(υhk+1 − 2υkh+ υhk−1
)}N−1

1

∥∥
Cατ (Ch)

+
∥∥{υhk}N0 ∥∥Cατ (C2

h)
+
∥∥{υhk}N0 ∥∥Cτ (C2

h)

6Mα,δ,µ

∥∥{fkh}N−11

∥∥
Cατ (Ch)

, 0 < α < 1
2 ,∥∥{τ−2(υhk+1 − 2υkh+ υhk−1

)}N−1
1

∥∥
Cατ (C

β
01(Ωh))

+
∥∥{υhk}N0 ∥∥Cατ (C2+β

01 (Ωh))

6Mα,δ,β,µ

∥∥fkh}N−11

∥∥
Cατ (C

β
01(Ωh))

, 0 < α < 1
2 , 0 < |βk| < 1, 1 6 k 6 m.

Here Mα,δ,µ and Mα,δ,β,µ are independent of τ , h, {fkh}N−11 , φh, and ψh.

Proof. The operator Ah is a strongly PO in Ch, Cβ01(Ωh), and L2h; see [30]. Therefore,
DSs (21) and (22) can be replaced by DSs (3) and (4). Consequently, the proof of Theo-
rem 6 relies on Theorems 3 and 4, as well as self-adjointness and positive definiteness of
the operator Ah in L2h, the strong positivity of the operator Ah in Ch, Cβ01(Ωh), and the
coercivity of elliptic difference operator Ah in Cβ01(Ωh).

4 Numerical experiments

This section reports numerical results for 2D and 3D Samarskii–Ionkin-type elliptic
NBVPs, together with a brief description of their implementation. The computations are
carried out in MATLAB.

4.1 2D test example

For test example, in [0, 1]× [0, 1], we consider NBVP for two-dimensional EE

−υss(s, y)− υxx(s, y) + υ(s, y) = f(s, y), 0 < y < 1, 0 < s < 1,

υ(0, y)− υ(1, y) = φ(y), υs(1, y) + µυ(1, y) = ψ(y), 0 6 y 6 1,

υ(s, 0) = 0, υ(s, 1) = 0, 0 6 s 6 1,

(23)
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where

f(s, y) =
(
−e−s +

(
1 + π2

)(
1 + s+ e−s

))
sin(πy), µ = 1

2 ,

φ(y) = −e−1 sin(πy), ψ(y) =
(
− 1

2e
−1 + 2

)
sin(πy).

It is readily verified that υ(s, y) = (1+s+e−s) sin(πy) is an exact solution of NBVP (23).
Let

[0, 1]τ × [0, 1]h = {(tk, ym): tk = kτ, k = 0, N, ym = mh, m = 0,M},

be the rectangular mesh, where Nτ = 1 and Mh = 1, and let φm = φ(ym), ψm =
ψ(ym), and fkm = f(tk, ym) for m = 0,M and k = 0, N .

For the numerical solution of the NBVP, we consider the following first- and second-
order accurate DSs in t:

υk+1
m − 2υkm + υk−1m

τ2
+
υkm+1 − 2υkm + υkm−1

h2
− υkm = −fkm,

k = 1, N − 1, m = 1,M − 1,

υk0 = 0, υkM = 0, k = 1, N − 1,

υ0m − υNm = φm, (1 + µτ)υNm − υN−1m = ψm, m = 0,M,

(24)

and

υk+1
m − 2υkm + υk−1m

τ2
+
υkm+1 − 2υkm + υkm−1

h2
− υkm = −fkm,

k = 1, N − 1, m = 1,M − 1,

υk0 = 0, υkM = 0, k = 1, N − 1,

υ0m − υNm = φm, (3 + 2µτ)υNm − 4υN−1m + υN−2m = 2τψm, m = 0,M.

(25)

Both DSs are second-order accurate in x.
By using notations

υl =
[
υl0, . . . , υ

l
M

]t
, l = k ∓ 1, k, gk =

[
gk0 , . . . , g

k
M

]t
, k = 1, N − 1,

φ =
[
φ0, . . . , φM

]t
, ψ =

[
ψ0, . . . , ψM

]t
,

DSs (24) and (25) can be rewritten in matrix form

Aυk+1 +Bυk + Cυk−1 = gk, k = 1, N − 1,

υ0 =
−→
0 , υN =

−→
0 .

(26)

Here a = 1/h2, e = −2/τ2 − 2/h2 − 1, d = 1/τ2, A = C = diag(0, a, a, . . . , a, 0),
gkm = −fkm, m = 1,M − 1, k = 1, N − 1,

b1,1 = 1, b1,N+1 = −1,
bi,i = e, bi−1,i = d, bi,i−1 = d, i = 2, N,
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Table 1. Error of υ for the test example (23).

(N,M) First-order accurate DS Second-order accurate DS
(24, 24) 3.297 · 10−2 3.297 · 10−2

(25, 25) 1.250 · 10−2 1.250 · 10−2

(26, 26) 5.347 · 10−3 5.347 · 10−3

(27, 27) 2.459 · 10−3 2.459 · 10−3

(28, 28) 1.178 · 10−3 1.178 · 10−3

(a) First-order accurate DS (b) Second-order accurte DS

Figure 1. Error in the L2h-norm at the same points with different numbers of discretization N .

bN+1,N−1 = 3 + 2µτ, bN+1,N = −4, bN+1,N+1 = 1,

bi,j = 0 for other i and j, i, j = 1, N − 1,

for the first-order accurate DS, and

bi,i = e, bi−1,i = d, bi,i−1 = d, i = 2, N,

b1,1 = 1, b1,N+1 = −1, bN+1,N = −1, bN+1,N+1 = 1 + τ
2 ,

bi,j = 0 for other i and j, i, j = 1, N − 1

for the second-order accurate DS.
The numerical solution of (26) is obtained using a modified Gauss elimination algo-

rithm. Table 1 contains the results of the numerical experiments carried out for the first-
and second-order approximations with N = M = 24, 25, 26, 27, and 28. It displays the
differences between the exact solution and the approximate solutions generated by the
numerical schemes for the NBVP.

Doubling the number of discretization points results in a twofold reduction in the error
of the first-order DS and a fourfold reduction in the error of the second-order DS.

Figures 1(a) and 1(b) display the errors measured in the L2h norm at the same grid
points. The errors are computed for the time discretizations N = 24, 25, 26, 27, and the
figures are constructed based on these data. Table 1, together with Figs. 1(a) and 1(b),
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demonstrates that the orders of convergence are one and two, respectively. These results
confirm the stability of the solutions obtained by both proposed schemes.

4.2 3D test example

We now turn to the three-dimensional elliptic NBVP

−∂
2υ

∂s2
(s, y, z)− ∂2υ

∂x2
(s, y, z)− ∂2υ

∂y2
(s, y, z) + υ(s, y, z)

= f(s, y, z), 0 < y, z, s < 1,

υ(0, y, z)− υ(1, y, z) = φ(y, z), 0 6 y, z 6 1,

us(1, y, z) + µu(1, y, z) = ψ(y, z), 0 6 y, z 6 1,

υ(s, y, 0) = 0, υ(s, y, 1) = 0, 0 6 y, s 6 1,

υ(s, 0, z) = 0, υ(s, 1, z) = 0, 0 6 z, s 6 1,

(27)

where

f(s, y, z) =
(
e−s +

(
2π2 + 1

)(
1 + s+ e−s

))
ξ(y, z), φ(y, z) = e−1ξ(y, z),

ψ(y, z) =
(
e−1(µ− 1) + (1 + 2µ)

)
ξ(y, z), ξ(y, z) = sin(πy) sin(πz).

It is readily verified that υ(s, y, z) = (1+s+e−s)ξ(y, z) is an exact solution of NBVP (27).
Let

[0, 1]τ × [0, 1]h × [0, 1]h =
{
(sk, ym, zn): sk = kτ, k = 0, N, ym = mh, zn = nh,

m, n = 0,M, Nτ = 1, Mh = 1
}
,

and let φm,n = φ(ym, zn), ψm,n = ψ(ym, zn), and fkm,n = f(tk, ym, zn) for k = 0, N

and m,n = 0,M . In the first stage, DSs for approximately solution of NBVP can be
written in the following forms:

−
υk+1
m,n−2υkm,n+υk−1m,n

τ2
−
υkm,n+1−2υkm,n+υkm,n−1

h2
−
υkm+1,n− 2υkm,n+υ

k
m−1,n

τ2

+υkm,n = fkm,n, k = 1, N − 1, m, n = 1,M − 1,

υk0,n = 0, υkM,n = 0, υkm,n = 0, υkm,M = 0, k = 0, N, m, n = 1,M − 1,

υ1m,n − υ0m,n = φm,n,

(
1 +

1

2
τ

)
υNm,n − υN−1m,n = ψm,n, m, n = 1,M − 1,

(28)

and

−
υk+1
m,n−2υkm,n+υk−1m,n

τ2
−
υkm,n+1−2υkm,n+υkm,n−1

h2
−
υkm+1,n−2υkm,n+υkm−1,n

τ2

+ υkm,n = fkm,n, k = 1, N − 1, m, n = 1,M − 1,

υk0,n = 0, υkM,n = 0, υkm,n = 0, υkm,M = 0, k = 0, N, m, n = 1,M − 1,

υ1m,n − υ0m,n = φm,n, m, n = 1,M − 1,

(3 + 2µτ)υNm,n − 4υN−1m,n + υN−2m,n = 2τψm,n, m, n = 1,M − 1.

(29)
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Table 2. Error of υ for the test example (27).

(N,M) First-order accurate DS Second-order accurate DS
(23, 23) 1.504 · 10−2 1.297 · 10−2

(24, 24) 4.388 · 10−3 3.245 · 10−3

(25, 25) 1.393 · 10−3 8.115 · 10−4

(a) First-order accurate DS (b) Second-order accurate DS

Figure 2. Error in the L2h-norm at the same points with different numbers of discretization N .

DSs (28) and (29) are represented in matrix form (26). Table 2 summarizes the errors
of the first- and second-order approximations for N = M = 23, 24, 25, comparing
numerical and exact solutions of the NBVP.

Doubling the number of discretization points results in a twofold reduction in the
error of the first-order DS and a fourfold reduction in the error of the second-order DS.
Figures 2(a) and 2(b) illustrate the errors of the first- and second-order approximations
for the time discretizations N = 23, 24, and 25. The figures confirm the stability results
for the solutions obtained by both proposed schemes.

5 Conclusion and future plans

NBVPs with the Samarskii–Ionkin condition arise in various applied models where bound-
ary data involve integral or global constraints. However, the construction and rigorous
analysis of accurate and stable numerical methods for such elliptic problems in Banach
spaces with a PO remain limited.

The nonlocal nature of the boundary conditions creates additional analytical and nu-
merical difficulties, particularly regarding stability and well-posedness. Therefore, de-
veloping first- and second-order accurate DSs and establishing their well-posedness in
Banach space is both theoretically significant and practically relevant.

This work addresses these issues and supports the theoretical results with numerical
experiments for two- and three-dimensional problems. In the present paper, the first- and
second-order accurate DSs for the approximate solution of the NBVP with Samarskii–
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Ionkin condition for EEs in a Banach space with a PO are studied. The well-posedness
of these DSs in Banach spaces is established. In applications, the stability and almost
coercive SEs in maximum norm in one variable for the solutions of DSs for numerical
solution of elliptic problems are obtained. The presented method is implemented and
tested on two- and three-dimensional nonlocal elliptic problems.

Furthermore, by applying the results of [4, 7], one can investigate uniform two-step
DSs and derive asymptotic formulas for the solutions of nonlocal boundary value singu-
larly perturbed problems for linear EEs in a Banach space, where a parameter multiplies
the highest-order derivative term. In addition, high-order accurate DSs for NBVPs asso-
ciated with elliptic PDEs can be constructed and rigorously analyzed.
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