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Abstract. An approximation of a cumulative distribution function by the Irwin cumulative distribution function is
considered. The approximating distribution function can be cumulative distribution function of sums (products) of in-
dependent (dependent) random variables. Remainder term of the approximation is estimated by the cumulant method.
The cumulant method is used by introducing special cumulants which satisfy the V. Statulevičius type condition. The
main result is a nonuniform bound for the difference between the cumulative distribution functions in terms of special
cumulants.
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1. Introduction

The approximation of cumulative distribution functions of sums (products) of independent (depen-
dent) random variables by normal and Poisson distributions is analysed in many papers. In this paper,
we consider the approximation by the Irwin law, because the Irwin law is interesting in probability
theory and mathematical statistics.

In 1937, J. O. Irwin [2] considered a random variable Y = X1−X2, where X1 ∼ P (λ), X2 ∼ P (λ) are
independent and P (λ) is Poisson distribution. In 1946, J. G. Skellam [10] and in 1952, A. de Castro and
A. Prekopa [8] generalized this random variable Y , where X1 ∼ P (λ1) and X2 ∼ P (λ2) are independent;
therefore, this distribution of random variable Y was named the Skellam distribution. Later, in 1962,
J. Strakee and J. J. D. van der Gon [11] presented tables of the cumulative distribution function of the
Skellam distribution to four digits for some combinations of values of the two parameters. In 2006,
D. Karlis and I. Ntzoufras [4] started to examine the random variable Y , when X1 ∼ P (λ1) and
X2 ∼ P (λ2) are correlated. The Skellam distribution estimates of the parameters obtained by the
moment method are

λ̂1 =
1
2

(
S2 +Y

)
, λ̂2 =

1
2

(
S2−Y

)
,

when Y1,Y2, . . . ,Yn are independent and identically distributed by the Skellam distribution, Y = 1
n ∑

n
i=1Yi

and S2 = 1
n−1 ∑

n
i=1
(
Yi−Y

)2. Of course, the estimates of the parameter will exist if S2−
∣∣Y ∣∣> 0. And only

in 2000, D. Karlis and I. Ntzoufras [3] discussed in detail the properties of the Skellam distribution and
obtained the maximum likelihood estimates. The Skellam distribution estimates of the parameters
obtained by the maximum likelihood method are
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is a modified Bessel function of the first kind, and

λ̂1 = λ̂2 + y, where y =
1
n

n

∑
i=1

yi.
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Later, in 2006, D. Karlis and I. Ntzoufras [4] derived Bayesian estimates and used the Bayesian
approach for testing the equality of the two parameters of the Skellam distribution.

The Skellam distribution has many applications in different fields. D. Karlis and I. Ntzoufras
[5] applied the Skellam distribution for modeling the difference of the number of goals in football
games. They also modeled the difference in the decayed, missing and filled teeth (DMFT) index
before and after treatment in article [4]. This index is one of the most common methods in oral
epidemiology for assessing dental caries prevalence as well as dental treatment needs among populations
and has been used for about 75 years. Y. Hwang, J. Kim and I. Kweon [1] introduced the Skellam
distribution as a sensor noise model for CCD (charge-coupled device) or CMOS (complementary
metal–oxide–semiconductor) cameras. This is derived from the Poisson distribution of photons that
determine the sensor response. They showed that the Skellam distribution can be used to measure the
intensity difference of pixels in the spatial domain, as well as in the temporal domain. In addition, they
showed that Skellam parameters are linearly related to the intensity of the pixels. On applications of
the Skellam law in economics, see [6].

We use the cumulant method for the approximation by the Irwin law. The cumulant method is
widely described in the L. Saulis’ and V. Statulevičius’ monography [9].

2. Irwin Law

We define the Irwin law as an instance of the Skellam distribution:

Definition 2.1 A random variable Y is said to have Irwin distribution if Y = X1 − X2, where X1 ∼ P (λ),
X2 ∼ P (λ) and P (λ) is Poisson distribution.

Evidently, for k ∈ Z,

P{Y = k}= e−2λ
∞

∑
s=max{0,−k}

λ2s+k

s!(s+ k)!
.

The characteristic function of the Irwin law is

g(t) = EeitY =
∞

∑
k=−∞

eitkP{Y = k}= e−2λ
∞

∑
k=−∞

∞

∑
s=max{0,−k}

eitk λ2s+k

s!(s+ k)!
.

Denote m = s+|k|, then we obtain

g(t) = e−2λ
∞

∑
m=0

∞

∑
s=0

eit(m−s) λs+m

s!m!
= e−2λ · eλeit · eλe−it

= eλ(eit+e−it−2) = e2λ(cos t−1).

Applying the expansion
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,

we obtain the Irwin law cumulants

Γ2n−1 = 0, Γ2n = 2λ n ∈ N. (1)

By the expansion
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we obtain the Irwin law moments

EY 2r−1 = 0, EY 2r =
r

∑
m=1

(2λ)m

m! ∑
l1+···+lm=2r
l j∈2N, j=1,m

(2r)!
l1! · · · lm!

r ∈ N. (2)

In particular, the Irwin law moments are

α1 = 0,
α2 = 2λ,
α3 = 0,
α4 = 12λ2 +2λ,
α5 = 0,
α6 = 120λ3 +60λ2 +2λ,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(3)

3. Special cumulants in approximation by the Irwin law

To approximate the symmetric cumulative distribution function F(x) of a random variable X by
the cumulative distribution function of the Irwin law, we use special cumulants

Γ̃k =
dk

dzk lnE
(

1+ z+
√

z2 +2z
)X
∣∣∣∣∣
z=0

, k ∈ N, (4)

where z = cos t−1 and fX(t) = EeitX = E
(

1+ z+
√

z2 +2z
)X

.

It is easy to find connection between Γ̃k and Γm = dm

d(it)m ln fX(t)
∣∣∣
t=0

, m = 1,2,3, . . . ,k,
k = 1,2,3, . . .:
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k
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2r
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, (5)

where C0 = 1, CN = (2N−2)!
(N−1)!N! are the Catalan numbers, when N ∈N and 1A the indicator function of

a set A.
In particular, 

Γ̃1 = Γ2,

Γ̃2 =
1
3 Γ4− 1

3 Γ2,

Γ̃3 =
1

15 Γ6− 1
3 Γ4 +

4
15 Γ2,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(6)

It is easy to make sure that for the Irwin law

Γ̃k =

{
2λ, if k = 1,

0, if k > 2.
(7)
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4. Nonuniform estimates of the remainder term

In this section, we will find nonuniform estimates of the remainder term in the approximation by
the Irwin law. For that purpose, we will use a lemma:

Lemma 4.1 [7] If X and Y are integer-valued random variables with cumulative distribution functions F(x),
G(x) and characteristic functions f (t), g(t), then

(1+|x|)
∣∣F(x)−G(x)

∣∣6 1
8π

4
∫

π

−π

∣∣∣∣∣ f (t)−g(t)
sin t

2

∣∣∣∣∣dt

+
∫

π

−π

∣∣∣∣∣ f (t)−g(t)
sin2 t

2

∣∣∣∣∣dt +2
∫

π

−π

∣∣∣∣∣( f (t)−g(t))′

sin t
2

∣∣∣∣∣dt

. (8)

Assume that a random variable X with the symmetric cumulative distribution function F(x) and a
characteristic function f (t) have all finite moments EXk, k = 1,2,3, . . .. Then ln f (t) can be represented
in the form

ln f (t) =
∞

∑
k=1

Γ̃k
zk

k!
,

where z = cos t−1.
We denote the Irwin law cumulative distribution function with parameter λ by G(x).

Theorem 4.1 Let cumulants Γ̃k of integer-valued random variable X with the symmetric cumulative
distribution function F(x) and the variance DX = 2λ, satisfy the V. Statulevičius type condition:∣∣∣Γ̃k

∣∣∣6 (k−1)!
∆k−1 2λ, ∆ > 0, k = 2,3,4, . . . , (9)

then

(1+|x|)
∣∣F(x)−G(x)

∣∣6 22λ

π∆(1−δ)
, (10)

where

∆ > 2max
{

1
δ

;
1

1−δ

}
, 0 < δ < 1. (11)

Proof of Theorem 4.1. From the inequality |ew−1|6 |w|e|w|, w ∈ C, we obtain∣∣ f (t)−g(t)
∣∣= ∣∣∣eln f (t)− elng(t)

∣∣∣= ∣∣g(t)∣∣∣∣∣eln f (t)−lng(t)−1
∣∣∣

6
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∣∣e|ln f (t)−lng(t)|. (12)

Notice that Γ̃1 = 2λ and lng(t) = 2λz, where z = cos t−1; therefore, from (9), we obtain
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.

Since
|z|= |cos t−1|= 2sin2 t

2
6 2,

and ∆ > 2
δ
, 0 < δ < 1, then

∣∣ z
∆

∣∣6 δ. Therefore,

∣∣ln f (t)− lng(t)
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2
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Since ∣∣g(t)∣∣= e2λ(cos t−1) = e−4λsin2 t
2 , (14)

from (12), (13) we obtain that

∣∣ f (t)−g(t)
∣∣6 4λ

∆(1−δ)
sin4 t

2
exp
{
−4λsin2 t

2

(
1− 1

∆(1−δ)

)}
. (15)

From (11), we obtain 1− 1
∆(1−δ) >

1
4 . Therefore,

∣∣ f (t)−g(t)
∣∣6 4λ

∆(1−δ)
sin4 t

2
· e−λsin2 t

2 . (16)

Now we estimate ( f (t)−g(t))′. We have

( f (t)−g(t))′ = g′(t) ·
(

eln f (t)−lng(t)−1
)
+g(t) · (ln f (t)− lng(t))′ · eln f (t)−lng(t)

=−2λsin t( f (t)−g(t))+g(t) · (ln f (t)− lng(t))′ · eln f (t)−lng(t),

then ∣∣( f (t)−g(t))′
∣∣6 2λ ·

∣∣ f (t)−g(t)
∣∣+∣∣g(t)∣∣ ·∣∣(ln f (t)− lng(t))′

∣∣ · e|ln f (t)−lng(t)|. (17)

Since ∣∣(ln f (t)−2λz)′
∣∣6 ∣∣z′∣∣ ∞

∑
k=2

∣∣∣Γ̃k

∣∣∣ |z|k−1

(k−1)!
6

4λ

∆(1−δ)
sin2 t

2
, (18)

from the estimates (13), (14), (15), (17) and (18), we obtain that

∣∣( f (t)−g(t))′
∣∣6 4λ(2λ+1)

∆(1−δ)
sin2 t

2
exp
{
−4λsin2 t

2

(
1− 1

∆(1−δ)

)}

6
12λmax{1,λ}
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sin2 t

2
e−λsin2 t

2 . (19)

From (16) and (19), we obtain that

∫
π

−π

∣∣∣∣∣ f (t)−g(t)
sin t

2

∣∣∣∣∣dt 6
8λ
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∫
π

0
sin3 t

2
· e−λsin2 t

2 dt 6
16
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min{1,λ}, (20)

∫
π

−π

∣∣∣∣∣ f (t)−g(t)
sin2 t

2
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8λ
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∫
π

0
sin2 t

2
· e−λsin2 t

2 dt 6
16

∆(1−δ)
min{1,λ}, (21)

∫
π

−π

∣∣∣∣∣( f (t)−g(t))′

sin t
2

∣∣∣∣∣dt 6
24λmax{1,λ}
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∫
π

0
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t
2

e−λsin2 t
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6
48λ
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Then from (8), (20), (21) and (22), we obtain

(1+|x|)
∣∣F(x)−G(x)

∣∣6 22λ

π∆(1−δ)
.

Theorem 4.1 is proved.
We will apply the results of Theorem 4.1 for the approximation of cumulative distribution functions

of sums of independent generalized Rademacher random variables by the cumulative distribution
function of the Irwin law.
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Corollary 4.1 Let Xnk, k = 1,2, . . . ,n, n = 1,2, . . ., denote independent generalized Rademacher random
variables:

P{Xnk =−1}= P{Xnk = 1}= λ

n
, P{Xnk = 0}= 1− 2λ

n
,

and FSnn(x) are cumulative distribution functions of random variables Snn = Xn1 + · · · + Xnn, G(x) is
the cumulative distribution function of the Irwin law , then

(1+|x|)
∣∣FSnn(x)−G(x)

∣∣6 44λ2

nπ(1−δ)
, (23)

where

n > 4λmax
{

1
δ

;
1

1−δ

}
, 0 < δ < 1. (24)

Proof of Corollary 4.1. Characteristic functions of random variables Snn = Xn1 + · · ·+Xnn are

fSnn(t) =
(

1+
2λ

n
(cos t−1)

)n

. (25)

Since (
1+

2λ

n
(cos t−1)

)n

−→ exp{2λ(cos t−1)}, as n→ ∞,

then P{Snn < x}⇒ G(x) as n→ ∞.
For z = cos t−1, we obtain

ln fSnn(t) = n · ln
(

1+
2λ

n
z
)
=

∞

∑
k=1

(−1)k−1(k−1)!(2λ)k

nk−1
zk

k!
.

Therefore, cumulants Γ̃k, k = 1,2,3, . . . of random variables Snn are

Γ̃k =
(−1)k−1(k−1)!(2λ)k

nk−1

and ∣∣∣Γ̃k

∣∣∣6 (k−1)!(2λ)k

nk−1 =
(k−1)!

∆
k−1
n

2λ,

where ∆n =
n

2λ
, k = 1,2,3, . . ..

From Theorem 4.1 with ∆ = ∆n =
n

2λ
, we obtain (23). Corrollary 4.1 is proved.

5. Conclusions

We obtain the nonuniform estimates of the remainder term (10) through the application of
the cumulant method to the integer-valued random variable, provided all its moments are finite and
its special cumulants satisfy the V. Statulevičius type condition (9) described in this paper. The
results from Theorem 4.1 allow approximating cumulative distribution functions of sums (products)
of independent (dependent) random variables by the Irwin law. Nonuniform estimates of cumulative
distribution functions of sums of independent generalized Rademacher random variables by the Irwin
distribution are obtained from Corollary 4.1.

References

[1] Y. Hwang, J. Kim and I. Kweon. Sensor noise modeling using the Skellam distribution: Application to the color
edge detection. IEEE Conference on Computer Vision and Patern Recognition (2007), pp. 1-8.

[2] J. O. Irwin. The frequency distribution of the difference between two independent variates following the same Poisson
distribution. Journal of the Royal Statistical Society Series A 100 (1937), pp. 415.



118 Nonuniform estimates in the approximation by the Irwin law

[3] D. Karlis and I. Ntzoufras. Distributions based on Poisson differences with applications in sports. Technical Report
101, Department of Statistics, Athens University of Economics, (2000).

[4] D. Karlis and I. Ntzoufras. Bayesian analysis of the differences of count data. Stat. Med. 25 (2006), no. 11, 1885-
1905.

[5] D. Karlis and I. Ntzoufras. Bayesian modeling of football outcomes: Using the Skellam’s distribution for the goal
difference. IMA J. Management Math., (2008).

[6] N. Leonenko. Fractional Skellam processes with applications to finance. School of Mathematics, Cardiff University,
(2011).

[7] K. Padvelskis. Nonuniform estimates in the approximation by the Poisson law. Lietuvos matematikos rinkinys:
Lietuvos matematikų draugijos darbai, Vilnius MII, VU, T.46 spec. Nr. (2006) p. 459-462. ISSN 0132-2818.

[8] A. Prekopa. On composed Poisson distributions. IV. Remarks on the theory of differential processes. Acta Math.
Acad. Sci. Hungar. 3 (1952), 317-325 (1953).

[9] L. Saulis, V. Statulevičius. Limit theorems for large deviations. Kluwer Academic Publishers (1991).

[10] J. G. Skellam. The frequency distribution of the difference between two Poisson variates belonging to different
populations. J. Roy. Statist. Soc. (N.S.) 109 (1946), 296.

[11] J. Strackee and J. J. D. van der Gon. The frequency distribution of the difference between two Poisson variates.
Statistica Neerlindica 16 (1962), 17-23.

NETOLYGŪS ĮVERČIAI APROKSIMUOJANT IRWIN DĖSNIU

Kazimieras Padvelskis, Ruslan Prigodin

Santrauka. Šiame darbe nagrinėjama visus baigtinius momentus turinčių atsitiktinių dydžių skirstinių
aproksimacija Irwin skirstiniu. Aproksimacijos liekamasis narys vertinamas kumuliantų metodu. Nagrinėjami
specialūs kumuliantai, leidžiantys užrašyti V. Statulevičiaus tipo sąlygas. Gauti sveikąsias reikšmes įgyjan-
čio atsitiktinio dydžio, kurio pasiskirstymo funkcija yra simetrinė ir kurio specialieji kumuliantai tenkina V.
Statulevičiaus tipo sąlygą, aproksimacijos Irwin skirstiniu liekamojo nario netolygūs įverčiai.

Reikšminiai žodžiai: pasiskirstymo funkcija, charakteristinė funkcija, kumuliantai, Irwin skirstinys, api-
bendrintieji Rademacherio atsitiktiniai dydžiai, netolygūs įverčiai.
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