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Abstract. In this paper, I present three closed-form approximations of the two-sample
Pearson Bayes factor, a recently developed index of evidential value for data in two-group
designs. The techniques rely on some classical asymptotic results about gamma functions.
These approximations permit simple closed-form calculation of the Pearson Bayes factor in
cases where only minimal summary statistics are available (i.e., the t-score and degrees of
freedom). Moreover, these approximations vastly outperform the classic BIC method for
approximating Bayes factors from experimental designs.

Keywords: Bayesian statistics; Bayes factor; Pearson Type VI distribution; Summary statistics;
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Introduction

A common scenario in applied statistical inference involves comparing the means
of two independent samples (e.g., a treatment group and a control group). This
can be done using hypothesis testing (or more broadly, model comparison), where
two hypotheses about potential differences between the two underlying population
means 1, e are compared after observing data. Classically, hypothesis tests work
by first assuming a null hypothesis Hg, and then calculating a test statistic that can
be used to index the probability of obtaining some sample of observed data under
the null hypothesis. If this probability is small, the common logic is to reject the null
hypothesis Hq in favor of some alternative hypothesis Hi. The problem tackled in
the present paper is twofold. First, we consider an alternative method for this type
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Closed-form approximations of the two-sample Pearson Bayes factor 17

of inference based on Bayes factors [12, 7] and provide a novel, but simple method
for their computation. Second, we compare this method with a classic approximation
based on the Bayesian information criterion (BIC) and show that our new method
outperforms the BIC method by a significant margin.

Classically, inference about potential differences between two group means is done
with the t-test. To begin, we will review some background on the t-test. Accord-
ingly, let us consider an experiment with two groups each containing NV independent
measurements. Let y;; denote the ith measurement (¢ = 1,...,N) in the jth group
(j = 1,2). Further, we assume that the y;; are drawn from independent and nor-
mally distributed populations with mean j; and variance o2. Then we can test the
hypotheses

Ho : 1 = po versus Hy : p1 7 pio
by computing a test statistic
_ V1Y
6p/VNs

Here, T; represents the sample mean of the measurements in group j and &, is the
pooled estimate of o, defined by the relationship

t

67 (N1 — 1) +63(N2 — 1)
Ny + Ny —2 ’

~2
O'p—

where each ¢; is the sample standard deviation of the measurements in group j.
Finally, N5 = (1/N; + 1/N5)~1, a quantity often referred to as the effective sample
size for the experiment.

Under the null hypothesis H, the distribution of these t scores is well known as
Student’s t distribution, a random variable (denoted T),) with density function

v+1

ﬂ(@z%(lﬂLf)_?,

where v = N7 + No — 2 represents the degrees of freedom of the test. The cumula-
tive distribution function F,(z) = [*_ f,(u)du is used to index the probability of
observing data at least as extreme as that which we observed under the null hypoth-
esis Ho. Specifically, for an observed t-statistic tons, we compute P(|T,| > tobs) =
2(1—=F,(tobs)), a quantity commonly known as a p-value. If this p-value is small (say,
less than 5%), the typical decision is to reject Ho in favor of H; and conclude that
1 # p2, thus implying that the two populations from which we sampled indeed have
different underlying means.

Despite the popularity of this approach to testing for differences in sample means,
there have been many recent criticisms against their use, and more generally, against
null hypothesis significance testing [15]. Additionally, the American Statistical Asso-
ciation has recently recommended against the use of p-values and significance testing
for scientific inference [18]. One alternative that has been recommended is a Bayesian
approach, which works by considering the relative predictive adequacy of Ho and Hy
against some observed data y. This relative predictive adequacy is indexed by com-
puting the Bayes factor [12], which indexes the extent to which the observed data y
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is more likely under one hypothesis — say H; — compared to the other hypothesis —
say Ho. That is,
BF, = ply | M)
p(y | Ho)

where p(y | H;) is the marginal likelihood of y under H;, defined as

ply | Hi) = / p(y | 00, M) - 7(0:, Ho)db.

In general, computing Bayes factors can be quite difficult, particularly because
computing the marginal likelihoods involves nontrivial integration. One popular ap-
proach adopted in recent years is the BIC approzimation [12, 15, 13|, which works
by constructing a second-order Taylor approximation of the log marginal likelihood
about the posterior mode for 6;. Kass and Raftery [12] show that this results in the
approximation

by | 1) ~ xp( 5 BIC(H,) ).

This approximation uses the Schwarz Bayesian Information Criterion (BIC) [14],
which is computed as BIC(H;) = —21n L; + k; In n, where k; is the number of param-
eters in H;, n is the number of data observations, and L; is the value of the likelihood
function for model #; with the maximum likelihood estimate taken as its argument.
As typically used (e.g., our two-sample hypothesis testing problem), n is taken as
the number of distinct observations across all experimental groups (i.e., n = 2N)
and k1 = kg + 1. This last equality represents the fact that #; has an additional
parameter indexing the experimental group that g does not have. From here, it is
easy to derive an approximation for the Bayes factor:

ply | Ho) _ o0 (—3BIC(H)))
p(y | H1) ~ exp(—1BIC(H)))

_ eXp(BIC(Hl) - BIC(HO))_

BFy; =

Compared to computing marginal likelihoods by integrating the prior-weighted
likelihoods, the BIC approximation requires only that we know the BIC values for
models Hg and Hq. Generally, this requires that we have “raw” data available. Recent
work by Faulkenberry [4] improved the BIC method by making the Bayes factor
computation accessible with only summary statistics:

2\ "
BFOl ~ TL<1 —+ > .
14

Despite the simplicity of computation offered by the BIC method, the fact remains
that it is based on a large sample approximation, leaving it with limited utility in a
small sample context. It is also limited for use in a teaching context, where sample
sizes for hand-worked examples tend to be small. Recent work by Wang and Sun
[17] has provided another approach for calculating Bayes factors that can prove to
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be fruitful. In their work, Wang and Sun place a random effects linear model on the
data

Yij = p+a; + &ij,
assuming that a; ~ N(0,02) and €;; ~ N'(0,0%) (for i =1,...,N, j =1,2). Cast in
this form, the goal of the hypothesis test is to test whether the random effects term

a; is identically 0. We define the null hypothesis by restricting the variability of the
random effects term, giving

Ho : 02 =0 versus Hy : 02 # 0.

Wang and Sun applied a method of Garcia-Donato and Sun [9], who considered
a proper prior on the ratio of variance components 7 = ¢2/0? under H;. Under this
prior specification, Garcia-Donato and Sun showed that the Bayes factor could be
computed as

e - r SSA B
BF = 1 2 1 _—_—
10 /0 (1+ TT) < T SST) w(7)dr

where p = number of experimental groups, r = number of replicates per group,
SST represents the total variability of the data (i.e., “total sum of squares”, SST =
22 (Wij — 7..)%) and SSA represents the variability due to differences between the
two experimental groups (i.e., SSA =n} (¥, — 7..)%)). To use this equation, the
user must place a prior distribution on the variance components 7. Wang and Sun
used a Pearson Type VI distribution to serve as the prior for 7. The Pearson Type VI
distribution has three parameters: two shape parameters a > —1 and 8 > —1 and a
scale parameter x > 0. The density function for the Pearson Type VI prior (defined
for 7 > 0) is given by

Ii(liT)ﬂ(l + m’)’“iﬁ*Q

PT
L e S R Iy
where B(z,y) f tr =1 )¥~1dt is the standard Beta function. Wang and Liu
[16] further restricted 7rPT to one parameter o € (—1,—3] by taking x = r and
f = 5% —a —2. A plot of this prior can be seen in Fig. 1; in this figure, we
assume p = 2 groups and r = 20 replicates per condition, giving a total of n = 40
observations, thus setting xk = 20 and 8 = 40772 — a — 2, where « takes specific values

between —1 and —1/2. Further, Fig. 1 shows the effect of varying « on the prior
distribution for 7. As we can see, as « decreases from —1/2 to —1, 7 becomes more
dispersed and less peaked around the mode. This places more prior mass on larger
treatment effects than we would see for values of a closer to —1/2.

With the above prior specification, Wang and colleagues [17, 16] proved that the
Bayes factor of Garcia-Donato and Sun simplifies to an analytic expression without
integral representation. The resulting Pearson Bayes factor [6] allows one to calculate
the Bayes factor for H; over Hy without the need for integration:

v 2\ (v—20-2)/2
PBF, = L(5) I(a+3) <1+t) .

(&) -re+1) v
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Fig. 1. A Pearson Type VI prior for 7, plotted as a function of shape parameter a.

The Pearson Bayes factor is computable using only the summary statistics from the
t-test (i.e., the t-score and the degrees of freedom v). It also includes a parameter
a which allows the analyst to tune the scale of the prior distribution on effect sizes.
Wang and Liu [16] recommend a default setting of & = —1/2, as the asymptotic tail
behavior of the prior becomes a Cauchy distribution as 7 increases, mirroring the
prior structure recommended by Jeffreys [11]. Following this recommendation, the
Pearson Bayes factor simplifies to:

PBF = (y(f1)>()<1 + tj>(yl)/2 = F(F(i)%) ! (1 + tQ)H. (1)

v
2

While Eq. (1) seems relatively simple to compute, its reliance on the Gamma
function I'(x) is problematic for two reasons. The first reason is that the Gamma
function [2] involves integration:

I'(z) :/ t*tetdt.
0

In situations where only a scientific calculator may be available (i.e., a common sit-
uation in teaching), users will have no easy way to compute the Gamma functions,
thus leaving those without sufficient mathematical background to be potentially de-
terred from using the formula. The second reason is that in statistical computing
languages, the output of the Gamma function quickly exceeds the maximum value of
double-precision machine number representation (about 1.8 x 103%%). For example, in
R, the largest computable integer argument for the Gamma function is 171; anything
larger than 172 returns Inf. Thus, directly computing the Pearson Bayes factor in
R via Eq. (1) will fail whenever the degrees of freedom v is greater than 343 (i.e.,
a combined sample size greater than 345).

For these reasons, it is desirable to find closed-form approximations of the Pearson
Bayes factor that will mitigate these problems, rendering the formula computable for
large samples, as well as potentially increasing its accessibility to a broader audience
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of users. In this paper, I will present three such approximations, demonstrate their
use, and compare them with each other.

To this end, the main work of this paper concerns the following. Let us first
rewrite Eq. (1) as

1 2\" 1 Iz
PBF;p=C, /= (1 + ) where C, = (3) (2)
s 14

—

r(s+3)
Our goal is to find closed-form approximations of the constant C, that can be com-
puted using only elementary functions (i.e., with a simple scientific calculator), and
then compare these approximations with the BIC approximation.

1 Approximating quotients of Gamma functions

Against the background of the previous section, we are ready to tackle the problem
at hand. As we just demonstrated, computing Bayes factors directly from observed
t-scores requires being able to compute the quotient

LI
v 1 .
r(5+3)

Direct computation of these Gamma functions requires calculus (or more practically,
numerical routines in a scientific programming language). Thus, the goal in this paper
is to find closed-form approximations of this quotient that can be carried out using
only basic algebraic operations. To this end, I have developed three such approxima-
tions — one that follows directly from a classical asymptotic formula of Wendel [19],
one that derives directly from the classical Stirling formula [10], and finally, one that
follows from an “improved” approximation of Frame [8].

1.1 Wendel’s asymptotic formula

In his brief paper, Wendel [19] showed that for all real numbers a and z,

I'x+a)
———= =1 asx — o0.
xel(z)
or equivalently,
I'(x) 1
A — asT— 00
I'z+a) a°

Letting + = & and setting a = 1/2, we cast Wendel’s formula into a form that proves

useful for our current problem of approximating C;

e o 2
= rx+3) 7~ (w22 \/:

Thus, we can combine this with Eq. (2) to immediately derive the following approxi-
mation for the two-sample Pearson Bayes factor:

2 1 2\ ! 2 2\" 7t
[W) ZW(HV) |
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1.2 Stirling’s formula

Another approach to approximating C, comes from applying Stirling’s formula [10].
Historically, Stirling’s formula arose as a way to approximate the factorial function
for the positive integers; i.e.,

1
nl ~ V2" tze ",

As the Gamma function I'(x) can be seen as a continuous extention of the factorial
function, it is natural to extend Stirling’s formula to hold for any real number x, not
just positive integers. In fact, this extension is reasonably easy to predict (just note
that for positive integer n, I'(n) = (n — 1)!):

I(z) ~ V212" 2e™?, (3)

Thus, it is easy to use Eq. (3) to compute a closed form approximation for C,. To
this end, it is straightforward to show

o T Vam(p)Thes - E(L)”
V_F(%‘f'l) ~ \/27(%4_1)%"1‘%—% 7%7% - 14 V+1 '

2

Combining this with Eq. (2) gives another approximation for the two-sample Pearson

Bayes factor:
2 2\ (v—1)/2
PBF10 ~ c vt .
v+ 1)\ v+1

1.3 Frame’s quotient formula

The final approach I will explore in this paper is derived from a method of Frame
[8], who proposed the following approximation to the quotient of two nearby values

of the Gamma function:
I(n+ 3 1—u?\?
(713) ~ (n2 + ) : (4)
To apply the Frame approximation, we must first transform the left hand side of
Eq. (4) into a form more appropriate for computing C,. The critical step is to set

The reader can easily verify that this indeed works:

_1
Moty _reteSh o r)
P+ %) " (2t 13k T3+ D)

Thus, using Frame’s approximation gives
o\ % 2 g\ —1£2
9 1—u\? 2v—1 1-(-1/2) 2
n- + = +
12 4 12

e A S i 8 3
16 16 \law2—w41)
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Combining this with Eq. (2) gives a third closed-form approximation for the two-
sample Pearson Bayes factor:

-~

3| =

7N
—
+

NI

~_

N

|

—

. s
PBF10 (21/2 "ot 1)

2 Example computations

For illustration, let us now apply these three approximation methods to a concrete
example. Consider the following summary data from Borota et al. [1], who observed
that with a sample of n = 73 participants, those who received 200 mg of caffeine
performed significantly better on a test of object memory compared to a control group
of participants who received a placebo, ¢(71) = 2.0, p = 0.049. Borota and colleagues
claimed this result as evidence that caffeine enhances memory consolidation.

First, we apply the Wendel approximation. Using the summary data from Borota

et al. gives
2 1 2\ 2 1 2.02\ "'
PBFig~1/— -{/—(1+ — — =14+ —
10 \/: 7r( T y) 71 \/77( i 71 )

= 0.1678 - 3.8417 = 0.6446.

This value of the Bayes factor implies that Borota et al.’s data are PBFg; = 1/ PBF g =
1/0.6446 = 1.551 times more likely under the null hypothesis H( than under the al-
ternative hypothesis H1, thus giving positive evidence for caffeine having a null effect
on memory consolidation.

Note that this calculation can be done using only a simple scientific calculator.
How does it compare to the analytic (i.e., non-approximated) Pearson Bayes factor?
If we use Eq. (2) and calculate C,, analytically, we get

=0.1684 - 3.8417 = 0.6469.

The approximation error we incur by using the Wendel asymptotic formula for ap-
proximating C, is small, resulting in an underestimate of 0.6446 — 0.6469 = —0.0023,
a relative error magnitude of 0.36%. For comparison, consider the error that results
from using the BIC method [12, 15, 13|, a popular method for approximating Bayes
factors direclty from summary statistics. Faulkenberry [4] showed that the BIC Bayes
factor can be computed directly as follows:

2\ " 2.02\ "
BFo, ~/n- 1+ — — 3 (1+ 2 — 1.1557.
v 71
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Keeping in mind that the BIC Bayes factor expresses evidence for Hg, we reciprocate
to compute BF1g = 1/BFg; = 0.8653. Compared to the analytic Pearson Bayes
factor, this is a overestimate of 0.8653 — 0.6469 = 0.2184, relative error magnitude of
33.7%. Our new method based on Wendel’s asymptotic approximation of the Gamma,
function improves on this error by two orders of magnitude.

Next, we will now apply the approximation based on Stirling’s formula to the
Borota et al. [1] summary statistics. This yields

% v 2\ /2 % 71 + 2,02\ MH/2
PBFy ~ — :
10 7T(1/+1)(1/+1> 7r(71+1)< 7141 >

= 0.6470.

Remarkably, the Stirling formula approximation for PBF;q differs from the analytic
value by only 0.0001.

Finally, we will apply the approximation based on Frame’s formula to the Borota
et al. [1] summary statistics. This yields

1
8 i1 2\
PBF g~ ——— =14+ —
10 <2u2—21/+1> 7T<+l/>

:<2(71)2 *82(71) T 1)1 ' \/71r (1 + 27?2)1

= 0.1684 - 3.8417 = 0.6469.

In this case, the value of PBFy derived from the Frame approximation is identical
to the analytic value to four decimal places.

3 Comparing the three approximations

In this section, I compare the accuracies of the three closed form approximation
methods (Wendel’s approximation, Stirling’s formula, and Frame’s approximation)
for computing the two-sample Pearson Bayes factor. To do this, consider Fig. 2
below, which plots percent error as a function of total sample size N (where N ranges
from 4 to 100). Here, percent error is defined as 100 times the absolute value of the
difference between the analytic value C,, and the approximate value of C,, (which we
denote here as C}.), divided by C,. That is,

|C: B CV|
c,

percent error = 100 X

Aligned with our example computations above, Fig. 2 shows that all three methods
produce quite accurate approximations of the Gamma function quotient C, used to
compute the Pearson Bayes factor. Moreover, because these methods are asympotic,
the approximation gets better as sample sizes increase, which is displayed nicely in
the plot. Compared to the Wendel method, the Stirling and Frame methods produce
astonishing levels of accuracy, even for small sample sizes. As expected, the Frame
quotient method produces the best approximation, with percent error values quickly

http://www.journals.vu.lt /statisticsjournal
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Fig. 2. Average percent error of the Wendel, Stirling, and Frame methods (compared to analytic
Bayes factor) for values of total sample size N ranging from 4 to 100.

dropping below 0.01% for total sample sizes greater than 5. Though less so, the
approximation based on Stirling’s formula also exhibits similar behavior, with mean
percent error values dropping below 0.01% for total sample sizes greater than 40.
Despite the marked differences among the three approaches to approximating the
Pearson Bayes factor, the simulation demonstrates what we first observed in our
example computations above; all three approaches result in negligible error and are
acceptable closed-form approximations to the two-sample Pearson Bayes factor

One may question how these approximations fare compared to the classic BIC
method for computing Bayes factors. To answer that question, I conducted a brief
simulation study where I compared the approximation error between the analytic
Pearson Bayes factor versus (1) the BIC Bayes factor and (2) the approximation error
between the worst performing Gamma quotient approximation (the Wendel method).
The choice of comparing against Wendel instead of either Stirling or Frame is based
on the idea that any performance gains realized with the Wendel method would be
even more improved by using either the Stirling or Frame approximations.

In the simulation, I generated random datasets that each reflected the two-sample
designs that we have discussed throughout this paper. For each possible value of N
between 4 and 100, I performed 1000 iterations of the following procedure:

1. Randomly select an “effect size” d from a uniform distribution bounded between
0 and 1;

2. The first sample is constructed by randomly drawing n = [N/2] values from a
normal distribution with mean 0 and standard deviation 1;

Lith. J. Stat., 64:16-28, 2025
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3. Average percent error of the BIC method and the Wendel method (each compared to the
analytic Pearson Bayes factor) for values of total sample size N ranging from 4 to 100.

. The second sample is constructed by randomly drawing n = [ N/2] values from

a normal distribution with mean d and standard deviation 1;

. Perform an independent samples ¢-test on the means of sample 1 and sample 2,

retaining the test statistic (¢) and the associated degrees of freedom v = N — 2;

. Using the stored values of ¢ and v, compute the BIC Bayes factor using the

method of Faulkenberry [4] and compute the Pearson Bayes factor using Eq. (2),
where C), is calculated two different ways:

(v
(a) Analytic formula: C, = #)1,
r (% +3)
2
(b) Wendel’s asymptotic formula: C, =4/ —;
v

. Compute the percent error between the analytic value of the Pearson Bayes

factor and the value obtained with each of the two approximate methods (BIC
and Wendel).

The results of the simulation are shown in Fig. 3. We notice in Fig. 3 that the
Wendel formula provides a striking improvement over the BIC method. Whereas the
average percent error for the BIC method never gets below 40%, the average percent
error for the Wendel formula approach drops below 1% as soon as the total sample size
reaches 24. As the Stirling and Frame methods provide even better approxmations
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for C,, than the Wendel method, it follows that each of the three methods for approx-
imating the two-sample Pearson Bayes factor will provide an immense improvement
in calculation accuracy over the classic BIC method.

4 Conclusion

In this paper, I have presented three new closed-form approximations of the two-
sample Pearson Bayes factor. These techniques allow the user to compute reasonably
accurate approximations for Bayes factors in two-sample designs without the need
for computing the Gamma function. As such, these computations may be performed
using nothing more than a simple scientific calculator, making them a very attractive
option for users who wish to compute Bayes factors directly from summary statistics
in two-sample designs. Though the formulas vary in complexity, even the simplest
formula based on Wendel’s (1948) asymptotic formula produces Bayes factor approx-
imations with average percent error dropping below 1% for reasonably small sample
sizes. As all three are asymptotic methods, their relative error will decrease with in-
creasing sample sizes. This is a much better approach to approximating Bayes factors
compared to the often-used BIC approximation [12, 15, 13, 4, 3, 5]. The approxima-
tions presented here retain the spirit of the BIC Bayes factor (e.g., ease of use and
ability to compute using only summary statistics), but as demonstrated, they provide
a much better level of accuracy. One potential criticism of this new approach is that
the presented approximations depend on a particular choice of prior (the Pearson
Type VI prior). However, the same is true for the BIC approximation, which also
assumes an underlying prior distribution (the unit information prior) [12]. Given
that the Bayes factors based on this Pearson Type VI prior show good performance
against other well-known Bayes factor techniques [3], the approximations presented
in this paper are the ideal tool for easily computing evidential value in two-sample
designs.
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REZIUME
Dviejy iméiy Pirsono Bajeso faktoriaus uzdaros formos aproksimacijos

T.J. Faulkenberry

Siame straipsnyje pateikiu tris dviejy im¢iy Pirsono Bajeso faktoriaus, pastaruoju metu iSplétoto
irodomosios vertés indekso dviejy grupiy palyginimo duomenims, uzdaros formos aproksimacijas.
Sie metodai remiasi kai kuriais klasikiniais asimptotiniais rezultatais apie gama funkcijas. éiq ap-
roksimacijy uzdara forma leidzia paprastai apskai¢iuoti Pirsono Bajeso faktoriy tais atvejais, kai
prieinama tik minimali suvestiné statistika (t.y., ¢ lygmuo ir laisvés laipsniai). Be to, Sios aproksi-
macijos gerokai pranoksta klasikinj BIC metoda, skirta eksperimento modeliy Bajeso faktoriy aproksi-
macijai.

Raktiniai ZodZiai: Bajeso statistika; Bajeso faktorius; Pirsono VI tipo skirstinys; suvestiné statistika;
t testas
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